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QUANTUM DIMENSIONS AND THEIR NON-ARCHIMEDEAN

DEGENERATIONS

URI ONN AND JASPER V. STOKMAN

Abstract. We derive explicit dimension formulas for irreducible MF-spherical KF-re-
presentations where KF is the maximal compact subgroup of the general linear group
GLd(F) over a local field F and MF is a closed subgroup of KF such that KF/MF re-
alizes the Grassmannian of n-dimensional F-subspaces of Fd. We explore the fact that
(KF,MF) is a Gelfand pair whose associated zonal spherical functions identify with vari-
ous degenerations of the multivariable little q-Jacobi polynomials. As a result, we are led
to consider generalized dimensions defined in terms of evaluations and quadratic norms
of multivariable little q-Jacobi polynomials, which interpolate between the various classi-
cal dimensions. The generalized dimensions themselves are shown to have representation
theoretic interpretations as the quantum dimensions of irreducible spherical quantum rep-
resentations associated to quantum complex Grassmannians.

1. Introduction

Let F be a local field and let KF be the maximal compact subgroup of GLd(F). That is,

(1.1) KF =






O(d) if F = R,

U(d) if F = C,

GLd(O) if F non-Archimedean,

where in the latter case O denotes the ring of integers of F. Let G(n, d; F) be the Grassman-
nian of n-dimensional subspaces of a fixed d-dimensional vector space over F. Throughout
we assume that n ≤ d/2. The group KF acts transitively on G(n, d; F). Letting MF be
a stabilizer of a point we may identify G(n, d; F) with KF/MF. The pair (KF,MF) is a
Gelfand pair, in the sense that each (continuous, complex) irreducible KF-representation
has a subspace of MF-fixed vectors which is at most one-dimensional. The irreducible
representations having a one-dimensional subspace of MF-fixed vectors are called MF-
spherical. In this paper we derive explicit dimension formulas for the irreducible MF-
spherical KF-representations.

For all local fields F the equivalence classes of the irreducible MF-spherical KF-repre-
sentations are naturally parameterized by the set Λn of partitions of at most n parts
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(see e.g. [12] and [5] for F Archimedean, and [2] for F non-Archimedean). This is quite
remarkable, taking into consideration that the representation theory of KF for F non-
Archimedean is of a completely different nature compared to the representation theory for
F Archimedean. In each case there is a natural explicit labeling of the irreducible MF-
spherical KF-representations V F

λ by partitions λ ∈ Λn which we shall describe in detail.
The zonal spherical functions ϕF

λ associated to V F

λ (λ ∈ Λn) form a linear basis of the
Hecke algebra of MF-biinvariant representative functions on KF. The starting point for
the derivation of the explicit dimension formulas for the irreducible MF-spherical KF-
representations is the representation theoretic dimension formula

(1.2) DimC

(
V F

λ

)
=

(
ϕF

λ(e)
)2

∫
KF

|ϕF

λ(g)|
2dg

, λ ∈ Λn

where e ∈ KF is the unit element and integration is with respect to the normalized Haar
measure on KF. The second key ingredient is the fact that the zonal spherical functions
ϕF

λ for the different local fields F relate to various degenerations of the multivariable little
q-Jacobi polynomials from [26], see [12], [5] and [23]. As a result, we are led to consider
generalized dimensions defined in terms of evaluations and quadratic norms of multivariable
little q-Jacobi polynomials, which interpolate between the various classical dimensions.

The multivariable little q-Jacobi polynomials PL
λ (z) (λ ∈ Λn) are symmetric polynomials

in n variables z = (z1, . . . , zn) depending on four auxiliary parameters, which arise as
degenerations of the Macdonald-Koornwinder polynomials [15]. They form an orthogonal
system with respect to an explicit discrete probability orthogonality measure defined in
terms of an iterated Jackson integral (see [26]), which induces a norm ‖·‖L on the symmetric
polynomials in z. The generalized dimensions referred to in the previous paragraph are

(1.3) d(λ) =
PL

λ (0)2

‖PL
λ ‖

2
L

, λ ∈ Λn,

compare with the representation theoretic dimension formula (1.2).
We show that the dimension of V F

λ can be obtained as a classical (q = 1) degener-
ation of d(λ) for F Archimedean, and as a p-adic (q = 0) degeneration of d(λ) for F

non-Archimedean. For special values of the four auxiliary parameters of the multivari-
able little q-Jacobi polynomials we show that the generalized dimensions d(λ) (λ ∈ Λn)
themselves have a representation theoretic interpretation as the quantum dimensions of
irreducible spherical quantum representations associated to the one-parameter family of
quantum complex Grassmannians from [20] and [5]. In this case the key ingredient is
the identification in [20] and [5] of the associated quantum zonal spherical functions with
Macdonald-Koornwinder polynomials, as well as with degenerations of the Macdonald-
Koornwinder polynomials known as multivariable big and little q-Jacobi polynomials.

Cherednik’s double affine Hecke algebra techniques have led to explicit evaluation for-
mulas and to explicit quadratic norm evaluations for the Macdonald-Koornwinder poly-
nomials in [24] (see also [3] and [28]). The quadratic norms ‖Pλ‖

2
L of the multivariable

little q-Jacobi polynomials (as well as for multivariable big q-Jacobi polynomials) have
been explicitly evaluated in [27] by degenerating the quadratic norm evaluations of the
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Macdonald-Koornwinder polynomials. In exactly the same way we derive in this paper
evaluation formulas for the multivariable big and little q-Jacobi polynomials. This leads to
explicit expressions for the interpolating, generalized dimensions d(λ) (λ ∈ Λn). Explicit
(quantum) dimension formulas for the irreducible spherical (quantum) representations as-
sociated to the various (quantum) Grassmannians are subsequently derived by degenerating
the explicit expression for d(λ) (λ ∈ Λn).

The contents of the paper is as follows. In Section 2 we introduce the multivariable little
q-Jacobi polynomials and the associated generalized dimensions. In Section 3 we discuss
the representation theory of general Compact Quantum Group (CQG) algebras from [4]
and [7]. CQG algebras form the natural setting to capture the harmonic analytic structures
of the various (quantum) Grassmannians under consideration in this paper.

In Section 4 we specialize the general representation theoretic setup from Section 3
to the classical CQG algebra of representative functions on the compact group KF. We
discuss the harmonic analytic implications for the associated Grassmannian KF/MF. We
pay close attention to the specific parametrization of the irreducible MF-spherical KF-
representations by Λn. We state the explicit dimension formulas, which are new in case
of non-Archimedean local fields F (see Theorem 4.5). Although the results are essentially
classical for Archimedean local fields F (see e.g. [12], [5], [30] and [23]), we have decided
to give a detailed exposition in case of F = C in order to highlight the similarities and
differences to the results for the Grassmannians over non-Archimedean local fields F, as
well as to the results for the quantum complex Grassmannians in the subsequent sections.

In Section 5 we specialize the setup from Section 3 to the CQG algebra of quantized
representative functions on KC = U(n), and we discuss the associated harmonic analysis
on the standard quantum complex Grassmannian. In particular, we state explicit quantum
dimension formulas for the associated irreducible spherical quantum representations.

In Section 6 we introduce the Macdonald-Koornwinder polynomials and the multivari-
able big and little q-Jacobi polynomials. We derive explicit evaluation formulas for the
multivariable big and little q-Jacobi polynomials. Subsequently we derive in Section 7
explicit expressions for the generalized dimensions as well as for their p-adic (q = 0) de-
generations.

In Section 8 we discuss the present approach for the one-parameter family of quantum
complex Grassmannians from [20] and [5]. Following closely the analysis of Noumi [19]
for other examples of quantum symmetric spaces, we express the quantum dimensions
of the associated irreducible spherical quantum representations in terms of evaluations
and quadratic norms of Macdonald-Koornwinder polynomials, as well as of multivariable
big and little q-Jacobi polynomials. In particular, we obtain the representation theoretic
interpretation of the generalized dimensions for special parameters as quantum dimensions
of irreducible spherical quantum representations. In this context we remark that a similar
approach can be followed for quantum real Grassmannians using the harmonic analytic
results from [30] and [17], but we do not pursue it in this paper.
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Notations and conventions. Representations of topological groups are complex and are
required to be continuous. We set

(1.4) E = C(a, b, c, d, q, t)

for the field of rational functions in six indeterminates a, b, c, d, q and t. We set Λn for the
partitions of at most n parts. It is the cone

Λn =

n⊕

r=1

Z+ωr

in Zn, where ωr = (1r, 0n−r) ∈ Λn is the fundamental partition consisting of r ones and
n − r zeros. We write ω0 = (0n) ∈ Λn for the zero partition. For a partition λ ∈ Λn we
denote λ′ for the conjugate partition and we set λ′0 = n. In addition we write |λ| for the
weight of λ, l(λ) = λ′1 for the length of λ, and ∂λ′ = (λ′j −λ

′
j+1)j≥0 for the positive integral

differences of the conjugate partition (whose sum equals n). For n-vectors u, v, w we set
uvw = (u1v

w1

1 , . . . , unv
wn
n ). We occasionally use this notation when u or v are scalars, in

which we use the corresponding n-vectors having all entries equal to the given scalar. We
recall some standard notations from basic hypergeometric series (see e.g. [8]). For j ∈ Z+

we set
(
a; q
)

j
= (1 − a)(1 − aq) · · · (1 − aqj−1) (empty product is one) for the q-shifted

factorial. We write
(
a1, . . . , am; q

)
j
=
∏m

s=1

(
as; q

)
j

for products of q-shifted factorials. For

m, l, l1, . . . , lk ∈ Z+ with l ≤ m, we use the notations

[m] =
1 − qm

1 − q
, [m]q! =

m∏

j=1

[j]q,

[
m

l1 l2 · · · lk

]

q

=
[m]q!

[l1]q! · · · [lk]q!
,

(m
l

)

q
=

[
m

l m− l

]

q

.

In terms of q-shifted factorials, the q-factorial can be expressed as

(1.5) [m]q! = q
1

2
m(m−1)

(
q−1; q−1

)
m

(1 − q−1)m
.

We use standard notations for the basic hypergeometric series r+1φr, see e.g. [8].

2. Multivariable little q-Jacobi polynomials

Important in our approach is the fact that (quantum) dimensions of irreducible spher-
ical representations associated to quantum, real/complex and p-adic Grassmannians are
degenerations of a generalized dimension formula involving multivariable little q-Jacobi
polynomials, which we now introduce. We work over the field E (see (1.4)), although in
the present situation c and d are dummy parameters and could just as well be omitted (in
contrast to the Macdonald-Koornwinder and multivariable big q-Jacobi case as treated in
Section 6).

The symmetric group Sn in n letters acts on Zn
+ by permuting the coordinates. The

corresponding fundamental domain is the cone Λn of partitions with at most n parts. The
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symmetric group Sn acts on E[z] = E[z1, . . . , zn] by permuting the independent variables
z1, . . . , zn. We denote E[z]S for the subalgebra of Sn-invariant polynomials in E[z]. An
E-basis of E[z]S is formed by the symmetric monomials m̃λ(z) =

∑
µ∈Snλ z

µ (λ ∈ Λn). The

monic multivariable little q-Jacobi polynomial PL
λ (z) = PL

λ (z; a, b; q, t) ∈ E[z]S of degree
λ ∈ Λn from [26] is of the form

(2.1) PL
λ (z) = m̃λ(z) +

∑

µ∈Λn:µ<λ

cLλ,µm̃µ(z)

for certain coefficients cLλ,µ = cLλ,µ(a, b; q, t) ∈ E. The multivariable little q-Jacobi polyno-
mials can be characterized as solution of a second-order difference equation, or in terms
of orthogonality relations defined with respect to an explicit discrete probability orthogo-
nality measure. The characterization in terms of the difference equation is as follows. For
j = 1, . . . , n we write Tj for the multiplicative q-shift in zj,

(Tjf)(z) = f(z1, . . . , zj−1, qzj, zj+1, . . . , zn), f ∈ E[z±1].

The characterizing difference equation then reads DLP
L
λ = EqJ

λ PL
λ where

DL =

n∑

j=1

(
φ+

L,j(z)(Tj − Id) + φ−L,j(z)(T
−1
j − Id)

)
,

φ+
L,j(z) = qtn−1a

(
b−

1

qzj

)∏

l 6=j

zl − tzj

zl − zj
, φ−L,j(z) =

(
1 −

1

zj

)∏

l 6=j

zj − tzl

zj − zl

and with eigenvalue

EqJ
λ =

n∑

j=1

(
qabt2n−j−1(qλj − 1) + tj−1(q−λj − 1)

)
.

An algebraic formulation of the orthogonality relations of the multivariable little q-Jacobi
polynomials is as follows. Define an E-linear functional

hL = ha,b;q,t
L : E[z]S → E

by requiring

hL

(
PL

λ

)
=

{
1, if λ = 0,

0, if λ 6= 0.

Define a form 〈·, ·〉L = 〈·, ·〉a,b;q,t
L on E[z]S by

(2.2) 〈p1, p2〉L = hL

(
p1(z)p2(z)

)
, p1, p2 ∈ E[z]S ,

where p(z) 7→ p(z) stands for the anti-linear algebra involution on E[z] which extends
complex conjugation on C by requiring that the parameters a, b, c, d, q, t and the variables
zj to be formally real, e.g. a = a and zj = zj . The orthogonality relations now take the
form

(2.3) 〈PL
λ , P

L
µ 〉L = NL(λ)δλ,µ, λ, µ ∈ Λn
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for suitable explicit quadratic norms NL(λ) = NL(λ; a, b; q, t) ∈ E, which are recalled in
Subsection 6.2.

The expressions

(2.4) Dq(λ; a, b; t) =

(
PL

λ (0; q−1a, q−1b; q, t)
)2

NL(λ; q−1a, q−1b; q, t)
∈ E, λ ∈ Λn

play a crucial role in the sequel. Note that Dq(λ; a, b; t) is the generalized dimension d(λ)
from the introduction (see (1.3)), up to a slight reparametrization of the four auxiliary
parameters a, b, q and t (which we justify in a moment).

We show that specializations of the parameters (a, b, t) in Dq(λ) give the quantum di-
mensions of spherical irreducible representations associated to quantum complex Grass-
mannians. In addition we show that suitable degenerations in (a, b, q, t) lead to the dimen-
sions of spherical irreducible representations associated to complex/real Grassmannians
(in which case the four parameters degenerate to one, but with different exponents), and
to dimensions of spherical irreducible representations associated to Grassmannians over
non-Archimedean local fields (in which case q degenerates to zero while the remaining
three parameters (a, b, t) are specialized to q-independent values which are explicitly given
in terms of the cardinality of the residue field). The latter case thus does not involve
degenerating the parameters (a, b, t), which is the reason to use the multivariable little q-
Jacobi polynomials with parameters (q−1a, q−1b, t) in the definition (2.4) of the generalized
dimensions.

We derive evaluation formulas for PL
λ in Section 6, which thus lead to explicit evaluations

of Dq(λ) = Dq(λ; a, b; t) and to explicit evaluations of the (quantum) dimensions for the
irreducible spherical irreducible representations associated to different types of (quantum)
Grassmannians.

3. CQG algebras and quantum dimensions

The category of Compact Quantum Group algebras (CQG ) is a full subcategory of the
category of Hopf ∗-algebras that includes the standard noncommutative deformations of
algebras of representative functions on compact Lie groups. In particular, CQG algebras
are Hopf ∗-algebras with positive definite Haar functionals which have natural analogs of
the Peter-Weyl decomposition and the Schur orthogonality relations. This leads to the
notion of the quantum dimension of an irreducible, finite dimensional comodule over a
given CQG algebra. One of the main aims of the paper is to explicitly compute quantum
dimensions of irreducible comodules which arise in the context of (quantum) Grassmanni-
ans. Following [4], we recall in this section the definition of a CQG algebra and its basic
properties. We furthermore discuss the notion of a quantum Gelfand pair in the context
of CQG algebras (cf. [7]), and the associated quantum zonal spherical functions.

Let A be a Hopf ∗-algebra with comultiplication ∆, counit ǫ and antipode S. A linear
functional h : A→ C is called a normalized Haar functional if h(1) = 1 and

(
h⊗ IdA

)(
∆(a)

)
= h(a)1A =

(
IdA ⊗ h

)(
∆(a)

)
, a ∈ A.
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A Haar functional h on A is called positive definite if h(a∗a) > 0 for all 0 6= a ∈ A.
There are different equivalent definitions of Dijkhuizen’s and Koornwinder’s [4] notion of
a CQG algebra, the following is a convenient starting point for our purposes.

Definition 3.1. We call the Hopf ∗-algebra A a Compact Quantum Group (CQG ) algebra

if there exists a positive definite Haar functional on A.

The positive definite Haar functional on a CQG algebra A is unique. Several concrete
examples of CQG algebras (such as the algebra of representative functions on a compact
group, the basic commutative example) will be discussed in detail in the following two
sections.

Let A be a CQG algebra with normalized, positive definite Haar functional h. The fol-
lowing results are all from [4]. Any finite-dimensional right A-comodule is unitarizable,
hence completely reducible. We denote Σ for the set of equivalence classes of finite di-
mensional, (unitary) irreducible right A-comodules. For α ∈ Σ let πα : Lα → Lα ⊗ A
be a representative of the corresponding irreducible, finite dimensional A-comodule. Let
π∗α : L∗α → L∗α ⊗ A be the corresponding dual right A-comodule, defined by requiring

(
π∗α(φ)

)(
v ⊗ 1A) =

(
φ⊗ S

)(
πα(v)

)
, v ∈ Lα, φ ∈ L∗α,

where 1A denotes the unit element of A. Then {L∗α ⊗ Lα |α ∈ Σ} is a complete set of
representatives of the irreducible, finite dimensional A⊗ A-comodules.

Consider A as a right A⊗ A-comodule by

R(a) =
∑

(a)

a(2) ⊗ S(a(1)) ⊗ a(3), a ∈ A,

where we use the standard Sweedler notation for (iterated) applications of the comultipli-
cation. The first key property of CQG algebras is the irreducible decomposition

A ≃
⊕

α∈Σ

L∗α ⊗ Lα

of A as right A ⊗ A-comodule (the Peter-Weyl Theorem for CQG algebras). Concretely,
the isomorphism is realized by mapping φ ⊗ v ∈ L∗α ⊗ Lα to (φ ⊗ IdA)(πα(v)) ∈ A. We
denote Ah for the Hilbert space completion of A with respect to the pre-Hilbert structure

〈a, b〉h := h(b∗a).

Let (π, V ) be a finite dimensional, irreducible, right A-comodule. Consider the canonical
linear isomorphism ϕ : V → V ∗∗ defined by ϕ(v)f := f(v) for f ∈ V ∗ and v ∈ V . We turn
V into a finite dimensional Hilbert space such that (π, V ) is a unitary right A-comodule
(such scalar product is unique up to a strictly positive scalar multiple). Since the double-
dual right A-comodule (π∗∗, V ∗∗) is equivalent to (π, V ), there exists a unique positive
definite, linear isomorphism F = FV : V → V such that

TrV (F ) = TrV (F−1) > 0

and such that ϕ ◦ F : (π, V ) → (π∗∗, V ∗∗) is an intertwiner of right A-comodules (see [4,
Prop. 3.6]).
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Definition 3.2. Let A be a CQG algebra, (π, V ) a finite dimensional, irreducible right

A-comodule and F : V → V the linear isomorphism as defined above. Then

DimA(V ) := TrV

(
F
)

is called the quantum dimension of the right A-comodule (π, V ).

A second key property of CQG algebras is the generalized Schur orthogonality relations
[4, Prop. 3.4 & 3.5], which we now proceed to recall.

Proposition 3.3. Let A be a CQG algebra. Let (π, V ) and (π′, V ′) be finite dimensional,

irreducible, unitary right A-comodules with associated scalar products 〈·, ·〉π and 〈·, ·〉π′.

(a) If π 6≃ π′, then

〈〈π(u), v〉π, 〈π
′(u′), v′〉π′〉h = 0

for u, v ∈ V and u′, v′ ∈ V ′.
(b) For u1, u2, v1, v2 ∈ V we have

〈〈π(u1), v1〉π, 〈π(u2), v2〉π〉h =
〈u1, u2〉π〈F

−1
V v2, v1〉π

DimA(V )
.

Let A be a CQG algebra. A quantum subgroup of A is a pair (B, p) with B a Hopf
∗-algebra and p : A→ B a surjective Hopf ∗-algebra homomorphism. In this situation, we
write

AB = {a ∈ A |
(
IdA ⊗ p

)(
∆(a)

)
= a⊗ 1B}

for the ∗-subalgebra of right B-invariant elements in A. The ∗-subalgebra AB ⊂ A is a
right A-comodule under the right regular co-action

ρB(a) =
∑

(a)

a(2) ⊗ S(a(1)), a ∈ AB.

By the Peter-Weyl Theorem for A, the right A-comodule AB decomposes into irreducibles
as

(3.1) AB ≃
⊕

α∈Σ

L∗α
DimC(LB

α ),

where for a right A-comodule (π, V ),

V B = {v ∈ V |
(
1 ⊗ p)

(
π(v)

)
= v ⊗ 1B}

is the space of B-invariant elements in V .

Definition 3.4. A CQG algebra A with quantum subgroup (B, p) is called a quantum

Gelfand pair if

DimC(LB
α ) ≤ 1 ∀α ∈ Σ,

(compare with [7]).
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We fix a quantum Gelfand pair (A,B). We call a finite dimensional, irreducible A-
comodule B-spherical if it has nonzero B-invariant vectors. We denote ΣB ⊂ Σ for the
corresponding subset of equivalence classes of the B-spherical, irreducible, finite dimen-
sional right A-comodules.

In the various examples associated to (quantum) Grassmannians which we discuss in
the following sections, we will identify ΣB with a certain fixed set of partitions. An im-
portant, but case-by-case different, aspect is the concrete characterization of the spherical
irreducibles in terms of their parameterizing set ΣB. To maintain uniform notations as
much as possible, it will therefore be convenient to denote irreducible comodules labeled
by ΣB by new symbols {Vα | α ∈ ΣB}.

We write 〈·, ·〉α for a scalar product on Vα that turns Vα into a unitary right A-comodule.
Note that ΣB is invariant under ◦, were ◦ is the involution on Σ such that V ∗α ≃ Vα◦ for
all α ∈ Σ. In fact, if we fix a nonzero vector vα ∈ V B

α (α ∈ ΣB), then 〈·, vα〉α ∈ V ∗α
B.

Combined with (3.1), we obtain the multiplicity free irreducible decomposition

(3.2) AB =
⊕

α∈ΣB

Vα

as right A-comodules.
From the present perspective, the natural definition of the quantum zonal spherical

functions would be
ϕ̃α = 〈πα(vα), vα〉α, ∀α ∈ ΣB,

since they form a C-basis of the ∗-algebra

BAB = {a ∈ A |
(
IdA ⊗ p⊗ p

)
R(a) = a⊗ 1B ⊗ 1B}

of B-biinvariant elements in A. It turns out though that the following slightly modified
definition of the quantum zonal spherical functions is a better choice.

Definition 3.5. The quantum zonal spherical functions associated to the quantum Gelfand

pair (A,B) are defined by

ϕα = 〈πα(vα), F
1

2

Vα
vα〉α ∈ A, ∀α ∈ ΣB ,

where 0 6= vα ∈ V B
α and F

1

2

Vα
is the square root of the positive definite linear operator FVα

on Vα.

Note that the quantum zonal spherical function ϕα (α ∈ ΣB) is uniquely determined up
to nonzero scalar multiples. The square root of the positive definite operator FVα naturally
appears in the definition of quantum zonal spherical functions on quantum homogeneous
spaces using Noumi’s [19] two-sided coideal approach. It is this approach, and its gener-
alization in terms of coideal algebras by Letzter (see [17] and references therein), which
has led to the identification of Macdonald polynomials as radial parts of quantum zonal
spherical functions, see also Section 8 for the quantum complex Grassmannian.

It now follows from the preceding discussions that we have the following expression for
the quantum dimension of Vα in terms of the associated quantum zonal spherical function
ϕα and the associated B-invariant vector vα ∈ V B

α .
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Proposition 3.6. Let (A,B) be a quantum Gelfand pair. For α ∈ ΣB we have

DimA

(
Vα

)
=

‖vα‖
4
α

‖ϕα‖2
h

.

Proof. This follows directly using the definition of ϕα and the generalized Schur orthogo-
nality relations (Proposition 3.3b). �

4. Grassmannians over local fields

In this section we specialize the general theory of the previous section to the classical
examples arising from Grassmannians over local fields.

4.1. The Grassmann representation over local fields. Consider the commutative
CQG algebra A = C(K) of representative functions on a compact topological group K.
The Hopf ∗-algebra structures are given by

∆(f)(g, g′) = f(gg′), ǫ(f) = f(e), S(f)(g) = f(g−1), f ∗(g) = f(g),

where g, g′ ∈ K, f ∈ C(K), e ∈ K is the unit element of K, and where we have used the
natural identification C(K) ⊗ C(K) ≃ C(K × K) by the multiplication map. The positive
definite normalized Haar functional h is

h(f) =

∫

K

f(g)dg, f ∈ C(K),

where dg is the normalized Haar measure on K. Observe that C(K)h = L2(K, dg) and

Σ ≃ K̂, the unitary dual of the compact group K, since there is a natural one-to-one
correspondence between finite-dimensional right C(K)-comodules and finite dimensional K-
representations preserving notions as irreducibility, equivalence and unitarity. Concretely,
for a given right C(K)-comodule π : V → V ⊗ C(K) we define a left K-action on V by

gv =
(
IdV ⊗ evg

)
π(v), g ∈ K, v ∈ V,

where evg : C(K) → C is the evaluation map evg(f) = f(g). Under this correspondence,
the dual representation of a finite dimensional K-representation (π, V ) becomes

(π∗(g)f)(v) = f(π(g−1)v) (f ∈ V ∗, v ∈ V, g ∈ K).

Clearly the isomorphism π∗∗ ≃ π for a finite dimensional K-representation (π, V ) is realized
by F = Id, hence the quantum dimension DimC(K)(V ) is the complex dimension DimC(V )
of the representation space V . We now define one of our main object of study.

Definition 4.1. Let n, d ∈ N with n ≤ d/2. The Grassmannian G(n, d; F) over the local

field F is the set of n-dimensional F-subspaces in Fd.

Consider the maximal compact subgroup KF of GLd(F), see (1.1). Note that KF acts
transitively on G(n, d; F), e.g. by the Iwasawa decomposition in GLd(F). The subgroup of
KF stabilizing {0}d−n × Fn ∈ G(n, d; F) is denoted by MF, so that

G(n, d; F) ≃ KF/MF
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as transitive KF-space. The pair (KF,MF) is a Gelfand pair in the usual sense of topo-
logical groups. This is well known for the Archimedean fields R and C, see [12] and [5]
and the references therein. For non-Archimedean fields we refer to [2]. Consequently,
(A,B) =

(
C(KF),C(MF)

)
is a quantum Gelfand pair in the sense of CQG algebras, where

the surjective Hopf ∗-homomorphism p : C(KF) → C(MF) is the canonical restriction
map p(f) = f |MF

. The parametrizing set ΣC(MF) of the finite dimensional, irreducible
C(MF)-spherical right C(KF)-comodules is in bijection with (KF/MF)̂ , the unitary spher-
ical dual of KF with respect to the subgroup MF. The corresponding right C(KF)-comodule
C(KF)C(MF), viewed as KF-representation, now identifies with the Grassmann representa-

tion

C
(
G(n, d; F)

)
:= {f ∈ C(KF) | f(gh) = f(g), ∀ g ∈ KF, ∀h ∈ MF},

considered as left KF-module by the regular action
(
gf
)
(g′) = f(g−1g′), f ∈ C

(
G(n, d; F)

)
, g, g′ ∈ KF.

In this setting we take (πF
α, V

F
α ) (α ∈ (KF/MF)̂ ) to be a complete set of representatives

of the irreducible MF-spherical KF-representations. Then

(4.1) C
(
G(n, d; F)

)
≃

⊕

α∈(KF/MF)ˆ

V F

α

is the multiplicity-free decomposition of C
(
G(n, d; F)

)
in irreducible KF-representations,

cf. (3.2). For α ∈ (KF/MF)̂ we choose a scalar product 〈·, ·〉α on V F
α turning πF

α into a
unitary KF-representation, and we choose a nonzero MF-fixed vector vF

α ∈ V F

α . Using again
the identification of finite dimensional right C(KF)-comodules with finite dimensional KF-
representations, the quantum zonal spherical functions associated to the quantum Gelfand
pair (C(KF),C(MF)) are the usual zonal spherical functions

ϕF

α(g) = 〈πF

α(g)vF

α, v
F

α〉α, g ∈ KF, α ∈ (KF/MF)̂

associated to the Gelfand pair (KF,MF). The dimension formula (see Proposition 3.6) now
becomes

(4.2) DimC

(
V F

α

)
=

(
ϕF

α(e)
)2

∫
KF

|ϕF
α(g)|2dg

, α ∈ (KF/MF)̂ ,

where e is the unit element of KF.

4.2. Irreducible constituents and dimension formulas: the Archimedean case.

The harmonic analysis corresponding to the complex and real Grassmannian is classical
by now. It relates to special cases of harmonic analysis on compact symmetric spaces. To
emphasize the similarities with the non-Archimedean case and the quantum case, we now
shortly describe the relevant results for the complex Grassmannian G(n, d; C), following
closely the presentation in [5, Section 2]. For the real case, we refer to [12] and especially
to [30] (the presentation in [30] is very close to the (quantum) complex case as discussed
in this paper).
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To avoid confusion with standard notations for the complexification of a compact Lie
group, we write

(4.3) (K,M) = (U(d),U(d− n) × U(n))

for the Gelfand pair (KF,MF) when F = C. The irreducible K-representations are
parametrized by the cone

(4.4) P+
d = {µ ∈ Z

d |µ1 ≥ µ2 ≥ · · · ≥ µd} ⊂ Z
d,

by associating to µ ∈ P+
d the K-representation LC

µ of highest weight µ ∈ P+
d . The Weyl

character formula states that the restriction of the character of LC

µ (µ ∈ P+
d ) to the compact

d-torus of diagonal matrices diag(u1, . . . , ud) in U(d) is the Schur function

sµ(u1, . . . , ud) = ∆(u)−1
∑

w∈Sd

(−1)l(w)uw(µ+ρd) (µ ∈ P+
d ),

where ∆(u) =
∏

1≤i<j≤d(ui − uj) is the Vandermonde determinant, l(w) is the length of

w ∈ Sn, and ρd = (d − 1, d − 2, . . . , 0) ∈ P+
d is the staircase partition. The dimension of

LC
µ being the evaluation of its character at the unit element e ∈ K thus yields

(4.5) DimC(Lq
µ) = sµ(1), µ ∈ P+

d .

The resulting, famous, Weyl dimension formula is

(4.6) DimC(LC

µ) =
∏

1≤i<j≤d

(
µi − µj + δi − δj

δi − δj

)
, µ ∈ P+

d ,

where

(4.7) δ =
1

2

(
d− 1, d− 3, . . . , 3 − d, 1 − d

)

is the half sum of positive roots in the standard realization of the Ad−1-type root system in
Rd. We note that other explicit dimension formulas are known, mostly with a combinatorial
flavour. For instance, for µ ∈ P+

d with µd ≥ 0, DimC(LC

µ) is the number of standard Young

tableaux of shape µ. Furthermore, DimC(LC

µ) can be explicitly expressed in terms of
products of hook-lengths of the Young diagram of shape µ (see [18]).

We state now a different type of dimension formula for the subclass of spherical ir-
reducible representations associated to the complex Grassmannian G(n, d; C) ≃ K/M.
This dimension formula is based on the expression (4.2) of the dimension in terms of the
corresponding zonal spherical functions. The spherical unitary dual (KF/MF)̂ naturally
identifies with the set Λn of partitions of length at most n via the embedding

(4.8) λ♮ = (λ1, λ2, . . . , λn, 0, . . . , 0︸ ︷︷ ︸
d−2n

,−λn, . . . ,−λ2,−λ1)

of Λn in P+
d . Consequently the irreducibles

V C

λ := LC

λ♮ , (λ ∈ Λn)
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form a complete set of representatives of the irreducible MF-spherical KF-representations,
and the Grassmann representation C

(
G(n, d; C)

)
has a multiplicity-free decomposition

C
(
G(n, d; C)

)
≃
⊕

λ∈Λn

V C

λ

as KF-module. We write ϕC

λ for the zonal spherical function corresponding to the irreducible
representation V C

λ (λ ∈ Λn).

Proposition 4.2. For λ ∈ Λn we have

DimC

(
V C

λ

)
=

n∏

i=1

(
d− 2n+ 1 + 2(λi + ρi)

d− 2n+ 1 + 2ρi

) d−2n∏

j=1

(
j + λi + ρi

j + ρi

)2

×
∏

1≤j<k≤n

(
d− 2n+ 1 + λj + λk + ρj + ρk

d− 2n+ 1 + ρj + ρk

)2(
λj − λk + ρj − ρk

ρj − ρk

)2

,

where ρ = (n− 1, n− 2, . . . , 1, 0) ∈ Λn is the staircase partition.

The natural proof of the proposition uses the identification of the radial parts of the
zonal spherical functions ϕC

λ (λ ∈ Λn) as BCn-type Heckman-Opdam polynomials with
appropriate multiplicity parameters (see e.g. [12] and [5, Section 2]). The dimension
formula (4.2) then yields an expression in terms of evaluations and quadratic norms of
Heckman-Opdam polynomials, which both have been explicitly evaluated.

Proposition 4.2 follows also as a direct consequence of the formula

(4.9) DimC

(
V C

λ

)
= Dq2

(
λ; q2(d−2n+1), q2; q2

)
|q=1, (λ ∈ Λn),

expressing the dimensions in terms of the classical (q = 1) degeneration of the generalized
dimension formula Dq(λ) (see (2.4)). Formula (4.9) is a direct consequence of the identifi-
cation of multivariable little q-Jacobi polynomials with quantum zonal spherical functions
on the quantum complex Grassmannian, see Subsection 5.3 for details. We note also that
the classical (q = 1) degeneration of the multivariable little q-Jacobi polynomials have been
studied in detail in [29], also in the context of harmonic analysis on (quantum) complex
Grassmannians (see [5]).

Remark 4.3. Proposition 4.2 can easily be reconfirmed by specializing the Weyl dimension
formula (4.6) to µ = λ♮ (λ ∈ Λn).

For the real Grassmannian, (KR/MR)̂ also naturally identifies with Λn, see [12], [23] and
[30]. The harmonic analytic results from [12] lead to similar explicit dimension formulas
for the associated irreducible MR-spherical KR-representations V R

λ (λ ∈ Λn). In particular
the dimensions can also be expressed as classical (q = 1) degenerations of generalized
dimensions

(4.10) DimC

(
V R

λ

)
= Dq2

(
λ; qd−2n+1, q; q

)
|q=1, (λ ∈ Λn),

which follow as in the complex case from the results in [12] and [29] (see also [23, §2.1.1]).
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4.3. Irreducible constituents and dimension formulas: the non-Archimedean

case. In this subsection we fix a non-Archimedean local field F. Let O denote the ring
of integers and p the maximal ideal. The Grassmann representation C

(
G(n, d; F)

)
was

studied in [11] and later in [1, 2]. Therein it is shown that the irreducible MF-spherical
KF-representations are also parameterized by Λn. We now proceed to recall the explicit
construction of the irreducibles. The path to the construction of these representations is
completely different compared to the Archimedean case. First of all, there is no (highest)

weight theory, in particular there is no concrete description of the full unitary dual K̂F as
in the Archimedean case. We thus have to resort to a direct construction of the spherical
unitary dual (KF/MF)̂ and the concrete construction of the corresponding representations,
which has a combinatorial flavor due to the profinite nature of KF,

KF ≃ lim
←−

GLd(O/p
k).

The latter identification is realized by the canonical epimorphisms πk : KF → GLd(O/p
k)

defined by reduction modulo pk (k ∈ Z>0). Denoting Ik for the kernel of πk, one has (cf.
[2])

C
(
G(n, d; F)

)
≃ lim
−→

C
(
G(n, d; F)

)Ik

as KF-representations, where C
(
G(n, d; F)

)Ik stands for the KF-module consisting of the
Ik-fixed vectors in the Grassmann representation. The structure of the Grassmann repre-

sentation is completely determined by its so-called level k − 1 components C
(
G(n, d; F)

)Ik

for k ∈ Z>0. We proceed now to recall the precise structure of these level components.
The set of partitions Λn parametrizes the isomorphism classes of the finite dimensional

O-modules of rank ≤ n. Concretely, the partition λ ∈ Λn corresponds to the isomorphism
class of the finite O-module ⊕n

i=1O/p
λi. The finite O-modules in the isomorphism class

labeled by λ ∈ Λn are called O-modules of type λ. Denote ⊆ for the partial order on
partitions defined by inclusion of Young diagrams. Fix a module of type kd = (k, . . . , k) (d
entries). For any type λ ⊆ kd let G(λ, kd;O) be the Grassmannian of its submodules of type
λ. Let C

(
G(λ, kd;O)

)
be the vector space of complex valued functions on G(λ, kd;O). The

canonical action of KF on G(λ, kd;O) gives rise to a representation of KF on C
(
G(λ, kd;O)

)
.

The finite Grassmann representations relate to the Grassmann representation C
(
G(n, d; F)

)

by the identification

(4.11) C
(
G(n, d; F)

)Ik ≃ C
(
G(kn, kd;O)

)

as KF-modules, see [2, Lemma 2.1].
The irreducible constituents of the finite Grassmann representation C

(
G(kn, kd;O)

)
have

been explicitly described in [2] in terms of the so-called cellular basis of the associated
finite Hecke algebra EndKF

(
C
(
G(kn, kd;O)

))
. It leads to a natural parametrization of the

irreducible MF-spherical KF-representations by partitions Λn, as described in the following
theorem, which is a direct consequence of [2, Theorem 1].
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Denote Λk
n for partitions λ ∈ Λn satisfying λ ⊆ kn. Furthermore, for an irreducible

KF-module V we denote 〈V : C
(
G(µ, kd;O)

)
〉 for the multiplicity of V in the KF-module

C
(
G(µ, kd;O)

)
.

Theorem 4.4 ([2]). For λ ∈ Λn there exists a unique irreducible MF-spherical KF-repre-

sentation V F

λ satisfying, for all k ∈ Z>0 such that λ ∈ Λk
n,

(1) 〈V F

λ : C
(
G(µ, kd;O)

)
〉 ≥ 1 for µ ∈ Λk

n satisfying λ ⊆ µ,

(2) 〈V F

λ : C
(
G(µ, kd;O)

)
〉 = 0 for µ ∈ Λk

n satisfying λ 6⊆ µ.

The KF-representations V F

λ (λ ∈ Λn) form a complete set of representatives of the irre-

ducible MF-spherical KF-representations.

Theorem 4.4 gives the multiplicity free irreducible decomposition

C
(
G(n, d; F)

)
≃
⊕

λ∈Λn

V F

λ

as KF-modules, as well as the identifications

(KF/MF)̂ ≃ Λn ≃ {isomorphism types of O-modules of rank ≤ n} .

Furthermore, (4.11) and Theorem 4.4 imply

(4.12) C
(
G(kn, kd;O)

)
≃
⊕

λ∈Λk
n

V F

λ

for k ∈ Z>0 as KF-modules, cf. [2, Prop. 2.2]. The following is one of the main results in
this paper.

Theorem 4.5. Let t = |O/p|−1. We have

(4.13) DimC(V F

λ ) = t−(d−2n+1)|λ|−2(ρ,λ)
[ n
∂λ′

]

t

(td−λ′
1−λ′

2+2; t)λ′
1
+λ′

2

(tn−λ′
1
+1; t)λ′

1

(1 − td−2λ′
1+1)

(1 − td+1)

for λ ∈ Λn.

Theorem 4.5 is a direct consequence of the formula

(4.14) DimC

(
V F

λ

)
= D0

(
λ; td−2n+1, t; t), t = |O/p|−1

from [23], and the explicit evaluation of D0(λ; a, b; t) derived in Theorem 7.6. Formula
(4.14) is obtained in [23] as a consequence of (4.2) and the identification of the zonal
spherical function ϕF

λ with a suitable p-adic (q = 0) degeneration of the multivariable little
q-Jacobi polynomial PL

λ .

Corollary 4.6. For k ∈ Z>0 we have

∑

λ⊆kn

t−(d−2n+1)|λ|−2(ρ,λ)
[ n
∂λ′

]

t

(td−λ′
1
−λ′

2
+2; t)λ′

1
+λ′

2

(tn−λ′
1
+1; t)λ′

1

(1 − td−2λ′
1
+1)

(1 − td+1)
= t−n(d−n)(k−1)

(
d

n

)

t−1

.
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Proof. Since the desired expression is rational in t, it suffices to prove the identity with the
formal parameter t−1 specialized to the cardinality of the residue field of a non-Archimedean
local field F. In this case, the identity immediately follows from (4.12), (4.11), (4.13) and
the easily verified identity (alternatively see e.g. [2, Claim 4.1(1)])

(4.15) |G(kn, kd;O)| = t−n(d−n)(k−1)

(
d

n

)

t−1

, t = |O/p|−1.

�

For n = 1, Corollary 4.6 reduces to the trivial geometric sum identity

1 + t1−d (1 − td−1)

(1 − t)
+

(1 − td−1)(1 − td)

(1 − t)

k∑

m=2

t(1−d)m = t(1−d)k (1 − td)

(1 − t)
.

We end this subsection by discussing the dimension formula (4.13) in two cases that
the dimensions have been computed before by representation theoretic methods. The
dimension formula (4.13) yields for r = 1, . . . , n,

(4.16) DimC

(
V F

ωr

)
= tr(r−d)

(
td−r+2; t

)
r
(1 − td−2r+1)(

t; t
)

r
(1 − td+1)

=

(
d

r

)

t−1

−

(
d

r − 1

)

t−1

where t = |O/p|−1. Alternatively, by (4.12)

C
(
G(ωr, 1

d;O)
)
≃ C

(
G(ωr−1, 1

d;O)
)
⊕ V F

ωr
,

which implies (4.16) in view of (4.15). The latter representation theoretic derivation es-
sentially is the argument from [6].

A similar analysis applies for the irreducible representations V F

k (k ∈ Z≥2 ⊂ Λ1) arising
in the representation C

(
G(1, d; F)

)
associated to the projective space Pd(F) = G(1, d; F),

see [9] and [23, §4]. In this case, (4.13) yields

DimC

(
V F

k

)
= t−(d−1)k (1 − td−1)(1 − td)

(1 − t)
= t−(d−1)k (1 − td)

(1 − t)
− t−(d−1)(k−1) (1 − td)

(1 − t)

where t = |O/p|−1. This dimension formula can be reconfirmed using (4.15) and the
decomposition

C
(
G(k1, kd;O)

)
≃ C

(
G((k − 1)1, (k − 1)d;O)

)
⊕ V F

k

as KF-modules, which is a direct consequence of (4.12).

5. The standard quantum complex Grassmannian

5.1. The CQG algebra of quantum representative functions on K. Let Uq be the
quantized universal enveloping algebra of gln(C), where 0 < q < 1. As a unital algebra it
is generated by the analogs xi, yi (i = 1, . . . , d − 1) of the standard positive and negative
simple root vectors of gln(C) and by the Cartan type elements K±1

j (j = 1, . . . , d). For the
defining relations, as well as for the explicit formulas turning Uq into a Hopf algebra, we
refer to [22]. We view Uq as a Hopf ∗-algebra, with ∗-structure determined by

x∗j = q−1yjKjK
−1
j+1, y∗j = qK−1

j Kj+1xj , (K±1
i )∗ = K±1

i .
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A finite dimensional Uq-representation decomposes in common eigenspaces for the ac-
tion of the Cartan type generators Kj (j = 1, . . . , d). We call a finite dimensional Uq-
representation V of type one if

V =
⊕

ν∈Zd

V [ν], V [ν] = {v ∈ V | Kjv = qνjv (j = 1, . . . , d)}.

We say that a vector 0 6= v ∈ V [ν] has weight ν. We define Cq(K) to be the Hopf
∗-subalgebra of the Hopf dual of Uq spanned by the matrix coefficients of the finite dimen-
sional Uq-representations of type one. The Hopf ∗-algebra structure on Cq(K) is obtained
by dualizing the Hopf ∗-algebra structure of Uq, see [22]. In particular, Cq(K) inherits a
∗-structure from Uq by

f ∗(X) = f(S(X)∗), f ∈ Cq(K), X ∈ Uq,

where S is the antipode of Uq. It is this particular choice of ∗-structure on Cq(K) that
reflects the fact that we are considering quantized functions on the compact real form K
of GLd(C).

As in the classical case, which we discussed in Subsection 4.2, there is a one-to-one
correspondence between finite dimensional (irreducible) right Cq(K)-comodules and finite
dimensional (irreducible) Uq-representations of type one (see [21]). Concretely, for a finite
dimensional right Cq(K)-comodule π : V → V ⊗Cq(K), we define the associated Uq-action
on V by

Xv =
(
Id ⊗ evX

)
(π(v)), X ∈ Uq, v ∈ V

where evX : Cq(K) → C is the evaluation map evX(f) = f(X). Under this identification,
the Uq-representation V ∗ dual to V is given by

(
Xf
)
(v) = f

(
S(X)v), X ∈ Uq, f ∈ V ∗, v ∈ V.

The equivalence classes of the finite dimensional, irreducible Uq-representations of type one
are again naturally parameterized by the cone P+

d (4.4). The corresponding irreducible Uq-
representation Lq

µ (µ ∈ P+
d ) is characterized as the irreducible representation with highest

weight µ. In particular, Lq
µ (µ ∈ P+

d ) has a (unique up to scalar multiples) weight vector
0 6= uµ ∈ Lq

µ[µ] satisfying

xiuµ = 0, i = 1, . . . , d− 1,

called a highest weight vector. Under the above mentioned identification of right Cq(K)-
comodules and left Uq-modules, we have the Peter-Weyl decomposition

(5.1) Cq(K) ≃
⊕

µ∈P+

d

Lq
µ
∗ ⊗ Lq

µ,

where φ ⊗ v ∈ Lq
µ
∗ ⊗ Lq

µ is identified with the matrix coefficient φ(· v) ∈ Cq(K), which
gives the multiplicity free irreducible decomposition as right Cq(K) ⊗ Cq(K)-comodules
(see [21]). Consequently Cq(K) is a CQG algebra, with the normalized, positive definite
Haar functional h on Cq(K) defined by requiring that it vanishes on the matrix coefficients
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of the nontrivial irreducible representations Lq
µ (0 6= µ ∈ P+

d ). It follows from the Peter-

Weyl decomposition that Σ ≃ P+
d , as for the classical algebra of representative functions

on K. The quantum Schur orthogonality relations (Proposition 3.3) for the CQG algebra
A = Cq(K) are well known, see e.g. [21, Section 3.2]. To make the link precise, note that
the quantum dimension

Dimq(V ) := DimCq(K)(V )

of a finite dimensional irreducible Uq-representation V of type one has the following explicit
form.

Lemma 5.1. Let (π, V ) be a finite dimensional irreducible Uq-representation of type one.

Then

Dimq(V ) = TrV (K2δ·).

Proof. It is well known and easy to check that

S2(X) = K2δXK−2δ, ∀X ∈ Uq.

Consequently, the isomorphism π∗∗ ≃ π as Uq-modules is realized by the linear operator

F = π(K−2δ) = π
(
K1−d

1 K3−d
2 · · ·Kd−1

d

)
.

Turning V into a ∗-unitary representation, the linear operator F becomes a positive definite
linear operator on V satisfying TrV (F ) = TrV (F−1) (by an easy weight argument). The
result now follows from the definition of the quantum dimension (Definition 3.2). �

Remark 5.2. The quantized universal enveloping algebra Uq is a ribbon algebra. Lemma
5.1 implies that the quantum dimension Dimq(V ) of an irreducible, finite dimensional Uq-
module coincides with the natural (topologically motivated) notion of quantum dimension
for finite dimensional modules over a ribbon algebra, see [13, Chapter XIV].

Since DimC(Lq
µ[ν]) = DimC(LC

µ [ν]) for all ν ∈ Zd, one has

(5.2) Dimq(L
q
µ) =

∑

ν∈Zd

DimC(LC

µ [ν])q2〈δ,ν〉 = sµ(q
2δ), µ ∈ P+

d .

This implies the following q-analogue of the Weyl dimension formula,

(5.3) Dimq(L
q
µ) = q−2〈δ,µ〉

∏

1≤i<j≤d

(
1 − q2(µi−µj+δi−δj)

1 − q2(δi−δj)

)
,

see e.g. [25, Lemma 2.5] for a simple proof based on the classical Weyl denominator formula.
A combinatorial formula for the quantum dimension Dimq(L

q
µ) (µ ∈ P+

d ) is provided by
the q-analogue of the hook-length formula, see [18] and [21, Section 3.2] for more details.
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5.2. The quantum Grassmann representation. In this subsection we discuss the stan-
dard quantum analog of the complex Grassmannian G(n, d; C) ≃ K/M and its associated
quantum Grassmann representation Cq(K/M). The one-parameter family of quantum
complex Grassmannians from [20] is discussed separately in Section 8.

We define a Gelfand pair (Cq(K),Cq(M)) of CQG algebras as follows. Write mC ≃
gld−n(C) × gln(C) for the complexified Lie algebra of M. We view mC as Lie subalgebra
of gld(C) in the standard way and write

Uq(m
C) ≃ Uq(gld−n(C)) ⊗ Uq(gln(C))

for the Hopf ∗-subalgebra of Uq = Uq(gld(C)) generated by K±1
i (i = 1, . . . , d) and xj , yj

(j ∈ {1, . . . , d−1}\{d−n}). Let Cq(M) be the span of the matrix coefficients of the finite
dimensional irreducible Uq(m

C)-representations of type one. Then (Cq(M), p) is a quantum
subgroup of Cq(K), with p the surjective Hopf ∗-algebra morphism p : Cq(K) → Cq(M)
defined by p(f) = f |Uq(mC).

Suppose V is a finite dimensional right Cq(K)-comodule. Using the identification of
right Cq(K)-comodules and left Uq-modules, the subspace of Cq(M)-invariant elements in
V coincides with the subspace of Uq(m

C)-invariant elements in V ,

V Cq(M) = {v ∈ V | Xv = ǫ(X)v ∀X ∈ Uq(m
C)}.

In translating the general CQG algebra theory from right Cq(K)-modules to left Uq-repre-
sentations, we shall refer to Cq(K)-spherical representations as Uq(m

C)-spherical represen-
tations. The branching rules for finite dimensional Uq-representations of type one, when
viewed as representations of Uq(m

C) ⊂ Uq, are the same as for the classical Gelfand pair
(K,M). Consequently (Cq(K),Cq(M)) is a quantum Gelfand pair, with associated unitary
spherical dual ΣCq(M) ≃ (K/M)̂ ≃ Λn (compare with the classical complex Grassmannian
of Subsection refcG, e.g. (4.8)). In particular, the Uq-representations

V q
λ := Lq

λ♮ , (λ ∈ Λn)

form a complete set of representatives of the finite dimensional, irreducible Uq(m
C)-spherical

Uq-representations. The right Cq(K)-comodule Cq(K)Cq(M) now identifies with the quantum

Grassmann representation

Cq(K/M) := {f ∈ Cq(K) | f(XY ) = f(X) ∀X ∈ Uq, ∀Y ∈ Uq(m
C)},

viewed as left Uq-module by the regular Uq-action
(
Xf
)
(X ′) = f(S(X)X ′), f ∈ Cq(K/M), X,X ′ ∈ Uq.

It has the multiplicity free decomposition

Cq(K/M) ≃
⊕

λ∈Λn

V q
λ

in irreducible Uq-representations.
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For λ ∈ Λn we fix a nonzero Uq(m
C)-invariant vector vq

λ ∈ V q
λ , and we choose a scalar

product 〈·, ·〉λ on V q
λ which turns V q

λ into a ∗-unitary Uq-representation. The quantum
zonal spherical functions ϕq

λ ∈ Cq(K/M) (λ ∈ Λn) are given by

ϕq
λ(X) = 〈Xvq

λ, K
−δvq

λ〉λ, X ∈ Uq,

where K±δ is the linear endomorphism of V q
λ satisfying

K±δ|V q
λ

[ν] = q±〈δ,ν〉IdV q
λ

[ν], ∀ν ∈ Z
d

(which is the square root of the positive definite linear operator on V q
λ defined by the action

of K±2δ on V q
λ ). We define for ψ ∈ EndC(V q

λ ),

ϕq
λ(ψ) := 〈ψ(vq

λ), K
−δvq

λ〉λ,

in particular ϕq
λ(K

δ) = ‖vq
λ‖

2
λ. The most convenient form of the quantum dimension

formula (Proposition 3.6) then reads

(5.4) Dimq

(
V q

λ

)
=

(
ϕq

λ(K
δ)
)2

‖ϕq
λ‖

2
h

, λ ∈ Λn.

5.3. Quantum dimension formulas. The quantum dimensions of the irreducible spher-
ical Uq-representations V q

λ (λ ∈ Λn) have the following explicit closed expressions.

Proposition 5.3. For λ ∈ Λn we have

Dimq

(
V q

λ

)
= q2(2n−d−1)|λ|−4(ρ,λ)

n∏

i=1

(
q2(1+λi+ρi); q2

)2
d−2n(

q2(1+ρi); q2
)2

d−2n

(1 − q2(d−2n+1+2(λi+ρi)))

(1 − q2(d−2n+1+2ρi))

×
∏

1≤j<k≤n

(1 − q2(d−2n+1+λj+λk+ρj+ρk))2(1 − q2(λj−λk+ρj−ρk))2

(1 − q2(d−2n+1+ρj+ρk))2(1 − q2(ρj−ρk))2
.

(5.5)

In Section 8 we derive Proposition 5.3 from a generalization of the quantum dimension
formula (5.4) to the setup of the one-parameter family of quantum complex Grassmanni-
ans from [20] and [5]. By a suitable degeneration procedure we subsequently deduce the
quantum dimension formulas

(5.6) Dimq

(
V q

λ

)
= Dq2

(
λ; q2(d−2n+1), q2; q2), λ ∈ Λn

in terms of evaluations and quadratic norms of multivariable little q-Jacobi polynomials.
More directly, (5.6) is a direct consequence of the quantum dimension formula (5.4) if
one uses the fact that the quantum zonal spherical functions ϕq

λ (λ ∈ Λn) identify with
multivariable little q-Jacobi polynomials (see [5] and Remark 8.5).

Remark 5.4. Taking the limit q → 1 in (5.5), we obtain the explicit dimension formulas for
the irreducible M-spherical K-representations V C

λ (λ ∈ Λn) as stated in Proposition 4.2.
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We end this subsection by discussing the representation theoretic viewpoint on the quan-
tum dimension formula (5.5) for λ = ωr, in which case it yields the explicit expression

(5.7) Dimq

(
V q

ωr

)
= q2r(d−r)

(
d

r

)2

q−2

− q2(r−1)(d−r+1)

(
d

r − 1

)2

q−2

for r = 1, . . . , n by a straightforward computation. The following representation theoretic
derivation of (5.7) bears strong resemblance to the representation theoretic derivation of
the dimension formula (4.16) in the classical non-Archimedean setup.

Let {ǫj}
d
j=1 be the standard orthonormal basis of R

d. Let V = Lq
ǫ1 be the d-dimensional

vector-representation of Uq. Its weight spaces are one-dimensional, with weights ǫj (j =
1, . . . , d). The irreducible representation Lq

ǫ1+···+ǫr
(1 ≤ r ≤ n) can be realized as the rth

graded part Λr
q(V ) of the q-exterior algebra Λq(V ) of V (see [21]). The weight spaces of

Λr
q(V ) are again one-dimensional, with weights given by

∑
j∈J ǫj for subsets J ⊆ {1, . . . , d}

of cardinality r. Hence

Dimq

(
Λr

q(V )
)

= TrΛr
q(V )(K

2δ·) =
∑

J⊆{1,...,d}

#J=r

∏

j∈J

q2(d−j) = q(r−1)r

(
q2(d−r+1); q2

)
r(

q2; q2
)

r

,

where the third equality follows by an easy induction argument. The dual of Λr
q(V ) is

irreducible of highest weight −ǫd−r+1 · · · − ǫd. In fact, by [21] we have

Λr
q(V )∗ ≃ Cdet−1

q ⊗ Λd−r
q (V ),

with Cdet−1
q ≃ Lq

−ǫ1···−ǫd
the one-dimensional representation realized by the inverse of the

quantum determinant detq ∈ Cq(K), hence

Dimq

(
Λr

q(V )∗
)

= q(1+r−2d)r

(
q2(r+1); q2

)
d−r(

q2; q2
)

d−r

.

We conclude that

Dimq

(
Ur

)
= q2r(d−r)

(
d

r

)2

q−2

,

where Ur is the Uq-module
Ur = Λr

q(V ) ⊗ Λr
q(V )∗.

By [5, (6.14)] we have
Ur ≃ Ur−1 ⊕ V q

ωr
, r = 1, . . . , n

as Uq-modules (with U0 the trivial representation), which now immediately implies (5.7).

6. Evaluation formulas

In this section we derive evaluation formulas for multivariable little and big q-Jacobi poly-
nomials by degenerating evaluation formulas for the Macdonald-Koornwinder polynomials
[15]. Evaluation formulas for Macdonald-Koornwinder polynomials have been obtained in
[3], [24] and [28]. The evaluation formulas for the multivariable little q-Jacobi polynomials
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are used in the next section to obtain explicit expressions for the generalized dimensions
Dq (see (2.4)) and their degenerations.

6.1. Macdonald-Koornwinder polynomials. Recall our notation E = C(a, b, c, d, q, t)
for the field of rational functions in six indeterminates a, b, c, d, q and t. Let W = Sn ⋉

{±1}n, acting on Z
n by permutations and sign-changes of the coordinates, and acting on

the algebra E[z±1] = E[z±1
1 , . . . , z±1

n ] by permutations and inversions of the independent
variables zi. The cone Λn ⊂ Zn is a fundamental domain for the W -action on Zn. The
dominance order on Λn is the partial order ≤ defined by λ ≤ µ if

∑i
j=1 λj ≤

∑i
j=1 µj for

1 ≤ i ≤ n. An E-basis of the algebra E[z±1]W of W -invariant Laurent polynomials is given
by the symmetric monomials mλ(z) :=

∑
µ∈Wλ z

µ (λ ∈ Λn).

The monic Macdonald-Koornwinder polynomial Pλ(z) = Pλ(z; a, b, c, d; q, t) ∈ E[z±1]W

of degree λ ∈ Λn is of the form

(6.1) Pλ(z) = mλ(z) +
∑

µ∈Λn:µ<λ

cλ,µmµ(z)

for certain coefficients cλ,µ = cλ,µ(a, b, c, d; q, t) ∈ E. It can be characterized as solution of a
particular second-order difference equation, or, for suitably specialized generic parameters
a, b, c, d, q, t, in terms of suitable orthogonality properties, see Koornwinder [15]. The
characterizing difference equation for the Macdonald-Koornwinder polynomial Pλ(z) of
degree λ is DPλ = EλPλ where

D =
n∑

j=1

(
φj(z)(Tj − Id) + φj(z

−1)(T−1
j − Id)

)
,

φj(z) =
(1 − azj)(1 − bzj)(1 − czj)(1 − dzj)

(1 − z2
j )(1 − qz2

j )

∏

l 6=j

(1 − tzlzj)(1 − tz−1
l zj)

(1 − zlzj)(1 − z−1
l zj)

and where the eigenvalue Eλ ∈ E is given by

Eλ =

n∑

j=1

(
q−1abcdt2n−j−1(qλj − 1) + tj−1(q−λj − 1)

)
.

Note that Pλ(z; a, b, c, d; q, t) is symmetric in the four parameters a, b, c, d. The evaluation
formulas for Macdonald-Koornwinder polynomials are given by

Pλ(at
ρ) =

n∏

i=1

(
abtn−i, actn−i, adtn−i, q−1abcdtn−i; q

)
λi(

q−1abcdt2(n−i); q
)
2λi

(
atn−i

)λi

×
∏

1≤j<k≤n

(
q−1abcdt2n−j−k+1; q

)
λj+λk

(
tk−j+1; q

)
λj−λk(

q−1abcdt2n−j−k; q
)

λj+λk

(
tk−j; q

)
λj−λk

(6.2)

for λ ∈ Λn. The evaluation formulas (6.2) have been established by van Diejen [3] for a
sub-family of Macdonald-Koornwinder polynomials. The general case follow from Sahi’s
[24] results using double affine Hecke algebras, see also [28, Remark 9.5].
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In the rank one case (n = 1), the Macdonald-Koornwinder polynomials do not dependent
on t and reduce to the monic Askey-Wilson polynomials

Pm(z) =

(
ab, ac, ad; q

)
m

am
(
qm−1abcd; q

)
m

4φ3

(
q−m, qm−1abcd, az, az−1

ab, ac, ad
; q, q

)
∈ C[z + z−1], m ∈ Z+.

In particular

Pm(a) =

(
ab, ac, ad; q

)
m

am
(
qm−1abcd; q

)
m

, m ∈ Z+,

which is in accordance to (6.2).
We give here a purely algebraic formulation of the quadratic norm evaluations for the

Macdonald-Koornwinder polynomials, which has the advantage that we do not need to
specialize the parameters a, b, c, d, q and t. We define an E-linear functional

hK = ha,b,c,d;q,t
K : E[z±1]W → E

by requiring

hK

(
Pλ

)
=

{
1, if λ = 0,

0, if λ 6= 0.

An analytic definition of hK can be given (for specific Zariski dense choice of parameters)
as an integral over a deformed compact n-torus with explicit weight function, see e.g. [15].

We define now a sesqui-linear form 〈·, ·〉K = 〈·, ·〉a,b,c,d;q,t
K on E[z±1]W by

(6.3) 〈p1, p2〉K = hK

(
p1(z)p2(z)

)
, p1, p2 ∈ E[z±1]W ,

where complex conjugation on C is extended to an anti-linear algebra involution on E[z±1]
by requiring the six parameters a, b, c, d, q, t to be formally real, e.g. a = a, and by requiring
the variables zj to be formally purely imaginary, zj = z−1

j . The orthogonality relations for
the Macdonald-Koornwinder polynomials are now given by

(6.4) 〈Pλ, Pµ〉K = NK(λ)δλ,µ, ∀λ, µ ∈ Λn,

with the quadratic norms NK(λ) = NK(λ; a, b, c, d; q, t) given by NK(λ) = N+
K(λ)N−K(λ),

where N±K(λ) = N±K(λ; a, b, c, d; q, t) ∈ E are

N+
K(λ) =

n∏

i=1

(
abtn−i, actn−i, adtn−i, q−1abcdtn−i; q

)
λi(

q−1abcdt2(n−i); q
)
2λi

×
∏

1≤j<k≤n

(
q−1abcdt2n−j−k+1; q

)
λj+λk

(
tk−j+1; q

)
λj−λk(

q−1abcdt2n−j−k; q
)

λj+λk

(
tk−j; q

)
λj−λk

,

N−K(λ) =
n∏

i=1

(
qtn−i, bctn−i, bdtn−i, cdtn−i; q

)
λi(

abcdt2(n−i); q
)
2λi

×
∏

1≤j<k≤n

(
abcdt2n−j−k−1; q

)
λj+λk

(
qtk−j−1; q

)
λj−λk(

abcdt2n−j−k; q
)

λj+λk

(
qtk−j; q

)
λj−λk

.
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The quadratic norm formulas have been established by van Diejen [3] for a sub-family of
Macdonald-Koornwinder polynomials. The general case has been derived in [24], see also
[28].

6.2. Multivariable little q-Jacobi polynomials. We now return to the multivariable
little q-Jacobi polynomials PL

λ (z) = PL
λ (z; a, b; q, t) from Section 2. We first shortly discuss

evaluation formulas for one-variable little q-Jacobi polynomials (n = 1), in which case
the evaluation formulas can be derived directly from the explicit expressions of the little
q-Jacobi polynomials as basic hypergeometric series. In fact, the monic one-variable little
q-Jacobi polynomial is independent of t and is given explicitly as

PL
m(z) =

(
qb; q

)
m(

qm+1ab; q
)

m
(qb)m 3φ2

(
q−m, qm+1ab, qbz

qb, 0
; q, q

)

=

(
qa; q

)
m(

qm+1ab; q
)

m

(−1)mq
1

2
m(m−1)

2φ1

(
q−m, qm+1ab

qa
; q, qz

)(6.5)

for m ∈ Z+, see e.g. [14]. Here the second equality follows from [8, (III.7)]. From the
second equality in (6.5) we obtain

(6.6) PL
m(0) =

(
qa, qab; q

)
m(

qab; q
)
2m

(−1)mq
1

2
m(m−1).

From the first equality in (6.5) and the q-Vandermonde sum

(6.7) 2φ1

(
q−m, a
c

; q, q

)
=

(
c/a; q

)
m(

c; q
)

m

am

for m ∈ Z+ (see [8, (II.6)]), we obtain

(6.8) PL
m(1) =

(
qb, qab; q

)
m(

qab; q
)
2m

(
qma)m.

Finally, from the first equality in (6.5) we obtain

(6.9) PL
m(q−1b−1) =

(
qb, qab; q

)
m(

qab; q
)
2m

(qb)m
.

In the following theorem we give the multivariable analogues of the evaluation formulas
(6.6), (6.8) and (6.9). Define ∆λ = ∆λ(a, b; q, t) by

(6.10) ∆λ(a, b; q, t) =
∏

1≤j<k≤n

(
qabt2n−j−k+1; q

)
λj+λk

(
tk−j+1; q

)
λj−λk(

qabt2n−j−k; q
)

λj+λk

(
tk−j ; q

)
λj−λk

, ∀λ ∈ Λn.

Theorem 6.1. For λ ∈ Λn we have the evaluation formulas

(6.11) PL
λ (0) = ∆λ

n∏

i=1

(
qatn−i, qabtn−i; q

)
λi(

qabt2(n−i); q
)
2λi

(−1)λiq
1

2
λi(λi−1),
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(6.12) PL
λ (tρ) = ∆λ

n∏

i=1

(
qbtn−i, qabtn−i; q

)
λi(

qabt2(n−i); q
)
2λi

(
aqλitn−i

)λi ,

(6.13) PL
λ (q−1b−1t−ρ) = ∆λ

n∏

i=1

(
qbtn−i, qabtn−i; q

)
λi(

qabt2(n−i); q
)
2λi

(
qbtn−i

)λi .

Proof. The evaluation formulas depend rationally on the parameters, hence it suffices to
prove the theorem for a suitable choice of Zariski dense complex values of the parameters
a, b, q and t. The proof now uses the explicit limit transitions from Macdonald-Koornwinder
polynomials to multivariable little q-Jacobi polynomials from [29] and [27]. The key ingre-
dient is the following result from the proof of [27, Theorem 6.4]. Let λ, µ ∈ Λn such that
µ < λ. Then

(6.14) lim
ǫ→0

(
q−

1

2 ǫ
)|λ|−|µ|

cλ,µ(ǫ−1q
1

2 ,−aq
1

2 , ǫbq
1

2 ,−q
1

2 ; q, t) = cLλ,µ(a, b; q, t)

for the coefficients cλ,µ (6.1) and cLλ,µ (2.1) in the monomial expansions of Pλ and PL
λ , where

q
1

2 is an arbitrary choice of square root of q.
Proof of (6.11). Observe that

(6.15) lim
ǫ→0

ǫ|λ|mλ(z) = m̃λ(0), ∀λ ∈ Λn,

since both sides are equal to zero if λ ∈ Λn \ {0} and are equal to one if λ = 0. Combining
(6.1), (2.1), (6.14) and (6.15) now yields

(6.16) lim
ǫ→0

(
q−

1

2 ǫ
)|λ|

Pλ

(
z; ǫ−1q

1

2 ,−aq
1

2 , ǫbq
1

2 ,−q
1

2 ; q, t
)

= PL
λ (0; a, b; q, t)

for λ ∈ Λn. By the evaluation formula (6.2) for the Macdonald-Koornwinder polynomial
Pλ and using that the Macdonald-Koornwinder polynomial is symmetric in a, b, c, d, we
have

(
q−

1

2 ǫ
)|λ|

Pλ

(
−aq

1

2 tρ; ǫ−1q
1

2 ,−aq
1

2 , ǫbq
1

2 ,−q
1

2 ; q, t
)

= ∆λ(a, b; q, t)

n∏

i=1

(
qatn−i,−qabtn−iǫ, qabtn−i,−qatn−iǫ−1; q

)
λi
ǫλi

(
qabt2(n−i); q

)
2λi

(
−aqtn−i

)λi
.

Combined with the limit transition (6.16), specialized to z = −aq
1

2 tρ, we obtain the eval-
uation formula (6.11) for the multivariable little q-Jacobi polynomial PL

λ .
Proof of (6.12). Now we use the degeneration

(6.17) lim
ǫ→0

ǫ|λ|mλ(ǫ
−1z) = m̃λ(z), ∀λ ∈ Λn

for the monomial bases. Together with (6.14) this yields the limit transition

(6.18) lim
ǫ→0

(
q−

1

2 ǫ
)|λ|

Pλ

(
q

1

2 ǫ−1z; ǫ−1q
1

2 ,−aq
1

2 , ǫbq
1

2 ,−q
1

2 ; q, t
)

= PL
λ (z; a, b; q, t)
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for λ ∈ Λn, which is in accordance with [27, Theorem 6.4]. By the evaluation formula (6.2)
for the Macdonald-Koornwinder polynomial Pλ we now have

(
q−

1

2 ǫ
)|λ|

Pλ

(
q

1

2 ǫ−1tρ; ǫ−1q
1

2 ,−aq
1

2 , ǫbq
1

2 ,−q
1

2 ; q, t
)

= ∆λ(a, b; q, t)

n∏

i=1

(
−qatn−iǫ−1,−qtn−iǫ−1, qbtn−i, qabtn−i; q

)
λi
ǫ2λi

(
qabt2(n−i); q

)
2λi

(
qtn−i

)λi
.

Combined with the limit transition (6.18), specialized to z = tρ, we obtain the evaluation
formula (6.12).

Proof of (6.13). We now use the limit transition

(6.19) lim
ǫ→0

ǫ|λ|mλ(ǫz) = m̃λ(z
−1), ∀λ ∈ Λn.

Together with (6.14) this yields

(6.20) lim
ǫ→0

(
q−

1

2 ǫ
)|λ|

Pλ

(
q−

1

2 ǫz; ǫ−1q
1

2 ,−aq
1

2 , ǫbq
1

2 ,−q
1

2 ; q, t
)

= PL
λ (z−1; a, b; q, t)

for λ ∈ Λn. By the evaluation formula (6.2) for the Macdonald-Koornwinder polynomial
Pλ we now have

(
q−

1

2 ǫ
)|λ|

Pλ

(
ǫbq

1

2 tρ; ǫ−1q
1

2 ,−aq
1

2 , ǫbq
1

2 ,−q
1

2 ; q, t
)

= ∆λ(a, b; q, t)

n∏

i=1

(
qbtn−i, qabtn−i,−qbtn−iǫ,−qabtn−iǫ; q

)
λi(

qabt2(n−i); q
)
2λi

(
qbtn−i

)−λi .

Combined with the limit transition (6.20), specialized to z = qbtρ, we obtain (6.13). �

The quadratic norms NL(λ) = NL(λ; a, b; q, t) ∈ E of the multivariable little q-Jacobi
polynomials have been explicitly evaluated in [27]. It reads

NL(λ) = q(λ,λ)a|λ|t2(ρ,λ)N+
L (λ)N−L (λ),

where the factors N±L (λ) = N±L (λ; a, b; q, t) ∈ E are given by

N+
L (λ) =

n∏

i=1

(
qatn−i, qabtn−i; q

)
λi(

qabt2(n−i); q
)
2λi

∏

1≤j<k≤n

(
qabt2n−j−k+1; q

)
λj+λk

(
tk−j+1; q

)
λj−λk(

qabt2n−j−k; q
)

λj+λk

(
tk−j ; q

)
λj−λk

,

N−L (λ) =

n∏

i=1

(
qtn−i, qbtn−i; q

)
λi(

q2abt2(n−i); q
)
2λi

∏

1≤j<k≤n

(
q2abt2n−j−k−1; q

)
λj+λk

(
qtk−j−1; q

)
λj−λk(

q2abt2n−j−k; q
)

λj+λk

(
qtk−j; q

)
λj−λk

.

We recall from [27] that

(6.21) lim
ǫ→0

(
q−

1

2 ǫ
)2|λ|

NK(λ; ǫ−1q
1

2 ,−aq
1

2 , ǫbq
1

2 ,−q
1

2 ; q, t) = NL(λ; a, b; q, t), ∀λ ∈ Λn

for generic specialized parameters.
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6.3. Multivariable big q-Jacobi polynomials. We repeat the techniques and argu-
ments of the previous subsection to derive evaluation formulas for multivariable big q-Jacobi
polynomials. The monic multivariable big q-Jacobi polynomial

PB
λ (z) = PB

λ (z; a, b, c, d; q, t) ∈ E[z]S

of degree λ ∈ Λn is of the form

(6.22) PB
λ (z) = m̃λ(z) +

∑

µ∈Λ:µ<λ

cBλ,µm̃µ(z)

for certain coefficients cBλ,µ = cBλ,µ(a, b, c, d; q, t) ∈ E. Similarly as for the Koornwinder
polynomials and the multivariable little q-Jacobi polynomials, the multivariable big q-
Jacobi polynomials can be characterized by a second-order difference equation they should
satisfy, or in terms of suitable orthogonality properties, see [26]. The characterization as

solution of a difference equation is DBP
B
λ = EqJ

λ PB
λ with

DB =
n∑

j=1

(
φ+

B,j(z)(Tj − Id) + φ−B,j(z)(T
−1
j − Id)

)
,

φ+
B,j(z) = qtn−1

(
a−

c

qzj

)(
b+

d

qzj

)∏

l 6=j

zl − tzj

zl − zj
,

φ−B,j(z) =
(
1 −

c

zj

)(
1 +

d

zj

)∏

l 6=j

zj − tzl

zj − zl
.

We again consider the evaluation formulas for the one-variable big q-Jacobi polynomials
(n = 1) first. The one-variable monic big q-Jacobi polynomial is independent of t and is
given explicitly as

(6.23) PB
m (z) =

(
qa,−qad/c; q

)
m(

qm+1ab; q
)

m

(
qa/c

)m 3φ2

(
q−m, qm+1ab, qaz/c

qa,−qad/c
; q, q

)

for m ∈ Z+, see e.g. [14]. We immediately obtain from (6.23) the evaluation formula

(6.24) PB
m (c/qa) =

(
qa,−qad/c; q

)
m(

qm+1ab; q
)

m

(
c/qa

)m

for m ∈ Z+. A straightforward computation using (6.23) and the q-Vandermonde formula
(6.7) yields the two evaluation formulas

PB
m (c) =

(
qa, qab,−qbc/d; q

)
m(

qab; q
)
2m

dmq
1

2
m(m−1),

PB
m (−d) =

(
−qad/c, qb, qab; q

)
m(

qab; q
)
2m

(−1)mcmq
1

2
m(m−1)

(6.25)
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for m ∈ Z+. Finally, by the q-Saalschütz sum

(6.26) 3φ2

(
q−m, a, b
abq1−m/c, c

; q, q

)
=

(
c/a, c/b; q

)
m(

c, c/ab; q
)

m

, m ∈ Z+

(see [8, (II.12)]) we obtain the evaluation formula

(6.27) PB
m (−d/qb) =

(
qb,−qbc/d, qab; q

)
m(

qab; q
)
2m

(
−d/qb

)m

for m ∈ Z+. In the following theorem we give the multivariable analogues of the evaluation
formulas (6.24), (6.25) and (6.27). Recall the explicit expression ∆λ, defined by (6.10).

Theorem 6.2. For λ ∈ Λn we have the evaluation formulas

(6.28) PB
λ (ctρ) = ∆λ

n∏

i=1

(
qatn−i, qabtn−i,− qbc

d
tn−i; q

)
λi(

qabt2(n−i); q
)
2λi

dλiq
1

2
λi(λi−1),

(6.29) PB
λ (−dtρ) = ∆λ

n∏

i=1

(
qbtn−i, qabtn−i,− qad

c
tn−i; q

)
λi(

qabt2(n−i); q
)
2λi

(−c)λiq
1

2
λi(λi−1),

(6.30) PB
λ

( c
qa
t−ρ
)

= ∆λ

n∏

i=1

(
qatn−i, qabtn−i,− qad

c
tn−i; q

)
λi(

qabt2(n−i); q
)
2λi

( c
qa
ti−n

)λi,

(6.31) PB
λ

(
−
d

qb
t−ρ
)

= ∆λ

n∏

i=1

(
qbtn−i, qabtn−i,− qbc

d
tn−i; q

)
λi(

qabt2(n−i); q
)
2λi

(
−
d

qb
ti−n

)λi .

Proof. The proof is analogous to the proof of Theorem 6.2, so we only indicate the main
steps. From (the proof of) [27, Theorem 7.5] (replacing the role of the limiting parameter

ǫ in [27, Theorem 7.5] by
(
cd/q

) 1

2 ǫ), we obtain the two limit transitions

(6.32) lim
ǫ→0

ǫ|λ|Pλ

(
ǫ−1z;

qaǫ

c
,−

qbǫ

d
, cǫ−1,−dǫ−1; q, t

)
= PB

λ (z; a, b, c, d; q, t),

(6.33) lim
ǫ→0

ǫ|λ|Pλ

(
ǫz;

qaǫ

c
,−

qbǫ

d
, cǫ−1,−dǫ−1; q, t

)
= PB

λ (z−1; a, b, c, d; q, t)

for λ ∈ Λn and for a specific Zariski-dense subset of specialized parameters a, b, c, d, q and
t. If we set z = ǫ−1ctρ (respectively z = −ǫ−1dtρ) in (6.32) and use the evaluation formula
(6.2) for the Macdonald-Koornwinder polynomial Pλ, then we arrive at the evaluation
formula (6.28) (respectively (6.29)). The evaluation formulas (6.30) and (6.31) follow from
(6.2) and the limit transition (6.33) specialized to z = qa

c
tρ and z = − qb

d
tρ, respectively. �
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We end this section by recalling the quadratic norm evaluations of the multivariable big
q-Jacobi polynomials from [27]. We define an E-linear functional

hB = ha,b,c,d;q,t
B : E[z]S → E

by requiring

hB

(
PB

λ

)
=

{
1, if λ = 0,

0, if λ 6= 0.

An analytic definition of hB can be given for specific Zariski dense choice of specialized
parameters as a multidimensional q-integral with explicit weight function, see e.g. [27].

We define a sesqui-linear form 〈·, ·〉B = 〈·, ·〉a,b,c,d;q,t
B on E[z]S by

(6.34) 〈p1, p2〉B = hB

(
p1(z)p2(z)

)
, p1, p2 ∈ E[z]S ,

with the same convention on the complex conjugation as for the multivariable little q-Jacobi
polynomials. The orthogonality relations for the multivariable big q-Jacobi polynomials
are now given by

(6.35) 〈PB
λ , P

B
µ 〉B = NB(λ)δλ,µ, ∀λ, µ ∈ Λn

with the quadratic norms NB(λ) = NB(λ; a, b, c, d; q, t) ∈ E given by

NB(λ) = (cd)|λ|t(ρ,λ)

(
n∏

i=1

q(
λi
2 )
(
−
qbc

d
tn−i,−

qad

c
tn−i; q

)

λi

)
N+

L (λ)N−L (λ),

with N±L = N±L (a, b; q, t) the same factors as for the multivariable little q-Jacobi polyno-
mials. We recall from [27] that

(6.36) lim
ǫ→0

ǫ2|λ|NK

(
λ;
qaǫ

c
,−

qbǫ

d
, cǫ−1,−dǫ−1; q, t

)
= NB(λ; a, b, c, d; q, t), λ ∈ Λn,

for generic specialized parameters.

7. Generalized dimension formulas

In this section we consider the generalized dimensions Dq(λ; a, b; t) (see (2.4)) in detail.
We suppress the dependence on the parameters a, b and t as much as possible, so we write
Dq(λ) = Dq(λ; a, b; t). We will show in Section 8 that Dq(λ) for specialized parameters
gives the quantum dimension for the irreducible spherical representation V q

λ (λ ∈ Λn)
associated to the standard quantum complex Grassmannian. The degeneration (q = 1) of
the quantum dimensions yields the complex dimensions of the irreducible M-spherical K-
representations associated to the complex and real Grassmannian, see Subsection 4.2. The
degeneration (q = 0), which corresponds to the dimensions of the irreducible MF-spherical
KF-representations V F

λ for F non-Archimedean (see Subsection 4.3) is analyzed in detail in
Subsection 7.2.
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7.1. Generalized quantum dimensions. We begin by giving an explicit expression for
the generalized dimension Dq(λ).

Lemma 7.1. We have

Dq(λ) = a−|λ|t−2(ρ,λ)
n∏

i=1

vi(λi; q)
∏

1≤j<k≤n

w+
j,k(λj + λk; q)w

−
j,k(λj − λk; q), λ ∈ Λn,

where vi(m; q), w±j,k(m; q) for m ∈ Z+ are given by

vi(m; q) =

(
atn−i, q−1abtn−i; q

)
m(

qtn−i, btn−i; q
)

m

(1 − q2m−1abt2(n−i))

(1 − q−1abt2(n−i))
,

w+
j,k(m; q) =

(
q−1abt2n−j−k+1; q

)
m(

abt2n−j−k−1; q
)

m

(1 − qm−1abt2n−j−k)

(1 − q−1abt2n−j−k)
,

w−j,k(m; q) =

(
tk−j+1; q

)
m(

qtk−j−1; q
)

m

(1 − qmtk−j)

(1 − tk−j)
.

Proof. This follows from a direct computation using the evaluation formulas and the qua-
dratic norm formulas for the multivariable little q-Jacobi polynomials. �

The explicit expressions for the generalized dimensions associated to the fundamental
partitions ωr ∈ Λn (r = 0, . . . , n) simplify drastically.

Proposition 7.2. For r = 0, . . . , n we have

(7.1) Dq(ωr) =

(
qabt2n−r−1, tn+1−r, atn−r, abt2n−r; t

)
r(

q, t, btn−r, abtn−r−1; t
)

r

(
1 − abt2n−2r−1

1 − abt2n−1

)
a−rtr(r+1−2n).

Proof. Note that

|ωr| = r, 2(ρ, ωr) = r(2n− r − 1).

By Lemma 7.1 we thus obtain
(7.2)

Dq(ωr) = a−rtr(r+1−2n)
r∏

i=1

vi(1; q)
∏

1≤j<k≤r

w+
j,k(2; q)

r∏

j=1

n∏

k=r+1

w+
j,k(1; q)

r∏

j=1

n∏

k=r+1

w−j,k(1; q).
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By direct computations we obtain the explicit expressions

r∏

i=1

vi(1; q) =

(
atn−r, q−1abtn−r; t

)
r

(
qabt2n−2r; t2

)
r(

qtn−r, btn−r; t
)

r

(
q−1abt2n−2r; t2

)
r

,

∏

1≤j<k≤r

w+
j,k(2; q) =

(
abt2n−r; t

)
r

(
q−1abt2n−2r, qabt2n−2r−1; t2

)
r(

q−1abt2n−2r, qabt2n−2r−1, abt2n−2r−1; t
)

r

(1 − abt2n−2r−1)

(1 − abt2n−1)
,

r∏

j=1

n∏

k=r+1

w+
j,k(1; q) =

(
q−1abt2n−2r, abt2n−2r−1; t

)
r(

q−1abtn−r, abtn−r−1; t
)

r

,

r∏

j=1

n∏

k=r+1

w−j,k(1; q) =

(
tn+1−r, qtn−r; t

)
r(

t, q; t
)

r

.

(7.3)

Only the second formula needs explanation. Set

er(u; t) =
∏

1≤j<k≤r

(
1 − ut1−j−k

1 − ut−j−k

)
,

then we can write
∏

1≤j<k≤r

w+
j,k(2; q) = er(q

−1abt2n)er(abt
2n)er(abt

2n−1)er(qabt
2n−1).

On the other hand, by induction to r ∈ {1, . . . , n},

er(u; t) =

(
ut2−2r; t2

)
r−1(

ut1−2r; t
)

r−1

.

Combining both formulas we easily obtain the desired expression for
∏

1≤j<k≤r w
+
j,k(2; q).

The lemma now follows by substituting the expressions (7.3) in (7.2), and by simplifying
the resulting expression. �

As a curiosity, note that the elementary identity

(
ut1−r; t

)
r

= (−u)rt−
1

2
r(r−1)

(
u−1; t

)
r

allows us to rewrite (7.1) as

Dq

(
ωr) =

(
t−n, a−1t1−n, a−1b−1t1−2n, q−1a−1b−1t2−2n; t

)
r(

t, q, b−1t1−n, a−1b−1t2−n; t
)

r

(
1 − a−1b−1t1+2r−2n

1 − a−1b−1t1−2n

)(
qat2n−1

)r

for r = 0, . . . , n, which one recognizes as the weight function for t-Racah polynomials, see
e.g. [14].



32 URI ONN AND JASPER V. STOKMAN

7.2. Generalized p-adic dimensions. In this subsection we consider the p-adic degen-
eration of the generalized quantum dimension Dq(λ) and we relate it to the complex di-
mension of the MF-spherical irreducible KF-representation V F

λ for non-Archimedean local
fields F (see Section 4). Denote δk,l (k, l ∈ Z) for the Kronecker delta function: it is one if
k = l and zero otherwise.

Lemma 7.3. The functions vi(m; q), w±j,k(m; q) (see Lemma 7.1) for m ∈ Z+ are regular

at q = 0. If we write vi(m) = vi(m; 0) and w±j,k(m) = w±j,k(m; 0) for their constant terms,

then vi(0) = w±j,k(0) = 1 and

vi(m) =

(
1 − atn−i

1 − btn−i

)
ti−n

(
1 − (1 − δm,1)abt

n−i
)
,

w+
j,k(m) =

(
1 − abt2n−j−k+1−δm,1

1 − abt2n−j−k−1

)
t,

w−j,k(m) =
1 − tk−j+1

1 − tk−j

for m ≥ 1.

Proof. As an example, we compute vi(m) form ∈ Z≥1 (the other computations are similar).
To compute vi(1) we rewrite vi(1; q) as

vi(1; q) =

(
1 − qabt2(n−i)

1 − qtn−i

)(
1 − atn−i

1 − btn−i

)(
q − abtn−i

q − abt2(n−i)

)
,

which yields

vi(1) = vi(1; 0) =

(
1 − atn−i

1 − btn−i

)
ti−n.

To compute vi(m) for m ≥ 2 we write vi(m; q) as

vi(m; q) =

(
(1 − q2m−1abt2(n−i))

(
qatn−i; q

)
m−1

(
qabtn−i; q

)
m−2(

qtn−i; q
)

m

(
qbtn−i; q

)
m−1

)

×

(
(1 − atn−i)(1 − abtn−i)

(1 − btn−i)

)(
q − abtn−i

q − abt2(n−i)

)
,

which yields

vi(m) = vi(m; 0) =

(
1 − atn−i

1 − btn−i

)
ti−n(1 − abtn−i), m ≥ 2.

�

Proposition 7.4. Let λ ∈ Λn. The generalized quantum dimension Dq(λ) (see (2.4)) is

regular at q = 0. Writing D0(λ) = D0(λ; a, b; t) for Dq(λ; a, b; t)|q=0, we have

D0(λ) = a−|λ|t−2(ρ,λ)

n∏

i=1

vi(λi)
∏

1≤j<k≤n

w+
j,k(λj + λk)w

−
j,k(λj − λk), λ ∈ Λn.
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Proof. This is immediate from Lemma 7.1 and the previous lemma. �

Example 7.5. For n = 1, so that Λ1 = Z+, we have D0(0) = 1 and

D0(λ) = a−λ

(
1 − a

1 − b

)(
1 − (1 − δλ,1)ab

)
, λ ≥ 1.

In contrast to the quantum case, the explicit expression for D0(λ) = D0(λ; a, b; t) from
Proposition 7.4 simplifies for all partitions λ ∈ Λn as follows.

Theorem 7.6. For λ ∈ Λn we have

(7.4) D0(λ) = a−|λ|t−2(ρ,λ)

[
n

∂λ′

]

t

(
atn−λ′

1 ; t
)

λ′
1

(
abt2n−λ′

1−λ′
2 ; t
)

λ′
1
+λ′

2(
btn−λ′

1 , abtn−λ′
1
−1; t

)
λ′
1

(
1 − abt2n−2λ′

1
−1

1 − abt2n−1

)
.

As remarked already in Subsection 4.3, the generalized p-adic dimension formula (7.4)
combined with its representation theoretic interpretation (4.14) from [23] leads to the
explicit dimension formulas (4.13) for the irreducible MF-spherical KF-representations V F

λ

(λ ∈ Λn).

Corollary 7.7. For r = 0, . . . , n we have

(7.5) D0(ωr) =

(
tn+1−r, atn−r, abt2n−r; t

)
r(

t, btn−r, abtn−r−1; t
)

r

(
1 − abt2n−2r−1

1 − abt2n−1

)
a−rtr(r+1−2n).

Proof. Follows either by specializing Theorem 7.6 to λ = ωr, or by taking q = 0 in (7.1). �

We next proceed to prove Theorem 7.6, which is based on the expression for D0(λ) as
given in Proposition 7.4. We divide the proof into several elementary lemmas. Since the
theorem is obviously correct for λ = 0, we fix for the proof a nonzero partition λ ∈ Λn.

Lemma 7.8.
n∏

i=1

vi(λi) = t
1

2
λ′
1
(λ′

1
+1)−nλ′

1

(
atn−λ′

1 ; t
)

λ′
1

(
abtn−λ′

2 ; t
)

λ′
2(

btn−λ′
1 ; t
)

λ′
1

.

Proof. Using the explicit expression for vi (see Lemma 7.3), we have

n∏

i=1

vi(λi) =

λ′
2∏

i=1

(
1 − atn−i

1 − btn−i

)
ti−n

(
1 − abtn−i

) λ′
1∏

i=λ′
2
+1

(
1 − atn−i

1 − btn−i

)
ti−n

=

λ′
1∏

i=1

(
1 − atn−i

1 − btn−i

)
ti−n

λ′
2∏

i=1

(
1 − abtn−i

)

= t
1

2
λ′
1
(λ′

1
+1)−nλ′

1

(
atn−λ′

1 ; t
)

λ′
1

(
abtn−λ′

2 ; t
)

λ′
2(

btn−λ′
1 ; t
)

λ′
1

,

as desired. �
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Lemma 7.9. ∏

1≤j<k≤n

w−j,k(λj − λk) =

[
n

∂λ′

]

t

.

Proof. Since w−j,k(0) = 1 and w−j,k(m) = 1−tk−j+1

1−tk−j for m 6= 0 (see Lemma 7.3), the term

w−j,k(λj − λk) contributes to the product only if λj 6= λk. Hence
∏

1≤j<k≤n

w−j,k(λj − λk) = A/B,

with

A =
∏

1≤j<k≤n

1 − tk−j+1

1 − tk−j
=

n∏

l=1

(1 − tl+1)n−l

(1 − tl)n−l
= [n]t!

B =
∏

1≤j<k≤n
λj=λk

1 − tk−j+1

1 − tk−j
=
∏

l≥0

∏

1≤j<k≤λ′
l−λ′

l+1

1 − tk−j+1

1 − tk−j
=
∏

l≥0

[λ′l − λ′l+1]t!,

as desired. �

Lemma 7.10.

∏

1≤j<k≤n

w+
j,k(λj+λk) = t

1

2
λ′
1
(λ′

1
−1)+λ′

1
(n−λ′

1
)
(abt2n−λ′

1 ; t)λ′
1
−1

(abt2n−2λ′
1 ; t)λ′

1
−1

(abt2n−2λ′
1
−1; t)λ′

1
(abt2n−λ′

1
−λ′

2 ; t)λ′
2

(abtn−λ′
1
−1; t)λ′

1
(abtn−λ′

2 ; t)λ′
2

.

Proof. The term w+
j,k(m) has three possible values depending on m being 0, 1 or ≥ 2 (see

Lemma 7.3). We are hence led to consider the following sets

X1 = {(j, k) | 1 ≤ j < k ≤ n, λj + λk = 1} = {(j, k) | λ′2 < j ≤ λ′1 < k ≤ n}

X2 = {(j, k) | 1 ≤ j < k ≤ n, λj + λk ≥ 2} = Xa
2 ⊔Xb

2,

where the disjoint subsets Xa
2 and Xb

2 are given by

Xa
2 = {(j, k) | 1 ≤ j < k ≤ λ′1}, Xb

2 = {(j, k) | 1 ≤ j ≤ λ′2, λ
′
1 < k ≤ n}.

We then have ∏

1≤j<k≤n

w+
j,k(λj + λk) = Π(X1)Π(Xa

2 )Π(Xb
2)

where we write Π(X) =
∏

(j,k)∈X w
+
j,k(λj + λk) for a subset X ⊆ {(j, k) | 1 ≤ j < k ≤ n}.

We have

Π(X1) = t(n−λ′
1)(λ′

1−λ′
2)

λ′
1∏

j=λ′
2
+1

n∏

k=λ′
1
+1

(
1 − abt2n−j−k

1 − abt2n−j−k−1

)

= t(n−λ′
1
)(λ′

1
−λ′

2
)

λ′
1∏

j=λ′
2
+1

(
1 − abt2n−j−λ′

1
−1

1 − abtn−j−1

)
= t(n−λ′

1
)(λ′

1
−λ′

2
)

(
abt2n−2λ′

1
−1; t

)
λ′
1
−λ′

2(
abtn−λ′

1
−1; t

)
λ′
1
−λ′

2

.
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Using the same notations and simplification arguments as in the proof of Proposition 7.2,
we have

Π(Xa
2 ) = t

1

2
λ′
1
(λ′

1
−1)eλ′

1
(abt2n)eλ′

1
(abt2n−1) = t

1

2
λ′
1
(λ′

1
−1)

(
abt2n−λ′

1 ; t
)

λ′
1
−1(

abt2n−2λ′
1 ; t
)

λ′
1
−1

.

By a similar computation as for Π(X1), we finally have

Π(Xb
2) = t(n−λ′

1
)λ′

2

(
abt2n−λ′

1
−λ′

2, abt2n−λ′
1
−λ′

2
−1; t

)
λ′
2(

abtn−λ′
2 , abtn−λ′

2
−1; t

)
λ′
2

.

Combining these expressions leads to the desired result. �

We can now use Proposition 7.4, Lemma 7.8, Lemma 7.9 and Lemma 7.10 to obtain
an explicit expression for the generalized p-adic dimension D0(λ). After straightforward
simplifications, we arrive at the desired expression (7.4) for D0(λ).

8. The one-parameter family of quantum complex Grassmannians

In this section we consider the one-parameter family of quantum complex Grassmannians
from [20], [5] and [22] (see also [17] for the general theory of harmonic analysis on quantum
compact symmetric spaces). This more general set-up does no longer fit into the framework
of quantum Gelfand pairs associated to CQG algebras as discussed in Section 3, since the
role of the quantum subgroup is replaced by a suitable infinitesimal counterpart, depending
on an additional continuous parameter.

In [20] and [5] harmonic analysis on the one-parameter family of quantum complex Grass-
mannians was studied in detail, leading to the interpretation of Macdonald-Koornwinder
polynomials and multivariable big and little q-Jacobi polynomials as the associated quan-
tum zonal spherical functions. From these results we now derive representation theoretic
interpretations of the evaluation formulas and norm formulas for Macdonald-Koornwinder
polynomials and multivariable big and little q-Jacobi polynomials. The arguments fol-
low closely [19, Section 6], now applied to the one-parameter family of quantum complex
Grassmannians. In this more general context we discuss the quantum dimension formu-
las for irreducible spherical representations in terms of quantum zonal spherical functions.
The analysis leads to the quantum dimension formulas (5.5) and (5.6) for the irreducible
Uq-representations V q

λ (λ ∈ Λn).
We now first recall the construction of the quantum zonal spherical functions on a one-

parameter family of quantum analogues of the complex Grassmannian K/M. We will
freely use the notations from Section 5. The role of the subgroup M is taken over by a
two-sided co-ideal kσ ⊆ Uq depending (in a suitable sense continuously) on an additional
parameter σ ∈ R ∪ {∞}, see e.g. [20], [5] for the explicit definition of kσ. The case σ = ∞
corresponds to the standard quantum complex Grassmannian from Section 5.

The space of kσ-invariants in Cq(K),

C
σ
q (K/M) := {f ∈ Cq(K) | f(Y X) = 0, ∀X ∈ kσ, ∀Y ∈ Uq}
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is a Uq-submodule of Cq(K) with respect to the regular Uq-action
(
X f

)
(X ′) = f(S(X)X ′), f ∈ C

σ
q (K/M), X,X ′ ∈ Uq.

The Uq-module Cσ
q (K/M) serves as a one-parameter family of quantum analogues of the

Grassmann representation C(K/M). Furthermore, C∞q (K/M) is the Grassmann represen-
tation Cq(K/M) associated to the standard quantum complex Grassmannian from Section
5. The space (

Lq
µ

)kσ
= {v ∈ Lq

µ | Xv = 0, ∀X ∈ kσ}

for µ ∈ P+
d serves as the one-parameter quantum analogue of the space of M-fixed vec-

tors in LC

µ . The subspace
(
Lq

µ

)kσ
is one-dimensional or zero dimensional, and it is one-

dimensional if and only if µ ∈ Λ♮
n. Consequently, the irreducible spherical representations

V q
λ = Lq

λ♮ (λ ∈ Λn) associated to the standard quantum complex Grassmannian also serve
as complete set of representatives of finite dimensional, irreducible Uq-representations with
nonzero (in fact, one-dimensional) space of kσ-invariants. From the Peter-Weyl decompo-
sition for Cq(K) we obtain the irreducible decomposition

C
σ
q (K/M) ≃

⊕

λ∈Λn

V q
λ

as Uq-modules. Furthermore, for µ ∈ P+
d we recall from [5] that

(
Lq

µ

)k∞
=
(
Lq

µ

)Uq(mC)
,

cf. Subsection 5.2.
We fix generic σ, τ ∈ R unless specified differently (the case σ = ∞ and/or τ = ∞ will

subsequently be analyzed as degeneration of the theory for σ, τ ∈ R). For λ ∈ Λn we

choose a nonzero kσ-fixed vector vσ(λ) ∈
(
V q

λ

)kσ
which we normalize by requiring

vσ(λ) =
∑

ν∈Zd

vσ(λ; ν), vσ(λ;λ♮) = uλ♮ ,

where vσ(λ; ν) ∈ V q
λ is the weight ν component of vσ(λ) in V q

λ and uλ♮ is the highest
weight vector of V q

λ = Lq
λ♮ (it is known that vσ(λ) has a weight λ♮ component, hence such

a normalization is possible). From the analysis in [5, Section 6] it furthermore follows that(
V q

λ

)k∗σ is spanned by K−δvσ+d−2n(λ) for λ ∈ Λn (see also [22] for the special case d = 2n).
The normalized quantum zonal spherical functions ϕσ,τ

λ (σ, τ ∈ R) associated to the
one-parameter family of quantum Grassmannians are now defined by

(8.1) ϕσ,τ
λ ( · ) = q〈δ,λ

♮〉 〈· vσ(λ), K−δvτ+d−2n(λ)〉λ
〈uλ♮, uλ♮〉λ

, λ ∈ Λn.

The ϕσ,τ
λ (λ ∈ Λn) form a basis of

Hσ,τ := {f ∈ Cq(K) | f(Y Z) = 0 = f(ZX), Z ∈ Uq, X ∈ kσ, Y ∈ kτ}.

The analogue of the quantum dimension formula (5.4) in terms of the quantum zonal
spherical functions ϕσ,τ

λ (λ ∈ Λn) reads as follows.
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Lemma 8.1. For λ ∈ Λn and generic σ, τ ∈ R we have

(8.2) Dimq

(
V q

λ

)
=
ϕσ,σ+2n−d

λ (Kδ)ϕτ+d−2n,τ
λ (Kδ)

‖ϕσ,τ
λ ‖2

h

.

Proof. By the quantum Schur orthogonality relations (see Proposition 3.3b) we have

(8.3) ‖ϕσ,τ
λ ‖2

h =
q2〈δ,λ♮〉

Dimq(V
q
λ )

‖vσ(λ)‖2
λ‖vτ+d−2n(λ)‖2

λ

‖uλ♮‖4
λ

,

where ‖v‖2
λ := 〈v, v〉λ. On the other hand, from the definition (8.1) of the quantum zonal

spherical function ϕσ,τ
λ we have

(8.4) ϕσ,σ+2n−d
λ (Kδ) =

‖vσ(λ)‖2
λ

‖uλ♮‖2
λ

q〈δ,λ
♮〉.

The desired quantum dimension formula follows directly from (8.3) and (8.4). �

To arrive at an explicit evaluation of the quantum dimensions, we now translate (8.2) into
an expression involving the evaluations and the quadratic norms of Macdonald-Koornwinder
polynomials.

The radial part P σ,τ
λ := ResT

(
ϕσ,τ

λ

)
∈ C[u±1] is defined to be the unique Laurent poly-

nomial in d independent variables u1, . . . , ud such that

P σ,τ
λ (qν) = ϕσ,τ

λ (Kν) ∀ ν ∈ Z
d.

We have the following key facts from [20], see also [5] and [22]. Set zj = uju
−1
d+1−j (j =

1, . . . , n), then
P σ,τ

λ ∈ C[z±1]W , ∀λ ∈ Λn,

where W = Sn ⋉ {±1}n as before. From now on we will view P σ,τ
λ as W -invariant Laurent

polynomial in the independent variables z1, . . . , zn. The key result is the identification of
P σ,τ

λ with Macdonald-Koornwinder polynomials,

P σ,τ
λ (z) = Pλ(z;−q

σ+τ+1,−q−σ−τ+1, qσ−τ+1, q−σ+τ+2(d−2n)+1; q2, q2), λ ∈ Λn

(the particular normalization of ϕσ,τ
λ ensures that it precisely coincides with the monic

Macdonald-Koornwinder polynomial). We denote 〈·, ·〉σ,τ for the corresponding orthogo-
nality pairing (6.3), with the six parameters (a, b, c, d, q, t) specialized to

(−qσ+τ+1,−q−σ−τ+1, qσ−τ+1, q−σ+τ+2(d−2n)+1, q2, q2).

We set ‖p‖2
σ,τ = 〈p, p〉2σ,τ for the corresponding quadratic norm of p ∈ C[z±1]W .

Lemma 8.2. For λ ∈ Λn and generic σ, τ ∈ R we have

ϕσ,τ
λ (Kδ) = P σ,τ

λ (qd−2n+1q2ρ),

‖ϕσ,τ
λ ‖2

h = ‖P σ,τ
λ ‖2

σ,τ .

In particular,

(8.5) Dimq

(
V q

λ

)
=
P σ,σ+2n−d

λ (qd−2n+1q2ρ)P τ+d−2n,τ
λ (qd−2n+1q2ρ)

‖P σ,τ
λ ‖2

σ,τ

.
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Proof. Observe that u = qδ ∈
(
R×
)d

maps to z = qd−2n+1q2ρ ∈
(
R×
)n

under the assignment

zj = uju
−1
d+1−j (j = 1, . . . , n). By the definition of P σ,τ

λ as the radial part of ϕσ,τ
λ , we obtain

the desired expression of ϕσ,τ
λ (Kδ) in terms of Macdonald-Koornwinder polynomials. The

quadratic norm formula follows from [5, Corollary 8.1]. The quantum dimension formula
(8.2) then yields (8.5). �

We are now in a position to derive the explicit quantum dimension formulas for the
spherical Uq-representations V q

λ (λ ∈ Λn).

Corollary 8.3. Proposition 5.3 holds.

Proof. Observe that the value of the Macdonald-Koornwinder polynomial

P σ,σ+2n−d
λ (z) = Pλ(z;−q

2σ+2n−d+1,−q−2σ−2n+d+1, qd−2n+1, qd−2n+1; q2, q2),

at z = qd−2n+1q2ρ can be evaluated in closed form by the evaluation formula (6.2) for
Macdonald-Koornwinder polynomials. The resulting expression is

P σ,σ+2n−d
λ (qd−2n+1q2ρ) = q(2n−d−1)|λ|−2〈ρ,λ〉

×
∏

1≤j<k≤n

(1 − q2(d−2n+1+λj+λk+ρj+ρk))(1 − q2(λj−λk+ρj−ρk))

(1 − q2(d−2n+1+ρj+ρk))(1 − q2(ρj−ρk))

×

n∏

i=1

(
q2(d−2n+1+ρi), q2(d−2n+1+ρi),−q2(σ+1+ρi),−q2(−σ+d−2n+1+ρi); q2

)
λi(

q2(d−2n+1+2ρi); q2
)
2λi

.

On the other hand, by the closed expression (6.4) for the quadratic norms of the Macdonald-
Koornwinder polynomials we have

‖P σ,τ
λ ‖2

σ,τ =

n∏

j=1





(
q2(1+ρj), q2(d−2n+1+ρj); q2

)2
λj(

q2(d−2n+1+2ρj ), q2(d−2n+2+2ρj ); q2
)
2λj

×
(
−q2(σ+1+ρj ),−q2(−σ+d−2n+1+ρj ),−q2(τ+d−2n+1+ρj ),−q2(−τ+1+ρj ); q2

)
λj

}
.

Combining these explicit formulas with (8.5) we obtain an explicit expression for Dimq(V
q
λ ),

which results in Proposition 5.3. �

We end this section by considering the σ → ∞ and σ = τ → ∞ degenerations in the
above representation theoretic formulas. This in particular leads to the interpretation of
Dq(λ; a, b; t) for special values of the parameters as quantum dimensions of V q

λ (λ ∈ Λn),
see (5.6).

In [5] the limit σ → ∞ (respectively σ, τ → ∞) is considered, leading to the interpre-
tation of the multivariable big q-Jacobi polynomials PB

λ (·; 1, q2(d−2n), 1, q2τ+2(d−2n); q2, q2)
(respectively the multivariable little q-Jacobi polynomials PL

λ (·; q2(d−2n), 1; q2, q2)) as radial
parts of quantum zonal spherical functions associated to the standard quantum Grassmann
representation C∞q (K/M) = Cq(K/M). In these degenerations, the quantum dimensions
Dimq(V

q
λ ) are naturally expressed in terms of the multivariable big and little q-Jacobi

polynomials as follows.
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Proposition 8.4. We have

Dimq(V
q
λ ) =

(
−q2τ+d−2n−1

)|λ|PL
λ (0; q2(d−2n), 1; q2, q2)P τ+d−2n,τ

λ (qd−2n+1q2ρ)

NB(λ; 1, q2(d−2n), 1, q2τ+2(d−2n); q2, q2)
, ∀λ ∈ Λn.

Furthermore, in terms of the generalized quantum dimension Dq(λ; a, b; t), see (2.4), we

have

Dimq(V
q
λ ) =

(
PL

λ (0; q2(d−2n), 1; q2, q2)
)2

NL(λ; q2(d−2n), 1; q2, q2)
= Dq2(λ; q2(d−2n+1), q2; q2), ∀λ ∈ Λn.

Proof. We degenerate the expression (8.5) of the quantum dimension Dimq(V
q
λ ) by taking

the limit σ → ∞ (respectively σ = τ → ∞). In order to parallel the particular degeneration
scheme from [5], we make use of the elementary symmetry

(8.6) Pλ(−z;−a,−b,−c,−d; q, t) = (−1)|λ|Pλ(z; a, b, c, d; q, t)

for the monic Macdonald-Koornwinder polynomials, which implies the symmetry

(8.7) NK(λ;−a,−b,−c,−d; q, t) = NK(λ; a, b, c, d; q, t), λ ∈ Λn

for the corresponding quadratic norms (which also immediately follows from its explicit
evaluation (6.2)). Combined with the limit formula (6.36) in base q2, with parameters
(a, b, c, d, t) specialized to (1, q2(d−2n), 1, q2τ+2(d−2n), q2) and with ǫ = qσ+τ−1, we obtain

lim
σ→∞

q2(σ+τ−1)|λ|‖P σ,τ
λ ‖2

σ,τ = NB(λ; 1, q2(d−2n), 1, q2τ+2(d−2n); q2, q2), ∀λ ∈ Λn.

On the other hand, from (6.11) and the explicit evaluation formula from the proof of
Corollary 8.3 we obtain

lim
σ→∞

(
−q2σ

)|λ|
P σ,σ+2n−d

λ (qd−2n+1q2ρ) = q(d−2n+1)|λ|PL
λ (0; q2(d−2n), 1; q2; q2), ∀λ ∈ Λn.

Taking the limit σ → ∞ in (8.5) now leads to the expression of the quantum dimension as
mixture of factors involving Macdonald-Koornwinder, multivariable big and multivariable
little q-Jacobi polynomials.

Taking τ = σ in (8.5) and using the fact that

lim
σ→∞

(
q−1+2σ

)2|λ|
‖P σ,σ

λ ‖2
σ,σ = NL(λ; q2(d−2n), 1; q2, q2), ∀λ ∈ Λn

in view of (6.21), we similarly obtain the desired expression of the quantum dimension
Dimq(V

q
λ ) in terms of Dq(λ; a, b; t). �

Remark 8.5. By the arguments from [5] one can show that

lim
σ→∞

(
ϕσ,σ+2n−d

λ

‖ϕσ,σ+2n−d
λ ‖h

)
= ϕq

λ, λ ∈ Λn

in the pre-Hilbert space Cq(K), where ϕq
λ (λ ∈ Λn) are the (orthonormal) quantum zonal

spherical functions associated to the standard quantum complex Grassmanian. Degener-
ating (8.2) accordingly, we obtain the quantum dimension formula (5.4).
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