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We consider a self-consistent system of Bianchi type-I {Bdyitational field and a binary
mixture of perfect fluid and dark energy. The perfect fluidaisen to be the one obeying the
usual equation of state, i.,= &, with { € [0, 1] whereas, the dark energy is considered
to be obeying a quintessence-like equation of state. Exdtiens to the corresponding
Einstein equations are obtained. The model in considergfives rise to a Universe which
is spatially finite. Depending on the choice of problem parters the Universe is either
close with a space-time singularity, or an open one whiclsddllatory, regular and infinite
in time.
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I. INTRODUCTION

The discovery that the expansion of the Universe is acdetgrfil] has promoted the search
for new types of matter that can behave like a cosmologiaastamt [2| 3] by combining positive
energy density and negative pressure. This type of mattgtaa calledquintessenceZlatev et
al. [4] showed that "tracker field”, a form of giuntessence, maglain the coincidence, adding
new motivation for the quintessence scenario.

An alternative model for the dark energy density was useddy&nshchilet al. [5], where the
authors suggested the use of some perfect fluid but obeykaiité equation of state. This type
of matter is known a€haplygin gas In doing so the authors considered mainly a spatially flat,
homogeneous and isotropic Universe described by a FriechRabertson-Walker (FRW) metric.

The theoretical arguments and recent experimental datechvgupport the existence of an
anisotropic phase that approaches an isotropic one, leamhtider the models of Universe with
anisotropic back-ground. Since the modern-day Univeraknsst isotropic at large, its simplicity
and evolution into a FRW Universe makes the Bl Universe a @raandidate for studying the
possible effects of an anisotropy in the early Universe @s@nt-day observations. In a number
of papers, e.g..[6/ 7], we have studied the role of a nontispanor and/or a scalar fields in the
formation of an anisotropic Universe free from initial sidgrity. It was shown that for a suitable
choice of nonlinearity and the sign Afterm the model in question allows regular solutions and the
Universe becomes isotropic in the process of evolutioneRiyg Khalatnikowet al. [8] studied the
Einstein equations for a Bl Universe in the presence of dtiftmatter and cosmological constant.
In a recent paper|[9] the author studied a self-consistestésyof Bianchi type-I (Bl) gravitational

*Electronic addres$: saha@thsunl.jinr.ru, bijan@jnkMRL: http://thsunl. jinr.ru/~saha/


http://lanl.arxiv.org/abs/gr-qc/0501067v1
mailto:saha@thsun1.jinr.ru, bijan@jinr.ru
http://thsun1.jinr.ru/~saha/

2 [June 5, 2015] denpfosc.tex Bijan Saha

field and a binary mixture of perfect fluid and dark energy gitsg a cosmological constant. The
perfect fluid in that paper was chosen to be the one obeyihgreite usual equation of state, i.e.,
p= &, with { € [0, 1] or a van der Waals equation of state. That paper was followethbther
where we studied the evolution of an initially anisotropigil&rse given by a Bl spacetime and a
bimnary mixture of a perfect fluid obeying the equation otesta= { ¢ and a dark energy given
by either a quintessence or a Chaplygin gas [10]. It shoulchbrtioned that the inclusion of
dark energy does not eliminate initial singularity of thedaband the space-time in those cases
is ever-expanding. In order to obtain a singularity-freevérse in the present paper we introduce
a modified version of quintessence-like dark energy, whiche@same time is able to explain the
accelerated expansion.

II. BASIC EQUATIONS

The gravitational field in our case is given by a Bianchi tygBIl) metric in the form
ds® = dt? — a’d ¥ — b?dy? — 2d 2, (2.1)

with the metric functiong, b, ¢ being the functions of timeonly.
The Einstein field equations for the Bl space-time we writthinform

b¢

D+ e = T (222
ab be, ¢a oo (2.2d)

ab bc ' ca
Herek is the Einstein gravitational constant and over-dot mediferentiation with respect to.
The energy-momentum tensor of the source is given by

T, = (e+p)uyu’ —pdy, (2.3)
whereuH is the flow vector satisfying
guvuHu’ = 1. (2.4)

Here ¢ is the total energy density of a perfect fluid and/or dark gynetensity, whilep is the
corresponding pressurp.ande¢ are related by an equation of state which will be studiedveého
detail. In a co-moving system of coordinates frdml(2.3) onddi

W=¢ TI=Tf=T3=-p (2.5)
In view of (Z3) from [Z2) one immediately obtains [6]

at) = Dlrl/sexp[xl/%], (2.6a)
b(t) = Dzrl/sexp[XZ/%], (2.6b)

c(t) = D3T1/3exp[X3/%]. (2.6¢)
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HereD; andX; are some arbitrary constants obeying
D1D2Ds =1, X1+X2+X3=0,

andT is a function oft defined to be

T =abc (2.7)
Summation of[{Z2a)[{Z2b)], {Z]2c) and 3 times{P.2d) gillessquation for :
T 3k

whereas, from the conservation law for the energy-momemgmsor fore we find

.'s:—;(eJr p). (2.9)

After a little manipulations from{218) anfl(2.9) we find

T = 4+/Cy + 3KeTZ, (2.10)
with C; being an integration constant. EG._{2.9) can be rewritteherform
€
(€+p)

Taking into account that the pressure and the energy deobi#y a equation of state of type
p = f(&), we conclude that and p, hence the right hand side of the EG.[2.8) is a functiom of
only, i.e.,

i
- (2.11)

f:%((s—p)rzﬁ“(r). (2.12)

From the mechanical point of view Eq._{2112) can be integatets an equation of motion of a
single particle with unit mass under the forég1). Then the following first integral exists [11]:

T=+/2[&—%(1)]. (2.13)
Here& can be viewed as energy ad(1) is the potential of the force#. Comparing the Egs.

(210) and[[Z13) one find§ = C;/2 and

U (T) = —gKerz. (2.14)

Finally, rearranging{Z.10), we write the solution to the E38) in quadrature:

=1+1p, (2.15)

/ dr
/C1+ 3KkeT?

where the integration constagtcan be taken to be zero, since it only gives a shift in time.
In what follows we study the Eqs.[[(2.8) arld{2.9) for perfeatdfland/or dark energy for
different equations of state obeyed by the source fields.



4 [June 5, 2015] denpfosc.tex Bijan Saha

[ll. UNIVERSE AS A BINARY MIXTURE OF PERFECT FLUID AND DARKEN ERGY

In this section we thoroughly study the evolution of the Bliwgmse filled with perfect fluid
and dark energy in details. Taking into account that theggnéensity €) and pressureq) in this
case comprise those of perfect fluid and dark energy, i.e.,

€ = &pf + €DE; P = Ppf + PDE

the energy momentum tensor can be decomposed as

T/ = (€épE + &t + PoE + Ppr)Uuu” — (PoE + Ppf) 9 - (3.1)

In the above equatiogpg is the dark energy densitppg its pressure. We also use the notations
&pf and ppr to denote the energy density and the pressure of the perdettiespectively.

In a comoving frame the conservation law of the energy mouoranénsor leads to the balance
equation for the energy density

) . T
EDE + Epf = —?(SDE‘f‘Spf‘i‘ PDE + Ppf)- (3.2)

The dark energy is supposed to interact with itself only ansl minimally coupled to the gravi-
tational field. As a result the evolution equation for therggalensity decouples from that of the
perfect fluid, and from Eq[{3.2) we obtain two balance eaqumti

. T
epe + ?<5DE+ poe) = O, (3.33)

. T

A. Equations of state

In order to complete the system of equations we need to gpmaif equations of state fqups
and ppe.

1. perfect fluid

There are some equation of states that are commonly usedlthaugh not widely applicable,
are obtained as a result of approximate estimates for p&atifiuid. The barotropic equation of
state

Ppf = ¢ &, (3.4)
is often assumed. He@is a constant and lies in the intenéle [0, 1]. Note that0< { < 1is
necessary for the existence of local mechanical stabitityfar the speed of sound in the fluid to
be no greater than the speed of light. Depending on its nealemlue, describes the following
types of Universes [12]

{ =0, (dust Universg, (3.5a)
{ = 1/3 (radiation Universg (3.5b)
{ € (1/3,1), (hard Universes (3.5¢)
{ =1, (Zel'dovich Universe or stiff matter (3.5d)
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In view of the Eq. [31) from[(3.3b) one easily finds laws of mgga of energy density and
pressure of a perfect fluid with the expansion of the Universe

gt = £0/THY, ppr = &g /T, (3.6)
wheregg is the integration constants. In absence of the dark enargymomediately finds
T = Ct%/(1+0), (3.7)

with C being some integration constant. As one sees ffom (2.6hserece of a dark energy, for
{ < 1 the initially anisotropic Universe eventually evolvesoiran isotropic FRW one, whereas,
for { =1, i.e., in case of stiff matter the isotropization does a&etplace.

2. Dark energy

It was mentioned earlier that the dark energy can be given hyterm, a quintessence or a
Chaplygin gas. It was also mentioned that the quintesseas&wanstructed by combining positive
energy density and negative pressure and obeys the eqoéstate

where the constamty varies between-1 and zero, i.ewg € [—1, 0].
Here we introduce a modified model of quintessence when ttkeeti@rgy and the correspond-
ing pressure obeys the following equation of state:

PoE = —W(EDE — &&r), (3.9)

where the constam € [0, 1). Hereg,, some critical energy density. Settigg = O one obtains
ordinary quintessence. It is well known that as the Univergeands the (dark) energy density
decreases. As a result, being a linear negative functioneryg density, the corresponding pres-
sure begins to increase. In case of an ordinary quintesskagaressure is always negative, but
for a modified quintessence as soorggbecomes less than the critical one, the pressure becomes
positive. In Fig.[1 we illustrate the evolution of pressuceresponding to ordinary and modified
guintessence with the expansion of the Universe.

In account of[[3B) from{3.3a) one finds the following redatbetweerepe andr :
1 [ &1

T o — W, (3.10)

EDE =

with g, being some integration constant.

B. Exact and numerical solutions

As soon as the right hand side of the Hq. (P.12) is defined, westcaly this equation in details.
First we write the solution to the equation in question indpaéure which will be followed by
numerical results.

Insertinge,s andeq into (ZI5) one now finds

dr
/ \/Cl + 3K (80770 + [£1/ (1 — )] T(HHW) — [weer /(1 —w)]72)

=1t+to. (3.12)
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FIG. 1. Evolution of the pressure with the expansion of theJBIlverse when it is filled with perfect fluid
and dark energy obeying ordinary and modified quintesseives dpy [3.8) and[(3]9), respectively. Here
the letters’o” and"m” stand for ordinary and modified, respectively.

Heretp is a constant of integration that can be taken to be triviak ode sees, the positivity
of the radical imposes some restriction on the maximum vaefug i.e., in this case the model
allows oscillatory mode of expansion. It means the darkgnanitially acts as a repulsive force
resulting in accelerated expansion of the Universe. Bubags asepg becomes less thag, the
corresponding pressure changes its direction and as d tiesulniverse begins to contract. In
order to give a complete picture, beside the system with aiffeddquintessence we study the
system with an ordinary one as well. It should be noted thatthical energy densitgpe should
be very small. Here for simplicity we seg; = 0.01.
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FIG. 2: View of the potential when the Bl Uni- FIG. 3: View of the potential when the Bl Uni-
verse is filled with a binary mixture of perfect verse is filled with a binary mixture of perfect
fluid and a quintessence given lhy{3.8). fluid and a modified quintessence-like dark

energy given by[(3]9).

In Figs.[2 andB potentials corresponding to an ordinary aadified quintessence are given.
As one sees, the usual quintessence does not allow osgilfatwle of expansion, Universe in this
case expands endlessly. A corresponding expansion of tivetda is given in Figll4. It should be
emphasized that the initially anisotropic Universe in ttase evolves into an isotropic FRW one.
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As oppose to the ordinary quintessence a modified quintesserposes some restriction on the
maximum value of . As a result the Universe initially expands, but after réaglsome maximum

it begins to contract. Depending on the choice of the comstdrich can be viewed as an energy
level, it either shrinks into a point [cf. Fi@l 5] thus givimge to space-time singularity, or begins
to expand again after reaching some non-zero minimumthelJniverse in this case experiences
the oscillatory mode of expansion [cf. Fig. 6]. Note that &zles” corresponds a particular pair

(Tmin, Tmax)-

FIG. 4: Evolution of the Bl Universe is filled
with a binary mixture of perfect fluid and a
quintessence. For simplicity, as a perfect fluid
we consider only radiation.
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FIG. 6: For& < 0 Bl Universe filled with a bi-
nary mixture of perfect fluid and quintessence-
like dark energy admits oscillatory mode of
expansion. Here we sef = —1000 with

To = 50.
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FIG. 5: Evolution of the Bl Universe with a
modified quintessence. Choosi&g> 0 (here
we seté = 1 one obtains nonperiodic picture
of evolution. As one sees, different choice
of { gives rise to different amplitude, but the
overall character of the solution remains unal-
tered.
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FIG. 7: View of energy density and pressure
when Bl Universe experiences oscillation as
in Fig.[@.
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In Fig. [@ we illustrate the evolution of energy density andgsure when the Universe is filled
with a binary mixture of perfect fluid given by a radiation amanodified quintessence. As one
sees, the initial density is large enough and the pressurstiglly negative, with the energy
density being less thaf,, pressure becomes positive and the Universe begins toacbni#s a
result the energy density begins to increase and pressane lagcomes negative. This results in
the oscillatory mode of expansion.
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FIG. 8: View of the acceleration for different source field$ere "rad”, "quint” and "quint-m” stand for
radiation, a mixture of radiation and an ordinary quinteseeand a mixture of radiation and modified
quintessence, respectively.

Finally in Fig. [ we plot the graphic of acceleration verdeset As one sees, if the Universe
is filled with perfect fluid only, the process of evolution éérates with time, while the inclusion
of an ordinary quintessence results in an accelerated wolulf the dark energy is given by a
modified quintessence the accelerated expansion is falltwye decelerated one.

IV. CONCLUSION

A self-consistent system of Bl gravitational field filled ia perfect fluid and a dark energy
given by a modified version of quintessence has been coesidefhe exact solutions to the
corresponding field equations are obtained. The inclusitimeodark energy into the system gives
rise to an accelerated expansion of the model. As a resuliniti@ anisotropy of the model
quickly dies away. The modification of the quintessencelteguappearing some upper bound of
the volume scale, i.e., in this case the Universe is spafiaite. Depending on the choice of the
integration constanf’, which can be viewed as an energy level, the Universe israithse with a
space-time singularity, or an open one which is oscillata@gular and infinite in time.
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