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Local fermionic dark matter with mass dimension one
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We present two new local quantum fields of mass dimension one. The fields satisfy fermionic
statistics and are endowed with spin one half. These are based upon the dual helicity eigenspinors
of the relevant charge conjugation operator. The mismatch of mass dimensionalities between the
standard model fermions and the new fermions severely restricts the interactions between the new
fields and the fields of the standard model. We show that the locality and helicity structure of the
new fields are deeply intertwined with numerous theoretical and phenomenological implications.
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Introduction.— For eighty years the Dirac formal-
ism has served as a kinematic foundation for the field
theoretic description of all known fermions [1, 2]. The
principle of local gauge invariance imposed on this kine-
matic structure has resulted in a highly successful stan-
dard model (SM) of particle physics [3, 4, 5, 6, 7, 8, 9].
Yet, the existence of dark matter reflects an inherent in-
completeness of the SM.

The prevailing wisdom considers supersymmetry to
provide the necessary new physics. A recent theoretical
discovery of a spin one half fermionic field with mass di-
mension one, DF = 1, offers an entirely new approach
to the dark matter problem [10, 11, 12, 13, 14, 15].
The mass dimension one fermionic field cannot enter the
fermionic doublets of the standard model due to the mis-
match in the mass dimensionalities (the SM fermions
have mass dimension three half, DSMF = 3/2). This, with
an additional observation to be made below, severely re-
stricts its allowed interactions with the SM particles and
thus provides a first-principle origin for the darkness of
dark matter.

In the preliminary work we were unable to construct a
local field [10, 11] . Here, we show how to overcome this
hurdle by explicitly constructing two local quantum fields
of mass dimension one. These do not allow the usual
gauge interactions. We outline a new principle of local
gauge interactions that applies to the reported kinematic
structure.

The guiding principle remains the same as that of our
previous work [10, 11]; that is, we take the position that
whatever dark matter is, in the low energy limit it must
be described by the irreducible representations of the full
Poincaré group.

Dual helicity eigenspinors of the charge conjugation

operator.— Let φ(p) be a left-handed Weyl spinor of
spin one half. Under a Lorentz boost, it transforms as
φ(p) = κ−φ(0) where [19]

κ− = exp
(
−σ

2
· ϕ

)
=

√
E +m

2m

(
11 − σ · p

E +m

)
. (1)

To study the unusual interplay of the helicity structure

and locality, we first choose φ(p) to belong to one of the
two possible helicities: σ · p̂φ±(p) = ±φ±(p). Following
Ref. [11] note that, (a) under a Lorentz boost, ηΘφ∗(p)
transforms as a right-handed Weyl spinor, [ηΘφ∗(p)] =
κ+ [ηΘφ∗(0)], with

κ+ = exp
(
+

σ

2
· ϕ

)
=

√
E +m

2m

(
11 +

σ · p
E +m

)
, (2)

where η is an unspecified phase to be determined below,
and Θ is Wigner’s time reversal operator for spin one half,
Θ [σ/2]Θ−1 = − [σ/2]

∗
; and (b) the helicity of ηΘφ∗(p)

is opposite to that of φ(p),

σ · p̂
[
ηΘφ∗±(p)

]
= ∓

[
ηΘφ∗±(p)

]
. (3)

In terms of Θ(= −iσ2), the charge conjugation operator
reads

S(C) =

(
O iΘ

−iΘ O

)
K, (4)

where K is the complex conjugation operator. We now
introduce a four-component dual helicity spinor [20]

χ(p) =

(
ηΘφ∗(p)
φ(p)

)
. (5)

These become eigenspinors of the charge conjugation op-
erator with real eigenvalues if the phase η = ± i

S(C) χ(p)
∣∣∣
η=±i

= ±χ(p)
∣∣∣
η=±i

. (6)

We parameterise p̂ as (sin θ cosΦ, sin θ sin Φ, cos θ) and
adopt phases so that at rest (p = 0)

φ+(0) =
√
m

(
cos(θ/2)e−iΦ/2

sin(θ/2)eiΦ/2

)
, (7a)

φ−(0) =
√
m

(
− sin(θ/2)e−iΦ/2

cos(θ/2)eiΦ/2

)
. (7b)

Equations (7a-7b), when coupled with Eq. (5), allow us
to explicitly introduce the self-conjugate spinors (η = +i)
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and anti self-conjugate spinors (η = −i) at rest

ξ{−,+}(0) := + χ(0)
∣∣
φ(0)→φ+(0), η=+i,

(8a)

ξ{+,−}(0) := + χ(0)
∣∣
φ(0)→φ−(0), η=+i,

(8b)

ζ{−,+}(0) := + χ(0)
∣∣
φ(0)→φ−(0), η=−i,

(8c)

ζ{+,−}(0) := − χ(0)
∣∣
φ(0)→φ+(0), η=−i.

(8d)

The ξ(p) and ζ(p) for an arbitrary momentum are now
readily obtained [21]

ξ(p) = κ ξ(0), ζ(p) = κ ζ(0), with κ :=

(
κ+ O

O κ−

)
.

The choice of phases and the dual-helicity designations
are different from those adopted in references [10, 11];
and are a natural generalisation of the considerations
presented in Sec. 38 of reference [16] (and those given
in Sec. 5.5 of reference [8]). These differences are crucial
to the results here presented.

It is worth noting that the spinors ξ(p) and ζ(p) were
obtained without reference to a wave equation or a La-
grangian density. These are used below to obtain all spin
sums that will be required for the derivation of the prop-
agator, and in establishing the locality properties of the
new quantum fields. The same procedure can be be car-
ried out to construct the standard Dirac spinors u(p) and
v(p); and to establish the associated results.

A new dual.— If one works with χ(p) using the Dirac

dual χ(p) := [χ(p)]†γ0, where γ0 :=

(
O 11
11 O

)
, one en-

counters a problem in constructing a Lagrangian descrip-
tion [17, Appendix P.1]. For this reason we introduce a
new dual

¬
χ{∓,±}(p) := ∓i

[
χ{±,∓}(p)

]†
γ0. (9)

Under the new dual the orthonormality relations read

¬

ξα(p) ξα′(p) = + 2mδαα′ , (10a)
¬

ζα(p) ζα′(p) = − 2mδαα′ , (10b)

along with
¬

ξα(p) ζα′(p) = 0, and
¬

ζα(p) ξα′(p) = 0. The
dual helicity index α ranges over the two possibilities:
{+,−} and {−,+}, and −{±,∓} := {∓,±}. The com-
pleteness relation

1

2m

∑

α

[
ξα(p)

¬

ξα(p) − ζα(p)
¬

ζα(p)
]

= 11 (11)

establishes that we need to use both the self-conjugate as
well as the anti self-conjugate spinors to fully capture the
relevant degrees of freedom.

Two new mass dimension one quantum fields.— Using
the above-introduced dual helicity spinors we now define

two quantum fields

Λ(x) =

∫
d3p

(2π)3
1√

2mE(p)

∑

α

[
aα(p)ξα(p)e−ipµx

µ

+ b†α(p)ζα(p)e+ipµx
µ
]
, (12)

and, λ(x) = Λ(x)
∣∣
b†(p)→a†(p)

. We assume that the an-

nihilation and creation operators satisfy the canonical
fermionic anticommutation relations

{aα(p), a†α′(p
′)} = (2π)3 δ3(p − p′) δαα′ , (13a)

{aα(p), aα′(p′)} = 0, {a†α(p), a†α′(p
′)} = 0. (13b)

Similar anticommutators are assumed for the bα(p) and
b†α(p).

To obtain the Lagrangian density, and to establish the
mass dimensionality of the introduced fields, we first eval-

uate the vacuum expectation value 〈 |T [Λ(x′)
¬

Λ (x)]| 〉.
Here T is the standard fermionic time ordering operator,

and the adjoint field
¬

Λ (x) is defined as

¬

Λ (x) =

∫
d3p

(2π)3
1√

2mE(p)

∑

α

[
a†α(p)

¬

ξα (p)e+ipµx
µ

+ bα(p)
¬

ζα (p)e−ipµx
µ
]
. (14)

A straightforward calculation yields

〈 |T [Λ(x′)
¬

Λ (x)]| 〉 =

∫
d3p

(2π)3
1

2mE(p)

×
∑

α

[
θ(t′ − t)ξα(p)

¬

ξα (p)e−ipµ(x′µ−xµ)

− θ(t− t′)ζα(p)
¬

ζα (p)e+ipµ(x′µ−xµ)
]
, (15)

where the step function θ(t) equals unity for t > 0 and
vanishes for t < 0.

Now enters the above-advertised crucial ingredient,
namely the spin sums

∑

α

ξα(p)
¬

ξα (p) = +m [11 + G(p)] , (16a)

∑

α

ζα(p)
¬

ζα (p) = −m [11 − G(p)] ; (16b)

which together define G(p). The matrix G(p) encodes the
relative phases, and the opposite helicities, between the
right and the left Weyl components of ξ(p) and ζ(p) [10].
It depends on a direction g which is orthogonal to p̂ but
is independent of p and p0. Explicitly, G(p) = γ5gµγ

µ

where gµ := (0,g) with g = −[1/ sin(θ)]∂p̂/∂Φ. G(p) is
an odd function of p: G(p) = −G(−p).

Using these results, introducing qµ = (q0,q = p), and
using the standard integral representation for the θ(t),
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Eq. (15) simplifies to

〈 |T [Λ(x′)
¬

Λ (x)]| 〉 = i

∫
d4q

(2π)4
e−iqµ(x′µ−xµ)

×
[

11 + G(q)

qµqµ −m2 + iǫ

]
(17)

where the limit ǫ → 0+ is understood [22]. Interpret-

ing the 〈 |T [Λ(x′)
¬

Λ (x)]| 〉 as being proportional to the
probability amplitude A(x→ x′) for the particle to prop-
agate from x to x′, we find the proportionality constant
to be im2 (up to a global phase); giving

A(x→ x′) = −
∫

d4q

(2π)4
e−iqµ(x′µ−xµ)

[
m211

qµqµ −m2 + iǫ

]
.

In obtaining the above expression we have used the fact
that in the absence of a preferred spatial direction (and
since we are integrating over all q) we are free to choose
a coordinate system in which x′ − x coincides with the
ẑ direction. With this set up, q · (x′ − x) depends only
on q and θ, but not on Φ. With these observations one
readily finds that the G(p) term in Eq. (17) identically
vanishes. The Feynman-Dyson propagator is S(x′, x) :=
(−1/m2)A(x → x′), since (∂µ′∂µ

′

11 + m211)S(x′, x) =
− δ4(x′ − x).

These results establish that Λ(x) is a mass dimension
one field [23], DΛ = 1. Precisely the same series of steps
establish mass dimensionality of λ(x) to be one, Dλ = 1.
This contrasts sharply with mass dimension of three half,
DDirac/Majorana = DSMF = 3/2, of the Dirac and Majo-
rana fields. In particular, this circumstance allows for
dimension-four quartic (self/or, otherwise) couplings of
the introduced fields. The only other allowed dimension
four coupling appears to be with the Higgs boson. These
essentially exhaust all the naive-minded dimension four
interactions for the new fields and confer a natural dark-
ness to these fields as regards their interactions with the
SM fields (also, see below).

Following the arguments presented in Ref. [11] we now
readily infer that the Lagrangian density for the Λ(x)
field is

LΛ(x) = ∂µ
¬

Λ (x)∂µΛ(x) −m2
¬

Λ (x)Λ(x). (18)

The Lagrangian density for λ(x) is obtained by the re-
placement Λ → λ in the above expression.

The locality structure of the Λ(x) and λ(x). — The
field momenta for the fields are

Π(x) =
∂LΛ

∂Λ̇
=

∂

∂t

¬

Λ (x), (19)

and similarly π(x) = ∂
∂t

¬

λ (x). The calculational details
for the two fields now differ significantly. We begin with
the evaluation of the equal time anticommutator for the

Λ(x) and its conjugate momentum, and find

{Λ(x, t), Π(x′, t)} = i

∫
d3p

(2π)3
1

2m
eip·(x−x

′)

×
∑

α

[
ξα(p)

¬

ξα (p) − ζα(−p)
¬

ζα (−p)

]

︸ ︷︷ ︸
=2m[11+G(p)]

.

In the absence of a preferred direction, the contribution
from the integral involving G(p) vanishes; leaving the
result

{Λ(x, t), Π(x′, t)} = iδ3(x − x′)11. (20)

The anticommutators for the particle/antiparticle anni-
hilation and creation operators suffice to yield the re-
maining locality conditions,

{Λ(x, t), Λ(x′, t)} = O, {Π(x, t), Π(x′, t)} = O. (21)

For the equal time anticommutator of the λ(x) field
with its conjugate momentum, we find

{λ(x, t), π(x′, t)} = i

∫
d3p

(2π)3
1

2m

×
∑

α

[
eip·(x−x

′)

(
ξα(p)

¬

ξα (p) − ζα(−p)
¬

ζα (−p)

)]
.

Which, using the same argument as before, yields

{λ(x, t), π(x′, t)} = iδ3(x − x′)11. (22)

The difference arises in the evaluation of the remaining
anticommutators. The equal time λ-λ anticommutator
reduces to

{λ(x, t), λ(x′, t)} =

∫
d3p

(2π)3
1

2mE(p)
eip·(x−x

′)

×
∑

α

[
ξα(p)ζTα (p) + ζα(−p)ξTα (−p)

]

︸ ︷︷ ︸
:=Ω(p)

. (23)

Now using explicit expressions for ξα(p) and ζα(p) we
find that Ω(p) identically vanishes. Equation (23) then
implies

{λ(x, t), λ(x′, t)} = O. (24)

And, finally the equal time π-π anticommutator simpli-
fies to

{π(x, t), π(x′, t)} =

∫
d3p

(2π)3
E(p)

2m
e−ip·(x−x

′)

×
∑

α

[( ¬

ξα (p)
)T ¬

ζα (p) +
( ¬

ζα (−p)
)T ¬

ξα (−p)

]

︸ ︷︷ ︸
=O, by a direct evaluation

,
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yielding

{π(x, t), π(x′, t)} = O. (25)

Equations (20-21) and (22-25) establish that Λ(x) and
λ(x) are local quantum fields.

The interactions. — The dimension four interactions
of the Λ(x) and λ(x) with the standard model fields
are restricted to those with the SM Higgs doublet φ(x).
These are

Lint(x) = φ†(x)φ(x)
∑

ψ,Ψ

aψΨ

¬

ψ (x)Ψ(x), (26)

where aψΨ are unknown coupling constants and symbols
ψ and Ψ stand for either Λ or λ. By virtue of their mass
dimensionality the new dark matter fields are endowed
with dimension four self interactions

Lself =
∑

ψ,Ψ

bψΨ

[
¬

ψ (x)Ψ(x)

]2

, (27)

where bψΨ are unknown coupling constants.
The D = 1 fields need not be self referentially dark.

Therefore, to explore gauge interactions within the Λ-λ
dark sector we note that the mass dimensionality and
the locality structure will be preserved if the form of
equations (6), (10a-10b), (11), (16a-16b), and the indi-
cated ‘spin sums’ in the locality calculations remain unal-
tered. A simple exercise reveals that the transformation
χ(p) → exp[iMα(x)]χ(p) satisfies this requirement iff
M = γ0 (up to a multiplicative β ∈ R). It is thus clear
that the Λ-λ dark sector may be endowed with interac-
tions governed by this local gauge transformation, and
its natural non-Abelian generalisations.

The interactions with the standard model gauge fields
– with F SM

µν (x) symbolically representing the associated
field strength tensors – through Pauli terms

LPauli =
∑

ψ,Ψ

cψΨ

¬

ψ (x)[γµ, γν]Ψ(x)F SM
µν (x), (28)

may in principle exist. However, we consider them to
have vanishing coupling strength as LΛ(x) and Lλ(x) do
not carry invariance under SM gauge transformations.

Concluding remarks. — We have made a strong case
that the kinematic structure of the dark matter sector
may belong to mass-dimension-one quantum fields; and
that while super-symmetry may exist, it is not necessary
to account for dark matter. For the proposed dark matter
fields, the darkness naturally arises from the mismatch
in mass dimensionalities of the new fields with respect
to the fields of the SM. In a one component dark matter
model [11] the mass of the D = 1 fermions is obtained
to be about 20 MeV with relevant cross section around 2
pb in Higgs decays [24]. Their presence may thus reveal
itself at the Large Hadron Collider.

Acknowledgments. — We thank Adam Gillard and
Ben Martin for their constant questions and discussions,
and also Karl-Henning Rehren for his helpful comments.

∗ dharamvir.ahluwalia@canterbury.ac.nz;
http://www2.phys.canterbury.ac.nz/editorial/

† cyl45@student.canterbury.ac.nz
‡ dsc35@student.canterbury.ac.nz
§ tfw15@student.canterbury.ac.nz

[1] P. A. M. Dirac, Proc. Roy. Soc. Lond. A117, 610 (1928).
[2] E. Majorana, Nuovo Cim. 14, 171 (1937).
[3] L. O’Raifeartaigh and N. Straumann (1998), hep-

ph/9810524.
[4] C. N. Yang and R. L. Mills, Phys. Rev. 96, 191 (1954).
[5] P. W. Higgs, Phys. Rev. Lett. 13, 508 (1964).
[6] G. ’t Hooft, Nucl. Phys. B35, 167 (1971).
[7] G. ’t Hooft and M. J. G. Veltman, Nucl. Phys. B44, 189

(1972).
[8] S. Weinberg, The Quantum theory of fields. Vol. 1: Foun-

dations (Cambridge University Press, Cambridge, UK,
1995).

[9] S. Weinberg, The quantum theory of fields. Vol. 2: Mod-

ern applications (Cambridge University Press, Cam-
bridge, UK, 1996).

[10] D. V. Ahluwalia-Khalilova and D. Grumiller, Phys. Rev.
D72, 067701 (2005), hep-th/0410192.

[11] D. V. Ahluwalia-Khalilova and D. Grumiller, JCAP
0507, 012 (2005), hep-th/0412080.

[12] R. da Rocha and J. M. Hoff da Silva, J. Math. Phys. 48,
123517 (2007), 0711.1103.

[13] R. da Rocha and J. G. Pereira, Int. J. Mod. Phys. D16,
1653 (2007), gr-qc/0703076.

[14] C. G. Boehmer, Annalen Phys. 16, 38 (2007), gr-
qc/0607088.

[15] R. da Rocha and J. Rodrigues, W. A., Mod. Phys. Lett.
A21, 65 (2006), math-ph/0506075.

[16] M. Srednicki, Quantum field theory (Cambridge Univer-
sity Press, Cambridge, UK, 2007).

[17] I. J. R. Aitchison and A. J. G. Hey, Gauge theories in

particle physics: A practical introduction. Vol. 2: Non-

Abelian gauge theories: QCD and the electroweak theory

(Institute of Physics, Bristol, 2004).
[18] D. L. Wiltshire, New J. Phys. 9, 377 (2007), gr-

qc/0702082.
[19] The boost parameter ϕ = ϕbp, in terms of energy E and

momentum p = pbp associated with the particle of mass
m, is given by cosh(ϕ) = E/m and sinh(ϕ) = p/m.
By σ = (σ1, σ2, σ3) we denote the Pauli matrices. The
symbol 11 represents an identity matrix, while O stands
for a null matrix. Their dimensionality shall be apparent
from the context.

[20] The χ(p) share some of the properties of the well-known
Majorana spinors [11, 15].

[21] The boost operator commutes with the charge conjuga-
tion operator and for that reason S(C) χ(0) = ±χ(0)
implies S(C) χ(p) = ±χ(p).

[22] The substitution through qµ requires some discussion; see
Sec. 6.2 of Ref. [8] for details.

[23] See section 12.1 of Ref. [8] for a precise definition of mass
dimensionality of a quantum field.

mailto:dharamvir.ahluwalia@canterbury.ac.nz
http://www2.phys.canterbury.ac.nz/editorial/
mailto:cyl45@student.canterbury.ac.nz
mailto:dsc35@student.canterbury.ac.nz
mailto:tfw15@student.canterbury.ac.nz


5

[24] This estimate preserves its essential character if one
adopts the Wiltshire model of cosmology [18].


