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We pin-point and prove the origin of the recent inconsistency in the quantum adiabatic
approximation, as claimed by Marzlin and Sanders [Phys. Rev. Lett. 93 (2004) 160408].
This inconsistency arises due to the assumption that the initial eigenstate at time, t0, which
evolved into the final eigenstate, at a later time, t1 are non-degenerate. Hence, the MS proof
of inconsistency does not invalidate the original quantum adiabatic theorem (QAT) both
physically and mathematically. This inconsistency also leads to the existence of the energy
gap and Bohr frequency between two different times, t0 and t1. Subsequently, we will also
show that the MS counter-example does not invalidate the QAT.

§1. Introduction

The quantum adiabatic theorem (QAT) and its approximation have been the
backbone in many areas of quantum physics, namely, in condensed matter theory
(via the Born-Oppenheimer approximation),1), 2) in atoms, molecules and quantum
chemistry,3)–5) in quantum field theory via the Gell-Mann and Low theorem,6), 7)
and presently in the adiabatic quantum computation.8)–10) The QAT states that
the transition probability to an excited state is approximately zero if the initial
Hamiltonian changed very slowly. The applications of QAT was first discussed by
Ehrenfest,11) later was formally derived by Born and Fock,12) and Kato.13) Other
modern proofs of QAT can be found in the Refs.14)–17) Recently, QAT has been
shown to be inconsistent (MS proof of inconsistency) provided that the eigenstate,
|E0(t)〉 deviates strongly from its initial eigenstate, |E0(t0)〉, even in the presence
of slowly-changing time (t)-dependent Hamiltonian, H(t)18) (let us label this as the
MS statement). MS have provided the proof of inconsistency, as well as the counter-
example to justify their proof. Note here that the alternative proof of MS proof of
inconsistency given in Ref.22) is identical with the original MS proof of inconsistency,
in which they are not rigorous. Moreover, the MS counter-example also need to be
revisited in order to understand the failure of QAT. As such, we will (i) give a
rigorous proof for the MS proof of inconsistency and (ii) show that the counter-
examples raised by MS and Tong et al.22) are due to Te ≪ Ti, and is not related to
the MS proof of inconsistency. The time, Te is the external time (characteristic time
for changes in the Hamiltonian), while Ti is the internal time (characteristic time for
changes in the wave function). These two points, (i) and (ii) are the main results of
this paper.

In addition, using our proof and the results of Griffiths,23) we can understand
the reason why the MS counter-example exists, which has been misinterpreted. In
our proof, we study the MS proof of inconsistency (the first part of their paper)
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in the presence of slowly changing H(t) and compare them with the step-by-step
derivation of the QAT and its approximation. Our proof will follow the QAT from
Refs.14), 23) We will show that when we couple the QAT with the MS counter-
example, then we will be obliged to invoke the MS statement in order to falsely link
the MS proof of inconsistency with the MS counter-example. Therefore, the MS proof
of inconsistency is not related both physically and mathematically to the quantum
adiabatic approximation, even in the presence of the MS statement. Apart from
that, we already have intense focus on finding the additional quantitative sufficiency
conditions19)–22), 24)–26) for fermionic systems and mixed-states. Adding to that, the
MS proof of inconsistency has also been shown to be as a result of the large t-
derivative eigenstate.27) On the other hand, other rigorous alternative proofs of
QAT for non-degenerate states are given by Jansen et al.28) and Ambainis and
Regev.29) However, contrary to our motivation in this paper, these rigorous proofs
are not related to the MS proof of inconsistency.28), 29) For example, these proofs
are obtained by discretizing the total characteristic time of the Hamiltonian, Te into
s ∈ [0, t/Te], and then estimate the sufficiency condition with respect to Te, in which
the gap between the eigenvalues is always non-zero (non-degenerate).

§2. The original quantum adiabatic theorem

The original condition that has been violated is given by,14), 23)

∣

∣

∣

∣

∣

∣

〈

ϕm(t)
∣

∣

∣
Ḣ(t)

∣

∣

∣
ϕn(t)

〉

En(t) − Em(t)

∣

∣

∣

∣

∣

∣

≪ 1. (2.1)

There are two important assumptions that are associated with the original QAT.
First, QAT is only applicable to a two- or a multi-level system. Considering a two-
level system for simplicity, then, there exist two t-dependent eigenstates, observable
at all times, and they are always non-degenerate and the two eigenstates are |En(t)〉 <
|Em(t)〉. These eigenstates can be written neatly using the Schrodinger equation,23)
which is given by

i~
∂

∂t
Ψ(t) = H(t)Ψ(t), (2.2)

The general solution for Eq. (2.2)23) can be written as

Ψ(t) =
∑

n

cn(t)ϕn(t)eiθn(t), (2.3)

where

θn(t) = −
1
~

∫ t

0
En(t1)dt1. (2.4)
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ϕn(t) and En(t) denote the t-dependent eigenfunction and eigenvalue at t, re-
spectively. Using Eqs. (2.2) and (2.3), we can obtain the required coefficient (in
explicit form),14), 23)

cm(T ) = −

∫ T

0
cm 〈ϕm|ϕ̇m〉 dt −

∫ T

0

∑

n 6=m

cn

〈

ϕm(t)
∣

∣

∣
Ḣ(t)

∣

∣

∣
ϕn(t)

〉

En(t) − Em(t)
ei(θn(t)−θm(t))dt.

(2.5)

From Eq. (2.5), we can identify that both, En(t) and Em(t) exist at all times,
and they are non-degenerate. Thus, in most cases, as long as Eq. (2.1) is satisfied, the
quantum adiabatic approximation is valid. In other words, if these two t-dependent
eigenstates (|ϕm(t)〉 and |ϕn(t)〉) evolve and satisfy Eq. (2.1), then the quantum
adiabatic approximation is valid, both physically and mathematically. However, if
we assume that the En(0) < En(t) (this is definitely different from En(t) < Em(t),
as described earlier) then we cannot apply the quantum adiabatic approximation
simply because both of these eigenstates (|En(0)〉 and |En(t)〉) are not observable
simultaneously. For example, MS have used the unitary transformation in the form
of18)

UAT(t, t0) =
∑

n

e
−i

R

t

t0
Endt

eiβn(t) |En(t)〉〈En(t0)| , (2.6)

and relate Eq. (2.6) to Eq. (2.1), where βn(t) = i
∫

〈En|Ėn〉. In doing so, we do
not need the assumption of non-degeneracy, i.e., if a given eigenstate evolves with
time, then this implies that |En(t0)〉 6= |En(t)〉, and they are always non-degenerate.
By enforcing this relation between Eq. (2.6) and Eq. (2.1), we are actually talking
about the energy gap that exist at two different times, t0 and t. When the measure-
ments of |En(t0)〉 and |En(t)〉 were carried out, the MS oscillating frequency is given
by

ω(t)MS=
En(t0) − En(t)

~
6= ω(t)adiabatic =

En(t) − Em(t)
~

. (2.7)

Therefore, we cannot relate Eq. (2.6) to Eq. (2.1). The same arguments apply
for the alternative proof given in Ref.24) If the 6= sign in Eq. (2.7) is invalid, then
the MS proof of inconsistency (given below) is valid.

〈En(t0)
∣

∣

∣
UU †

∣

∣

∣
En(t0)〉=

〈

E0(t0)
∣

∣

∣
Uei

R

E0

∣

∣

∣
E0(t0)

〉

≈ eiβ0 〈E0(t0)|E0(t)〉 6= 1. (2.8)

Note here that the MS oscillating frequency is between E0(t0) and E0(t) at
two different times (t0 and t), and this is completely different from the oscillating
frequency of the original QAT. Therefore, it is not because of any inconsistency in
the QAT nor its approximation (Eq. (2.1)). In addition, the MS frequency implies
a particle traveling forward and backward in time.
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§3. Proof of the MS inconsistency

Claim: From the above discussion, we have claimed that the MS statement is an
assumption where, at time t0, the eigenstate is given by |ϕt0〉, while at a later time,
t1, the initial eigenstate has evolved into |ϕt1〉. Now, we further claim that |ϕt0〉
and |ϕt1〉 cannot be treated as if they are quantitatively equivalent to |ϕn(t0)〉 and
|ϕm(t1)〉, respectively. If we treat them as equal, then we are actually enforcing the
orthogonality, δmn = 0 if m 6= n. This means that the initial eigenstate has evolved
into a final eigenstate that is orthogonal, compared to its initial eigenstate.

Proof: In the first part of the proof, we will not enforce the orthogonality.
Therefore, Eq. (2.3) should be rewritten with our new notation, which is without n
and m since we are only referring to one eigenstate that will evolve with time. Hence,
we have (we do not write the explicit t-dependence and distinguish the operators
since they are obvious)

Ψ =
t1

∑

t0

ct0ϕt0e
iθt0 ⇔ t ∈ [t0, t1]. (3.1)

The t-dependent Hamiltonian is given by

Hϕt0 = Et0ϕt0 . (3.2)

From Eqs. (2.2) and (3.1), we have

t1
∑

t0

ċt0ϕt0e
iθt0 = −

t1
∑

t0

ct0 ϕ̇t0e
iθt0 . (3.3)

Now comes the crucial part, we will take the inner product with ϕt1 (t1 > t0),
is an eigenfunction at a later time, t1, evolved from ϕt0 . Therefore,

〈ϕt1 |ϕt0〉 = δt1t0 . (3.4)

From Eq. (3.4), we did not invoke the orthogonality yet. Consequently,

t1
∑

t0

ċt0δt1t0e
iθt0 = −

t1
∑

t0

ct0 〈ϕt1 |ϕ̇t0〉 eiθt0 . (3.5)

Now, let us assume that the evolved eigenstate, |ϕt1〉 is not orthogonal to |ϕt0〉
or δt1t0 ≈ 1, as such, Eq. (3.5) can be written as

ċt1 = −

t1
∑

t0

ct0 〈ϕt1 |ϕ̇t0〉 ei[θt0
−θt1

]. (3.6)
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Differentiating Eq. (3.2), taking the inner product with ϕt1 , δt1t0 ≈ 1 and
〈ϕt1 |H|ϕ̇t0〉 = Et0〈ϕt1 |ϕ̇t0〉 we can arrive at

(Et0 − Et1) 〈ϕt1 |ϕ̇t0〉 =
〈

ϕt1

∣

∣

∣
Ḣ

∣

∣

∣
ϕt0

〉

− Ėt0 . (3.7)

Substituting Eq. (3.7) into Eq. (3.6), we are left with

ċt1 = −ct1 〈ϕt1 |ϕ̇t1〉 −
∑

t0 6=t1

ct0

〈

ϕt1

∣

∣

∣
Ḣ

∣

∣

∣
ϕt0

〉

− Ėt0

Et0 − Et1

ei[θt0
−θt1

]. (3.8)

Let us now invoke the orthogonality (δt1t0 ≈ 0) and the MS statement, which
implies,

∣

∣

∣

∣

∣

∣

〈

ϕt1

∣

∣

∣
Ḣ

∣

∣

∣
ϕt0

〉

Et0 − Et1

∣

∣

∣

∣

∣

∣

≪ 1. (3.9)

As a consequence,

ċt1 = −ct1 〈ϕt1 |ϕ̇t1〉 . (3.10)

and its solution is given by

ct1 = ct0 exp
[

−

∫ t1

t0

〈ϕt1 |ϕ̇t1〉 dt

]

. (3.11)

At t0, the particle occupies |ϕt0〉, and it remains there as long as the MS condition
(Eq. (3.9)) is satisfied, in other words, ct0 = 1 and ct1 = 0 due to the orthogonality.
Hence, the MS proof of inconsistency originates from the assumption that the evolved
eigenstate is orthogonal (actually, depends on the degree of orthogonality) to the
initial eigenstate, which is governed by Eqs. (3.9), (3.10) and (3.11) and has no
relation to the original QAT nor its approximation, as given in Eqs. (2.5) and (2.1).
Apart from that, the Berry’s phase remains intact and is given by

βt1 = i

∫ t1

t0

〈ϕt1 |ϕ̇t1〉 dt. (3.12)

Finally, using Eqs. (3.1), (3.9), (3.10) and (3.11) we can surmise that

Ψt0= ct0ϕt0e
iθt0 = eiβt0eiθt0ϕt0 . (3.13)

and
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Ψt1= ct1ϕt1e
iθt1 = 0. (3.14)

From Eqs. (3.13) and (3.14),

〈Ψt1 |Ψt0〉 = 〈E0(t0)|E0(t)〉 ≈ 0, (3.15)

Hence, we have given a rigorous proof on the MS proof of inconsistency as given
in Eq. (2.8) �

Even though Eq. (3.8) and Eq. (2.5) seem to be identical in structure, but
they are very different due to Eq. (2.7). Equation (3.15) implies that the particle
traveled backward in time since the initial eigenstate has evolved into an orthogonal
eigenstate, or evolved in such a way that it satisfies Eq. (3.9). In other words,
the particle will start traveling backward in time, when the initial eigenstate starts
evolving into a final eigenstate that satisfies Eq. (3.9), at a later time. If we did not
invoke the orthogonality, in other words, the final eigenstate at t1 is not orthogonal
to its initial eigenstate at t0, then Eq. (3.8) should be rewritten as

ċt1 = −ct1 〈ϕt1 |ϕ̇t1〉 −
∑

t0 6=t1

ct0

〈

ϕt1

∣

∣

∣
Ḣ

∣

∣

∣
ϕt0

〉

− Ėt0 〈ϕt1 |ϕt0〉

Et0 − Et1

ei[θt0
−θt1

]. (3.16)

Now, the MS statement would imply

∣

∣

∣

∣

∣

∣

〈

ϕt1

∣

∣

∣
Ḣ

∣

∣

∣
ϕt0

〉

− Ėt0 〈ϕt1 |ϕt0〉

Et0 − Et1

∣

∣

∣

∣

∣

∣

≪ 1. (3.17)

When Eq. (3.17) is satisfied, we will not arrive at Eq. (3.15) because δt1t0 6= 0.
In this case, ct0 = ct1 = 1 and Eq. (3.14) is given by

Ψt1= ct1ϕt1e
iθt1 = eiβt1eiθt1ϕt1 . (3.18)

Consequently,

〈Ψt1 |Ψt0〉 = 〈E0(t0)|E0(t)〉 ≈ 1, (3.19)

in accordance with the quantum adiabatic approximation. Therefore, we have
Eqs. (3.15) and (3.19) that explain the structure of ω(t)MS as given in Eq. (2.7),
which oscillates between t0 and t1 (the particle moves backward and forward in
time).
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§4. An alternative proof

Here, we give an alternative explanation on why the MS proof of inconsistency
is not applicable to QAT and its approximation. In other words, we will give an
alternative prove that orthogonalization may lead us to the MS proof of inconsistency.
Let us rewrite Eq. (3.2) as

H = H0 + V, (4.1)

where H0 is the Hamiltonian with known solution or its eigenvalues. Then one
can obtain the time evolution operator (unitary since H is Hermitian), U(t1, t0),
which is given by14)

U(t1, t0) = 1 −
i

~

∫ t1

t0

V U(t, t0)dt ⇔ U(t0, t0) = 1.

(4.2)

If the H0 is t-independent, then U(t1, t0) is given by

U(t1, t0) = exp
[

−
iH0(t1 − t0)

~

]

. (4.3)

For a two-level system as discussed earlier, we have the two eigenstates, |Em(t)〉
and |En(t)〉 with ~ω = En(t) − Em(t) and Vnm = 〈En(t)|V |Em(t)〉. Suppose that at
t0, the particle is in the eigenstate, |En(t0)〉, and the |Em(t0)〉 is empty, now at t1,
the transition probability (P ) from |En(t0)〉 to |Em(t1)〉 is given by

P adiabatic
n→m = |〈Em(t1) |U(t1, t0)|En(t0)〉|2 . (4.4)

If V = 0, then the difference between the initial, |En(t0)〉 and the final eigen-
states, |En(t1)〉 is just a phase factor,

|En(t1)〉 = exp
[

−iEn(t1 − t0)
~

]

|En(t0)〉, (4.5)

which will lead us to

P adiabatic
n→m = |〈Em(t1)|En(t1)〉|2 = 0 ⇔ δmn = 0. (4.6)

Equation (4.4) is the fundamental requirement in the QAT, in which it states that
there exist two non-degenerate eigenstates, observable at all times and there will be
a probability of transition if V 6= 0. Let us rewrite Eq. (4.4), using Eqs. (3.13), (3.14)
and (4.2)
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〈Ψm(t0) |U(t1, t0)|Ψn(t0)〉≈ 〈Ψm(t0)|Ψn(t1)〉
6= 1 ⇔ δmn 6= 1. (4.7)

Now, the assumption made by MS in Eq. (2.8) with the sign 6= is

〈Ψm(t0)|Ψn(t1)〉= 〈Ψt0 |Ψt1〉

= 〈E0(t0)|E0(t)〉
6= 1 ⇔ δmn = δt1t0 6= 1. (4.8)

On the other hand, the original quantum adiabatic approximation requires

〈Ψm(t0) |U(t1, t0)|Ψm(t0)〉≈ 〈Ψm(t0)|Ψm(t1)〉
= 1 ⇔ δmn = δt1t0 = 1
6= 〈Ψm(t0)|Ψn(t1)〉. (4.9)

If we claim that the eigenstates, |E0(t0)〉 and |E0(t)〉 are non-degenerate, then
it satisfies Eqs. (3.8) and (4.8) and of course it will lead to the MS proof of incon-
sistency as proved earlier. Recall here that Eq. (4.8) satisfies Eq. (4.4) with two
orthogonal eigenstates. However, the quantum adiabatic approximation needs to
satisfy Eqs. (2.5) and (4.9). Hence, we can now understand that the MS proof of
inconsistency that originated from the inequality of Eq. (2.7), can also be understood
from Eqs. (4.8) and (4.9). If we violate the fundamental requirement of the QAT
(Eq. (2.7) or Eq. (4.9)), then of course we will arrive at MS proof of inconsistency
as given in the first part of Ref.18)

§5. Counter-examples

What we have shown thus far is that the MS proof of inconsistency will lead
the particle to travel backward in time and the energy gap does not exist at any
given time. Hence, our proof indicate that the MS counter-example (second part of
Ref.18)) is not related to the MS proof of inconsistency (first part of Ref.18)). In
this section, we will pin-point the origin of the failure of QAT with respect to MS
and Tong et al.22) counter-examples. Before jumping straight onto this counter-
example bandwagon, let us re-examine the Hamiltonian of an electron that starts
out with spin-up in the presence of a rotating (ω) magnetic field (B0), at an angle,
α. The solution for this Hamiltonian has been worked-out in detail in Ref.23) and
therefore we do not reproduce it here, except for the necessary equations. The said
Hamiltonian is given by23)

H(t) =
~ω1

2

[

sin α cos(ωt)σx + sin α sin(ωt)σy + cos ασz

]

, (5.1)
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where, σx, σy and σz are the Pauli spin matrices. The angular velocity, ω = 1/Te

refers to the characteristic time for the change in the Hamiltonian (Eq. (5.1)), while
ω1 = eB0/m = 1/Ti refers to the characteristic time for the changes in the wave
function. Now, the exact solution (in terms of normalized eigenspinors, χ±(t)) for
this Hamiltonian (recall that the electron starts out with spin-up, χ+(0)) is given
by23)

χ(t) =
[

cos
(

λt

2

)

− i
(ω1 − ω cos α)

λ
sin

(

λt

2

)]

e−
iωt

2 χ+(t)

+i

[

ω

λ
sin α sin

(

λt

2

)]

e
iωt

2 χ−(t), (5.2)

where, λ =
√

ω2 + ω2
1 − 2ωω1 cos α. The normalized eigenspinors are given

by χ+(t) = (cos(α/2), eiωt sin(α/2)) and χ−(t) = (e−iωt sin(α/2),− cos(α/2)). The
transition probability to spin-down is given by23)

|〈χ(t)|χ−(t)〉|2 =
[

ω

λ
sin α sin

(

λt

2

)]2

. (5.3)

Let us invoke the adiabatic approximation by requiring Te ≫ Ti, then it is easy
to obtain the expected result, |〈χ(t)|χ(t)〉|2 ≈ 0. If Te ≪ Ti, then from Eq. (5.3), we
can arrive at

|〈χ(t)|χ−(t)〉|2 ≈ sin2 α sin2

(

ωt

2

)

. (5.4)

The requirement, Te ≪ Ti is not an adiabatic approximation and this is another
reason why Jansen et al.28) have correctly stated that the MS counter-example
does not apply to their Hamiltonian. Subsequently, all we have to show now is
that the MS counter-example satisfies the non-adiabatic condition, Te ≪ Ti. Thus,
the MS statement can be mathematically written as Te ≪ Ti, in other words, the
Hamiltonian must not only change fast but much faster, compared to the change in
the wave function so as to violate the QAT maximally. For example, the universal
criterion derived by MS for the failure of QAT is given by (Eq. (15) of Ref.18))

ζ =
1
2

[

1 + n(0) ·
θ̇n + cos θ sin θṅ− sin2 θ(n× ṅ)
|θ̇n + cos θ sin θṅ + sin2 θ(n× ṅ)|

]

, (5.5)

where, θ(t) = ω0t = ωt and it is easy to note that θ̇ ≫ |ṅ| → Te ≪ Ti, which in
turn gives rise to ζ 6= 1 as anticipated from Eq. (5.4). Therefore, it is clear that the
MS statement is indeed not related to the MS proof of inconsistency. The counter-
example raised by Tong et al. is nothing but Eq. (5.4), however, their derivations
as given in Ref.22) to obtain Eqs. (29), (30), (31) and (32) are incorrect due to
their misinterpretation and wrong substitutions of ω and ω0. We can leave this as
an exercise for the authors of Ref.22) because the details can be found here and in
Ref.23)
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§6. Conclusions

In conclusion, the MS inconsistency is not related to QAT since the oscillating
frequency in the QAT and the MS proof of inconsistency have been falsely linked via
the MS statement. We proved why the evolved eigenstate, when taken as orthogonal
to its initial eigenstate, will give rise to MS proof of inconsistency. Apart from that,
we also have shown that the MS proof of inconsistency has nothing to do with the
QAT nor its approximation. We have derived a time-dependent coefficient specifi-
cally to evaluate the evolving eigenstate that may differ beyond the dynamical and
geometrical phase factors, in such a way that the time evolution may orthogonalized
the initial eigenstate completely at a different time. In this case, the non-degeneracy
exist due to two different times, and it does not exist at a given time. In addition,
the counter-examples raised by MS and Tong et al. are also evaluated and shown to
exist solely as a result of the non-adiabatic condition, Te ≪ Ti.
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