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A DEFORMATION OF COMMUTATIVE POLYNOMIAL
ALGEBRAS IN EVEN NUMBERS OF VARIABLES

WENHUA ZHAO

ABSTRACT. We introduce and study a deformation of commuta-
tive polynomial algebras in even numbers of variables. We also dis-
cuss some connections and applications of this deformation to the
generalized Laguerre orthogonal polynomials and the interchanges
of right and left total symbols of differential operators of polyno-
mial algebras. Furthermore, a more conceptual re-formulation for
the image conjecture [Z3] is also given in terms of the deformed
algebras. Consequently, the well-known Jacobian conjecture [Ke]
is reduced to an open problem on this deformation of polynomial
algebras.

1. Introduction

Let £ = (&1,&s, .., &) and z = (21, 22, ..., 2,) be 2n commutative free
variables. Throughout this paper, we denote by C[¢, z], C[z] and C[¢]
the vector spaces (without any algebra structures) over C of polynomi-
als in (£, 2), in z and in £, respectively. The corresponding polynomial
algebras will be denoted respectively by A[¢, 2], A[z] and A[¢].

For any 1 < i < n, we set 0; := 0,, and §; = 0. Denote by
0 = (01,0, ...,0,) and § = (d1, 09, ..., 6,). We also occasionally use 0,
and O¢ to denote 0 and J, respectively.

Set Q:= 3" (0 ® 0; + 6; ® ;). For any t € C, we define a new
product *, for the vector space C[¢, z| by setting, for any f, g € C[¢, 2],

(1.1) freg=p(e"?(f®g),

where p : C[¢, 2] ® CIE, z] — CIE, 2] denotes the product map of the
polynomial algebra A[E, z].

Denote by B[, z] (t € C) the new algebra (C[¢, 2], *;). For the case
t = 1, we also introduce the following short notation:

(1.2) k1= k.
(13) B[f,Z] P Bt:l[év’z]’
2000 Mathematics Subject Classification. 33C45, 32W99, 14R15.
Key words and phrases. The generalized Laguerre polynomials, total symbols of

differential operators, the image conjecture, the Jacobian conjecture.
1


http://lanl.arxiv.org/abs/0907.3990v2

2 WENHUA ZHAO

Note that, when ¢ = 0, the algebra B;_[&, 2] coincides with the usual
polynomial algebra AE, z].

In this paper, we first show that B,[¢, 2] (¢ € C) gives a deformation
of the polynomial algebra A[¢, z]. Actually, it is a trivial deformation
in the sense of deformation theory. To be more precise, set

i=1

thm
(1.5) 0=t =) —
m/!
m>0

(16) d: = (I)tzl.

Note that, ®, for any t € C is a well-defined bijective linear map
from C[¢, 2] to C[¢, z], whose inverse map is given by ®_, = e=**. This
is because the differential operator A of C[¢, 2] is locally nilpotent, i.e.
for any f(&,2) € C[¢, 2], A" f(£,2) = 0 when m > 0.

With the notation fixed above, we will show that, for any ¢t € C,
O, : By€, 2] - A[, 2] actually is an isomorphism of C-algebras (See
Proposition 2] and Corollary 2.2)).

Note that, from the point view of deformation theory, the deforma-
tion B[, 2] (t € C) is not interesting at all. But, surprisingly, as we
will show in this paper, the algebra B¢, z] and the isomorphism &,
are actually closely related with the generalized Laguerre polynomials
(See [SZ], [PS] and [AAR]) and the interchanges of right and left total
symbols of differential operators of polynomial algebras.

Furthermore, as we will show in Section M, the algebras B,[¢, 2]
(t € C) and the isomorphism ®, via their connections with the image
conjecture proposed in [Z3] are also related with the Jacobian conjec-
ture which was first proposed by O. H. Keller [Ke| in 1939 (See also
[BCW]| and [E]). Actually, the Jacobian conjecture can be viewed as
a conjecture which, in some sense, just claims that the algebra B,[¢, 2]
(t # 0) should not differ or change too much from the polynomial al-
gebra A[¢, z] = Bi—[&, z]. Therefore, from this point of view, the triv-
iality of the deformation B;[¢, 2] (¢t € C) (in the sense of deformation
theory) can be viewed as a fact in favor of the Jacobian conjecture. For
another interesting application of the isomorphism ® to the Jacobian
conjecture, see [Z5].

Considering the length of the paper, below we give a more detailed
description for the contents and the arrangement of the paper.

In Subsection 2.1], we prove some simple properties of the deforma-
tion B,[¢, 2] (t € C) and the isomorphism @, : B[, 2] — A[€, 2], which
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will be needed for the rest of this paper. In particular, in this subsec-
tion the triviality of the deformation B[, z] (¢t € C) in the sense of
deformation theory is proved in Proposition 2.1l and Corollary 2.2

In Subsection 2.2, we show that, for different ¢ € C, the f-adic
topologies induced by B[, z] on the common base vector space C[¢, z]
are different. But they are all homeomorphic to the /f-adic topol-
ogy induced by the polynomial algebra A[¢, z] under the isomorphism
O, : By, 2] = A[E, 2] (viewed as an automorphism of C[¢, z]). See
Proposition and also Corollary for the precise statements.

In Subsection 23] we study the induced isomorphism (®;), (¢ € C) of
®, from the differential operator algebra, or the Weyl algebra D,[¢, 2]
of B[, z] to the Weyl algebra DIE, z] of A[£,2]. The main results
of this subsection are Propositions 211 and 213l Proposition 21T
says that the derivations 0,, and 0, (1 < ¢ < n) of A[E, 2] are also
derivations of B;[¢, z] for all ¢ € C and are fixed by the isomorphism
(). Proposition gives explicitly the images under (®;), of the
multiplication operators with respect to the product %, of B[, z].

In Section [3l by using some results derived in Section 2, we show in
Theorem B Ilthat & = &, (resp. $;—_1) as an automorphism of C[¢, 2]
actually coincides with the linear map which changes left (resp. right)
total symbols of differential operators of A|[z] to their right (resp. left)
total symbols. Consequently, the products *;—4, appear naturally when
one derives left or right total symbols of certain differential operators of
A[z] (See CorollaryB.2]). The results derived in this subsection also play
some important roles in [Z5] in which among some other results a more
straightforward proof for the equivalence of the Jacobian conjecture
and the vanishing conjecture (See [Z1] and [Z2]) will be given.

In Subsection 4.1l we study the Taylor series expansion of polynomi-
alsin C[¢, z] with respect to the new product %, and use it to give a more
conceptual proof for the expansion of polynomials given in Eq. (£6]).
This expansion was first proved in [Z3] and played a crucial role there in
the proof of the implication of the Jacobian conjecture from the image
conjecture (See Conjecture [L.3)).

In Subsection E.2], we first recall the notion of the so-called Mathieu
subspaces of commutative algebras (See Definition [4.2]), which was first
introduced in [Z4], and also the image conjecture (See Conjecture [4.3))
for the differential operators & —t9; (1 < i < n) in terms of the notion
of Mathieu subspaces. We then give a re-formulation of Conjecture [4.3]
in terms of the algebra B;[¢, 2| (t € C) (See Conjecture 0] and show
in Theorem that these two conjectures are equivalent to each other.
Since it has been shown in [Z3] that Conjecture 3] implies Jacobian
conjecture, hence so does Conjecture [l
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Consequently, via its connections with Conjecture [A.5] the Jacobian
conjecture is reduced to an open problem on the deformation B,[¢, 2]
(t € C) of the polynomial algebra A[¢, z]. The open problem asks if
the ideal £C[E, 2] of A[¢, z] generated by £ will remain to be a Mathieu
subspace in the algebra B[, 2] for any ¢ # 0. Note that any ideal
is automatically a Mathieu subspace, but not conversely. Therefore,
the triviality (in the sense of deformation theory) of the deformation
B¢, 2] (t € C) proved in Proposition 2] can be viewed as a fact in
favor of the Jacobian conjecture.

Section [Blis mainly on a connection of the algebra B¢, 2], especially,
its product * with the multi-variable generalized Laguerre polynomials,
and also some of the applications of this connection to both B¢, z] and
the generalized Laguerre polynomials.

In Subsection 51 we very briefly recall the definition of the (gener-
alized) Laguerre polynomials L([}f}(z) (k,a € N") (See Egs. (51)-(5.3)
and also the orthogonal property (See Theorem [5.]) of these polyno-
mials.

In Subsection 5.2, we show in Theorem that, for any k, @ € N,
we have

1)l 1)l
(17 I¥es) = e sy = T ey oy

Consequently, the generalized Laguerre polynomials L }(z) (k,a €
N") can be obtained by evaluating the polynomials & ~¥(£4H% x %) or
27K % 22FK) at ¢ = (1,1,...,1). Note that the evaluation map at
¢ =(1,1,...,1) is not an algebra homomorphism from B[¢, 2] to A[¢, z].
Otherwise, the generalized Laguerre polynomials would be trivialized.

In the first part of Subsection [5.3] we use certain results of the gen-
eralized Laguerre polynomials and the connection in Eq. (7)) above to
derive more properties on the polynomials £* % z* which, by Proposi-
tion 226] (¢), are actually the monomials of £ and z in the new algebra
BlE, 2]

For example, by using the connection in Eq. (L7) and I. Schur’s
irreducibility theorem [Scl] of the Laguerre polynomials in one vari-
able, we immediately have that, when n = 1, the monomials £™ % 2™
(m > 2) of BlE, 2] are actually irreducible over Q (See Theorem [(.9).
Furthermore, by using I. Schur’s irreducibility theorem [Sc2] and M. Fi-
laseta and T.-Y. Lam’s irreducibility theorem [FL] on the generalized
Laguerre polynomials, we have that, all but finitely many of the poly-
nomials £7F(Em+F % 2m) and 27F(€™ * 2™F) (m, k € N) are irreducible

over Q (See Theorem [5.10]).
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In the second part of Subsection 5.3 we use the connection given
in Eq. (L7) and certain results of B[, z] derived in Section 2] to give
new proofs, first, for some recurrent formulas of the generalized La-
guerre polynomials (See Proposition [B.I1]) and, second, for the fact
that the generalized Laguerre polynomials satisfy the so-called asso-
ciate Laguerre differential equation (See Theorem [E.12). At the end of
this subsection, we draw the reader’s attention to a conjecture, Conjec-
ture [5.13] on the generalized Laguerre polynomials, which is still open
even for the classical Laguerre polynomials in one variable.

Acknowledgment The author would like to thank the anonymous
referees for pointing out many typos, minor errors of the previous ver-
sion of this paper, and also for suggesting the new proof of Lemma
without the condition that the base filed K has infinitely many
elements.

2. The Deformation B,[, z| of the Polynomial Algebra A¢, 2]

In this section, we first derive in Subsection 2.1l some properties and
identities for the algebra B[, 2] (t € C). In Subsection 2.2] we show
that, for different ¢ € C, the f-adic topologies induced by the algebras
B[, 2] (t € C) on the common base vector space C[¢, z] are different.
But they are all homeomorphic under the isomorphism ®; : B,[¢, 2] —
Al€, 2] to the f-adic topology on C[¢, z] induced by the polynomial
algebra A[¢, 2] (See Proposition 2.9 and also Corollary 2.10).

In Subsection 23, we study the isomorphism (®;). induced by &,
from the Weyl algebra of B[, z] to the Weyl algebra of A[, z]. The
main results in this subsection are Propositions 211 and 213l

2.1. Some Properties of the Algebras B,[¢, z|. First, one remark
on notation and convention is that, we will freely use throughout this
paper some commonly used multi-index notations and conventions. For
instance, for n-tuples a = (ky, ks, ..., k,) and § = (mq,ma,...,m,) of
non-negative integers, we have

o] = k.
=1

(Oé): Wiﬁ)! if k; > m; for all 1 <i <mn;
8 0, otherwise.

The notation and convention fixed in the previous section will also
be used throughout this paper.
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The first main result of this section is the following proposition.
Proposition 2.1. For anyt € C and f,g € C[¢, z], we have

(2.1) i (f *1 g) = Pe(f)Pi(9)-
Proof: We first set

(2.2) f *:s 9= (I)t_l(q)t(f)q)t(g)) = (I)_t(q)t(f)é[)t(g)).

for any f, g € C[¢, z].

We view t as a formal parameter which commutes with £ and z.
Then, by Eqs. (L)), (2.2)) and the fact that the differential operators A
and (Q are locally nilpotent on C[¢, z] and C[¢, 2] ® C[¢, 2], respectively,
we see that f *, g and f %, g are polynomials in ¢ with coefficients in
C[¢, z]. Furthermore, by setting ¢t = 0 in Eqgs. (LI) and (22), we see
that the constant terms (with respect to t) of f %, g and f « g are both
fg € C[¢, z]. In other words, we have

(2.3) f*eg ‘t:O =f *; g ‘f;o = fg.
From Eq. (1)), we have,

24)  S(frg)=—n (O @)
= - ZM (e_tQ ((6:f) @ (Big) + (0if) @ (5ig)))

_ Z ((8:F) #1 (Dig) + (Dif) *¢ (8;9)) -

On the other hand, from Eq. (2.2]), we have,

O (F¥0) = (D) ()

= N (AU ) (€9)) + (€PAS) () + () (¢ Ag))

Note that, for any u,v € C[¢, 2], it is easy to check that we have the
following identity:

Aluv) = (Au)v + u(Av) + Z ((0;u)(0v) + (Osu)(0;v) ) .

i=1

By the last two equations above and also Eq. (2.2]), we have

(25) (7% 9)= Ze (€48:) (1 0ig)) + (0:1) (e6,9))



A DEFORMATION OF COMMUTATIVE POLYNOMIAL ALGEBRAS 7

=—Z (6:f) * +(0:f) %, (6i9) ) -

Next, we use the mductlon on (deg f+deg g) to show Eq. (2.1]). First,
when deg f + degg = 0, i.e. both f and ¢ have degree zero, it is easy
to see from Eqs. (LI]) and (2.2) that f %, g = f %, g = fg in this case.

In general, by Egs. (24)), (2.5) and also the induction assumption,
we have

(26) Oy = o (f %)

Since f*; g and f %} g are polynomials in t with coefficients in C[¢, 2]
and both satisfy Eqs. (2.3]) and (2.0]), it is easy to see that they must
be equal to each other. Hence, Eq. (Z1]) holds. O

Corollary 2.2. For any t € C, &, : B,[&, 2] — A[E, 2] is an isomor-
phism of algebras. Therefore, in the sense of deformation theory, the
deformation B¢, 2] is a trivial deformation of the commutative poly-
nomial algebra A[E, z].

Next we derive some properties of the algebras B,[¢, 2] (¢ € C), which
will be needed for the rest of this paper.

Lemma 2.3. For any f,g € C[¢, 2], we have

- (— t)\alﬂﬁl

(2.7) frg= Z Tﬁ.
a,BEN™

Proof: Note first that, for any 1 < 4,57 < n, J; ® 6; and J; ® 0,
commute with each other. So we have

(679" £)(9"5%g).

(2.8) et — ot 0i®0; =t 30, 8i®6i
—t3 5 0i®0i _ —t(0;®8;) o ks

(2.9) e ! =1]e =11 k,' (0" © ;")

=1 =1 k;>0

Ia\
— Z (0% @ 6%).
aeNn
Similarly,
nosoon. —¢)l8l

(2.10) et 2 im1 0i®0 Z _( ﬁ? (56 Q 85).

ﬁGN"

Then it is easy to see that Eq. (2.7) follows directly from Eq. (L))
and the last three equations above. O
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Proposition 2.4. (a) For any A\;(§) € C[¢], pi(2) € C[z] (i = 1,2), we

have
(2.11) AL(&) #1 A2(€) = M(§)A2(€)
(2.12) p1(2) * p2(2) = p1(2)p2(2)
—1)led¢lal

213)  AQwp) = 3 T ) @),

(b) For any A(&) € C[¢], p(z) € Clz] and g(&, z) € C[¢, 2], we have
(2.14) M) *: 9(&,2) = A€ — 19)g(&, 2).
(2.15) p(2) * g(§, 2) = p(z — 10)g(¢, 2).

Note that the components & — t9; (1 < i < n) of the n-tuple £ — t0
in Eq. (214) commute with one another. So the substitution \(§ —t0)
of £ — t0 into the polynomial \(&) is well-defined. Similarly, the sub-
stitution p(z — td) in Eq. (2.15]) is also well-defined.

Proof: Egs. 211)-(2I3) follow directly from Eq. (2.7]).
To show Eq. (2.14)), first, by Eq. (2.7)), we have

_1)leltle
216) Mg = 3 T Gaae)ergle, o).

|
aeN"” @

Second, note that the multiplication operators by &; (1 <i < n) and
the derivations 0; (1 < j < n) commute. By using the Taylor series
expansion of A\(§ — td) at &, we have

—1)lel¢lel
217) A€~ 19)g(E.2) = (Z %(W(@aﬂ) o(.)
\a|t\a|

= Z 0“A(€))(0%9(&, 2))-

aeN™

Hence, Eq. (ZI4) follows from the last two equations. Eq. (215 can
be proved similarly. O

Lemma 2.5. For anyt € C, \(&) € C[{] and p(z) € C[z], we have
(2.18) Di(A(£)) = AS)-

(2.19) Di(p(2)) = p(2).

(2.20) D (A(E)p(2)) = A(E) *—1 p(2)-
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Proof: Since A(M(€)) = A(p(2)) = 0, &, = " fixes A(€) and p(2).
Hence we have Egs. (2.18]) and (2.19).
To show Eq. (2.20), by Eqs. (21)), (218) and (2.19]), we have
AE) 1 p(2) = Py (P1(A(E))Pu(p(2)) )
= S (A(E)p(2))-

Replacing t be —t in the equation above, we get Eq. (2.20). O

Proposition 2.6. For any t € C, the following statements hold.

(a) The subspaces C[€] and C[z] of B[, 2] are closed under the prod-
uct *; and hence, are actually subalgebras of B¢, z].

(b) As associative algebras, (C[E],*;) and (C[z],*;) are identical as
the usual polynomial algebras A[€] and A[z] in & and z, respectively.

(c) BiE, 2] is a commutative free algebra generated freely by &; and
zi (1 < i < n). The set of the monomials generated by & and z;
(1 <i<n)in BE, 2] is given by {£* %, 2° |, B € N}

Proof: Note that (a) and (b) follow immediately from Egs. (2.11))

and (2.12).
To show (c), first, by Egs. (ZI8)) and (2.19), we know that the algebra

isomorphism ®_, = ®; ! : A[¢, 2] — B,[€, 2] as a linear map from C[¢, 2]
to C[¢, 2] fixes & and z; (1 <@ < n). Hence, B,[¢, 2] is a commutative
free algebra generated freely by &; and z; (1 <1i < n).

The second part of (¢) follows from Egs. (Z11]), (ZI2) and the fact
that the product *; is associative and commutative. O

The next two lemmas will be needed in Subsection .3
Lemma 2.7. For anyt € C and o, € N,
(2.21) (20 — €8)(€™ %, 27) = (|B] — [a])(€™ % =),
where 20 — £6:= Y- (2:0; — &0;).

Proof: First, by Euler’s lemma, we have
(2.22) (20 = €0)(€"2") = (18] — lal)(£*2").

Second, note that z0 — £ commutes with A, hence also with ®; for
any t € C. Apply ®_; to Eq. (2.22), we get

(20 = €8)_y(£727) = (8] = |al) Do (£727).

Then, by Eq. (220) with ¢ replaced by —t, Eq. (2.21]) follows from the
equation above. O
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Lemma 2.8. For any \;(§) € C[{] and p;(2) € Clz] (i = 1,2), we have

(2.23)  (Mu(©)p1(2)) *1 (A2(§)p2(2)) = (AL(E) #¢ p2(2)) (A2(E) *¢ p1(2)).
Proof: First, by Eq. (2.7]), we have

(O (=) % (ol€)pa()
—¢)lal+18l
- Y B (M@ () (2 @)

a,eEN™

Taking sum over @ € N and applying Eq. (213)):

_A\8l
— @ % pa(2) 3 T @, () (0P 0a(6))

|
BeNn B
Taking sum over 8 € N and applying Eq. (ZI3)):

= (A1(&) 1 p2(2)) (Aa(€) *1 p1(2)),
Hence we get Eq. (223). O

2.2. The (-adic Topologies Induced by B;[¢, z] on C[¢, z]. We have
seen that the algebras B[, 2] (t € C) share the same base vector
space C[¢, z] and, by Proposition 2.6 (c¢), they are all commutative
free algebras generated freely by & and z. Therefore, we may talk
about the f-adic topologies on C[¢, z] induced by the algebras B,[¢, 2]
(t € C), which are defined as follows.

For any t € C[¢, z] and m > 0, set Uy, to be the subspace of C[¢, 2]
spanned by the monomials £ *; 27 of B,[¢, 2] with o, 8 € N* and
| + B| > m. The f-adic topology induced from the algebra B;[¢, ]
is the topology whose open subsets are the subsets generated by Uy,
(m € N) and their translations by elements of B[£, z]. We denote by
T; this topology on C[¢, z].

The main result of this subsection is the following proposition.

Proposition 2.9. (a) For any s #t € C, we have T; # T;.

(b) For any t € C, the algebra isomorphism ®, : (B¢, 2|,T;) —
(A€, 2], To) is also a homeomorphism of topological spaces. Conse-
quently, (B.[€, 2], T:) (t € C) as topological spaces are all homeomor-
phic.

Proof: (a) Let {a, € N"|m > 1} be any sequence of elements of
N™ such that |o,,| = m for any m > 1.
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Set Uy, == £¥ %, 2% for any m > 1. Then, by the definition of T,
we see that the sequence {u,,} converges to 0 € C[¢, z] with respect to
the topology T;.

But, on the other hand, set r := s —t # 0. Then, by Eq. (Z14]), we
have

U, = EX™ % 29 = (£ — t0) ™2 = ((€ — s0) + rd)*m ™

- ¥ (7)o@

ByyeN”
ﬁ‘l"}/:am
a
= Z ( ;”) £ %, (0°2°) = o] mod (Usp).
FHa

From the equation above, we see that the sequence {u,,} does not
converge to 0 € CI[¢, z] with respect to the topology Ts. Hence T, # T;.
(b) Note that B;—¢[&, 2] is the usual polynomial algebra A[¢, z] and
O, : By€, 2] — A[, 2] is an algebra isomorphism. Furthermore, from

Egs. (1), (2I8) and (2.I9), we have
(2.24) Dy (£% %, 2P) = €22
for any «, § € N™.

Therefore, for any m > 0, we have, ®;(Uy ) = Uy, and ®; ' (Up,,,) =
Utm. Hence, we have (b). O

Actually, the proof above also shows that Proposition also holds
for the following topologies on C[¢, z] induced by the free algebras

By, 2] (t € C).
For any t € C[¢, z] and m > 0, set
(2.25) U= Y &% Cl2].
aeN™;
|ae| >m

Denote by T} the topology on CI[§, 2] generated by Uj,, and their
translations (as open subsets). Then, by a similar argument as in the
proof of Proposition 2.9] it is easy to see that the following corollary
also holds.

Corollary 2.10. (a) For any s #t € C, we have Ty # T,
(b) For any t € C, the algebra isomorphism @, : (B¢, 2], T) —
(A€, 2], T0') is also a homeomorphism of topological spaces.

Note that, due to the symmetric roles played by & and z, the corollary
above also holds if £ in Eq. (2.25)) is replaced by z.
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2.3. The Induced Isomorphism (®;), on Differential Operator
Algebras. For any t € C, denote by D,[¢, z| the differential opera-
tor algebra or the Weyl algebra of B¢, 2], i.e. the associative algebra
generated by the C-derivations and the multiplication operators of the
algebra B,[¢, z]. Since ®; : B¢, 2] — A[E, 2] is an algebra isomor-
phism (See Corollary 2.2]), it induces an algebra isomorphism, denoted
by (®y)s : Dy[€, 2] — DIE, 2], from the Weyl algebra D,[€, z] of B[¢, =]
to the Weyl algebra D[, 2] of A[¢, z].
Recall that the induced map (®;), is defined by setting

(2.26) (®)4(1) = Drotho®; =D, 01h o d_,

for any 1 € D,[¢, 2.
The main result of this subsection are the following two propositions,
even though their proofs are very simple.

Proposition 2.11. For any t € C, the following statements hold.

(a) 0; and 6; (1 <1 < n) are also derivations of B[E, z].

(b) For any 1 < i <mn, we have
(2.27) (D1)«(0) = 0,

(2.28) (P1)«(6:) = 6,

Proof: Note first that 9; and §; (1 < i < n) commute with A, hence
also with ®; for any ¢t € C. Then, Eqs. (Z27)) and (2.28) follows imme-
diately from this fact and the definition of (®;), given in Eq. (220).

(a) follows from the general fact that the induced map of any algebra
isomorphism maps derivations to derivations. It can also be checked
directly as follows.

For any f,g € B;[¢, 2], by Eq. (2.1)) and the fact that 9; (1 <i <n)
commute with ®; (¢ € C), we have

ai<f*tg>=ai(<b (@(N)i(9))) = @ (0:(@(N)il)))

O_¢((9::(f))Pe(g)) + Pt (Pe(£)(0:Pe(9)))
((I)t 9if)®4( 9)) t( f)®:(0; ))
:(aif) *0 g+ f *: (059).

(
Similarly, we can show that §; (1 < i < n) are also derivations of

B¢, 2. O B

Corollary 2.12. For any «, 5,7 € N", we have
(2.20) o) =t (1) €02t
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(67

(2.30) ST (6% %, 2P) = ! (7) (6977 %, 2P).

Proof: Note that, by Eqgs. (211) and (2.12), we know that, for any
a,B € N* &% % 2% will remain the same if we replace the (usual)
product of A[¢, 2] in the factors £ and 2° by the product *; of B,[¢, 2].
By Proposition 211, (a), we know that d; and §; (1 < i < n) are also
the derivations of B;[¢, z]. From these two facts, it is easy to see that
both equations in the corollary hold. O

Proposition 2.13. Foranyt € C and f (&, z) € C[¢, 2], (D¢). maps the
multiplication operator of B[, z] by f(&, z) (with respect to the product
) to the multiplication operator of A[, z] by ®(f (&, z)) (with respect
to the product of A[E, 2]).

Proof: We denote by 1y the multiplication operator of B,[¢, z] by
f(&, z) (with respect to the product *;). Then for any u(&, z) € C[¢, 2],

by Egs. (2.26]) and (2.1]) we have
((I)t>*(wf>u(£v Z) = ((I)t © ¢f © (I)t_l)u(gv Z) = (I)t (f(gv Z) *t (I)t_l(u(gv Z)))

Hence, the proposition follows. O

By the proposition above and Egs. (2.18]) and (2.19), we also have
the following corollary.

Corollary 2.14. For any t € C, \(§) € C[¢] and p(z) € C[z], ().
maps the multiplication operators of Bi[€, z] by M) and p(z) (with
respect to the product %;) to the multiplication operators of A[E, z] by
A(&) and p(z) (with respect to the product of A€, z]), respectively.

Note that, as pointed out before, the algebras B[, z| (t € C) share
the same base vectors space C[, z]. Therefore, their Weyl algebras
D€, 2] (t € C) are all subalgebras of the algebra of linear endomor-
phisms of C[¢, z]. The following corollary says that all these subalgebras
turn out to be same, i.e. they do not depend on the parameter ¢t € C.

Corollary 2.15. For anyt € C, as subalgebras of the algebra of linear
endomorphisms of C[¢, 2], D&, z] = DIE, z].

Proof: By Proposition 28], (¢), we know that B[, z| is a commu-
ative free algebra generated freely by ¢ and z. By Proposition 2.1T],
(a), we know that 0; and d; (1 < i < n) are also derivations of B,[¢, z].
Therefore, the Weyl algebra D,[¢, z] as an associative algebra over C
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is generated by the derivations 0;, ¢; (1 < i < n) and the multipli-
cation operators (with respect to the product ;) by &,z € B¢, 2]
(1<i<n).

By Egs. 2I4]) and (215]), we see that the multiplication operators
by &,z € By, 2] (1 < i < n) are same as the operators §; — tJ; and
z; — td; which lie in D[, z]. Hence we have D,[¢, z] C DIE, z].

To show D[¢, z] C Dy[E, 2], by Proposition 2T1], (a), it will be enough
to show that the multiplication operators (with respect to the product
of A&, 2]) by &, 2z € A€, 2] (1 < i < n) also belong to D;[¢, z].

But, for any f(&, z) € C[¢, 2], by Egs. (2.14]) and (2.15), we have

glf(gv Z) = (52 - tﬁl)f(gv Z) + tﬁlf(gv Z) = gl *t f(gv Z) + tﬁlf(gv Z)?
zif(§2) = (2 —t6;) f(&,2) + 16, [ (§, 2) = 25 % f(&,2) + 6 (€, 2)-

From the equations above, we see that the multiplication operators
(with respect to the product of A[E, 2]) by &, z; € Al€, 2] (1 < i < n)
do belong to D[, 2]. O

3. Connections with Interchanges of Right and Left Total
Symbols of Differential Operators

In this section, we show in Theorem [3.1] that the isomorphisms ®;
with ¢ = £1 coincide with the interchanges between total left and right
symbols of differential operators of the polynomial algebra A|z].

First, let us fix the following notation and convention for the differ-
ential operators of A[z].

We denote by Dlz] the differential operator algebra or the Weyl
algebra of A[z]. For any differential operator ¢ € D[z] and polynomial
u(z) € Alz], the notation ¢ u(z) usually denotes the composition of ¢
and the multiplication operator by u(z). So ¢ u(z) is still a differential
operator of A[z]. The polynomial obtained by applying ¢ to u(z) will
be denoted by ¢(u(z)).

Next, let us recall the right and left total symbols of differential
operators of the polynomial algebra A|[z].

For any ¢ € D[z], it is well-known (e.g. see Proposition 2.2 (pp.4)
in [B] or Theorem 3.1 (pp.58) in [C]) that ¢ can be written uniquely
as the following two finite sums:

(3.1) = an(2)0" = 0°bs(2)
aeNn? BeENn

where a,(z),b5(2) € C[z] but denote the multiplication operators by
aq(2) and bg(z), respectively.
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For the differential operator ¢ € D[z] in Eq. (B1]), the right and left
total symbols are defined to be the polynomials ) » aa(2)E* € C[E, 2]
and ZBeN” bs(2)€P € C[E, 2], respectively. We denote by R : D[z] —
C[¢, 2] (resp. £ : D[z] — CIE, 2]) the linear map which maps any ¢ €
Dz] to its right total symbol (resp. left total symbol).

Note that, by the uniqueness of the expressions in Eq. (3.1]), both R
and £ are isomorphisms of vector spaces over C. The interchange of
the left (resp. right) total symbol of differential operators to their right
(resp. left) total symbols is given by the isomorphism R o £~ (resp.
Lo R from C[¢, 2] to C[¢, 2].

The main result of this section is the following theorem.

Theorem 3.1. As linear maps from C[E, 2] to C[¢, 2|, we have
(3.2) d=RoL L
(3.3) P 1 =LoRL
Proof: Note first that, Eq. (3.3)) follows from Eq. (3.2)) and the fact
that ®,—_; = &, !, = L.

To show Eq. (3:2)), since both ® and R o £~ are linear maps, it is
enough to show that, for any «, 8 € N", we have

(3.4) B(£%2P) = (Ro L1 (€22P).
Since
(3.5) (Ro L7 (*2") = R(9°27),

so we have to find the right total symbol of the differential operator
028 € D[z].
Note that, for any dummy u(z) € C[z], by the Leibniz rule, we have

B o= X (M) @)

yEN? v

- (; ((;‘) (a'vzﬁ)aa—v> u(z).

Therefore, the right total symbol of the differential operator 9%z° €
Dlz] is given by

wee) = Y (o= Y (T)er@s)

yeN? yEN? v

= 3 e @)

yeN®
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Combining the equation above with Egs. (2.13) and ([2.20) with ¢ =

—1, we have
(B7)  R@) = € 2 = By (€927) = B(E%P).
Hence, we have proved Eq. (3.4]) and also the theorem. O

Corollary 3.2. For any A(§) € C¢] and p(z) € C[z], we have
(3.8) RA@)p(2)) = A(E) *i=-1p(2).
(3.9) L(p(2)A(0)) = AE) * p(2).
Proof: By Egs. (8.2]) and (2.20) with ¢t = 1, we have
RA@)p(2)) = RLTHAMEP(2))) = (Ro LT (AE)p(2))
= P11 (A(E)p(2)) = ME) *i=—1 p(2).
So we have Eq. (3.8). Eq.(33) can be proved similarly by using
Egs. B3) and (220) with ¢t = —-1. O
Finally, we end this section with the following one-variable example.

Example 3.3. Let n =1 and ¢ = 2°03. Then,
R(¢p) = R(2*0°) = £2°.
L(9) = L(*0°) = € x 2% = (2 = 0)*¢’
= (27 — 226 +6H)E = 2% — 6672 + 6.
Therefore, we have
¢ = 220 = 9°2* — 60°2 + 60.

§
§

4. A Re-formulation of the Image Conjecture on Commuting
Differential Operators of Order One with Constant
Leading Coefficients

In this section, we show that the algebra B[, 2] (¢ € C) is closely
related with a theorem (See Theorem [A.T]) first proved in [Z3] and also
with the so-called image conjecture (See Conjecture [.3]) proposed in
[Z3] on the differential operators £ — t0 (t € C).

In Subsection 4.1l we use certain Taylor series expansion of elements
of B[, 2] to give a new and more conceptual proof for Theorem [.1]
In Subsection 1.2, we first give a new formulation (See Conjecture [4.5])
for Conjecture in terms of the algebra B,[¢, z] and the notion of
Mathieu subspaces (see Definition L.2) introduced in [Z4], and then
show in Theorem that the new formulation is indeed equivalent to
Conjecture E3]
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4.1. The Taylor Series with Respect to the Product *;. First,
let us recall the following elementary fact on polynomials in £ and z.

For any f(&,2) € A[E, 2], we may view f(§,z) as a polynomial in
¢ with coefficients in A[z]. Then it has the following Taylor series
expansion

(4.1) fle2) =Y & eale)

aeN”

for some c,(z) € Alz].

Let ev, : A[¢, z] — Alz] be the evaluation map of A€, z] at £ = 0, i.e.
for any u(§, z) € A[¢, 2], ev,(u):= u(0, z). Then, the c4(2) (o € N") in
Eq. (1) are given by

(4.2) calz) = ev, (5°F).

Note that another characterization of the evaluation map ev, is that
ev, is the (unique) algebra homomorphism from A[¢, z] to A|[z] with
ev, (&) = 0 and ev,(z;) = z; for any 1 <i <mn.

Now, come back to our algebras B,[¢, 2] (t € C). By Proposition 2.0],
(¢), we know that B,[¢, 2] is also a commutative free algebra generated
freely by £ and z with the same base vector space C[¢,z]. Hence,
we should expect similar expansions as in Eq. (d1]) for polynomials
f(&, 2) € C[¢, 2] with respect to the product *;.

But, in order to formulate the expected expansions precisely, we need
first to introduce the analogue of the evaluation map ev, for the algebra
Bt [é-, Z] .

Note that, by Proposition 2.6 (b), the subalgebra of B¢, z] gener-
ated by z is also A[z] C C[¢, z]. Parallel to the second characterization
of the evaluation map ev, mentioned above, we let £, be the unique
algebra homomorphism from B,[¢, z] — A[z] such that £;(§;) = 0 and
Ei(z;) =z forany 1 <i <n.

Note also that, by Egs. (2.I8)) and (219), the algebra isomorphism
O, : By, 2] — A[E, z] maps & (resp. z;) to & (resp. z;) for any 1 <
i < n. Hence the composition ev, o ®; : B,[¢, 2] — A[z] has the same
characterizing property of €;. Therefore, we have

(43) (C‘Jt = ey, o (I)t.

Furthermore, we can also derive a more explicit formula for &; as
follows.
For any o € N" and p(z) € C[z], consider

(4.4) E(£7p(2)) = ev, (P:(E7p(2)))
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Applying Eq. (2:20) and then Eq. (2.14]) with ¢ replaced by —t:
= ev, (£ %4 p(2)))
= ev, (€ +10)* (p(2))) = 110" (p(2)).

From the formula above, we see that, for any g¢(z,&) € Clz,¢],
Ei(g(z,£)) € C[z] can be obtained by, first, writing each monomial
of g(z,&) as £°27 (3,7 € N"), i.e. putting the free variables &;’s to the
most left in each monomial of g(z,&), and then replacing the part &°

by the differential operator ¢#l0? and applying it to the other part 27
of the monomial. For examples, we have

&(1) =1;
E(27) = (t0)"(2") = 2° for any o € N™;
&€ =tlor(1) =0 for any 0 # a € N";
E(2E3) = 202 (") = m(m — 1)t22 2 for any m > 2.

Now we are ready to formulate and prove the expected expansion of
polynomials with respect to the new product #*;, which is parallel to
the Taylor expansion in Eq. (4.1]).

Theorem 4.1. For anyt € C and f(&, z) € C[¢, 2|, we have

(4.5) fle2) =Y = e aale),
(46) f62) = 3 (€~ 10 a(2),

where, for any a € N",
(4.7) ao(z) = E(0Vf).
Furthermore, the expansions of the forms in Egs. ({.9) and (4.6) for
f(&, 2z) are unique.
Proof: Note first that, by Eq. (2.14]) in Proposition [2.4] Eq. (4.5]) and
Eq. ([40]) are actually equivalent. So we will focus only on Eq. (£5).
The uniqueness of the expansion in Eq. (L3 follows directly from
Proposition 26|, (a)-(c).
To show that Eq. (£3]) with a,(2) (o € N") given in Eq. (A7) does
hold, we first write the Taylor series expansion of ®;(f(&,z2)) as in

Eq. (41):
(1) /(6 2) = Y o €aa(2)

aeN”
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where a,(z) € Clz] (o € N") are given by
(4.9) aa(2) = ev, (67 Py(f))-

Applying ®_; to Eq.(4.8) and, by Eq. (2.20) with ¢ replaced by —t,
we get Eq. (4.0)).

Next, note that 6% (v € N*) commute with A, hence they also com-
mute with ®; = e'*. Then, by Egs. ([£3) and ([&3)), we have

aa(2) = €v, (1(07f)) = (ev, 0 )(°f) = & (0 f).
Therefore, Eq. (A1) also holds. O

Several remarks on Theorem [L.1] and the proof above are as follows.

First, Theorem A1l with ¢ = 1 was first proved in [Z3]. The proof in
[Z3] is more straightforward. It does not use the algebra B[, z] and the
product *;. But the proof given here is more conceptual. For example,
the expansion in Eq. (£6]) becomes much more natural after we show
here that it is just the usual Taylor series expansion of polynomials as
in Eq. (4] but in the new context of the algebra B,[¢, z].

Second, Eq. (A7) can also be derived directly from Eq. (£.0) as in
[Z3]. Namely, apply 6% to Eq. (d.6]) and then replace £ by t0 in both
sides of the resulting equation.

Third, not all formal power series f (¢, z) € A[[¢, 2]] can be expanded
in the form of Eq. (£0) or (44). For example, let n =1 and f(§,2) =
e®* and assume that (Z6) holds for f(&,z). Then, by the argument
in the previous paragraph, we see that a,,(z) (m > 0) must be given
by Eq. (@.1). But, for the series d™f(£,2) = 2™ ) .50 (ka!)k, &; is not
well-defined, which is a contradiction. -

Another way to look at the fact above is as follows. Even though
BLE, 2] (t #0) and A[E, 2] share the same base vector space C[¢, 2], by
Proposition 2.9, we know that they induce different ¢-adic topologies
on C[¢, z]. Therefore, their completions with respect to the different
(-adic topologies will be different. In other words, the formal power
series algebras with respect to the product *; (¢ # 0) and the usual
formal power series algebra A[[¢, z]] do not share the same base vector
space anymore.

For the example f(&,2) = €% above, we have f(£,2) € AJ[¢,2]].
But, by the argument in the proof of Proposition with a,, (m > 1)
replaced by m, it is easy to see that, for any t # 0, f(¢, z) = €% does
not lie in the completion of B,[, z] with respect to the f-adic topology
on C[¢, z] induced by B[E, z]. Therefore, f(£,2) = €% can not be
written as a formal power series with respect to the product *; as in

Eq. (4.5).
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4.2. Re-Formulation of the Image Conjecture in Terms of the
Algebra B[, z]. First let us recall the following notion introduced
recently in [Z4].

Definition 4.2. Let R be any commutative ring and A a commutative
R-algebra. We say that an R-subspace M of A is a Mathieu subspace
of A if the following property holds: if a € A satisfies a™ € M for all
m > 1, then, for any b € A, we have ba™ € M for all m > 0, i.e.
there exists N > 1 (depending on a and b) such that ba™ € M for all
m > N.

From the definition above, it is easy to see that any ideal of A is
automatically a Mathieu subspace of A, but not conversely (See [Z4] for
some examples of Mathieu subspaces which are not ideals). Therefore,
the notion of Mathieu subspaces can be viewed as a generalization of
the notion of ideals.

Next, for any t € C, set

n

(4.10) Im (§ —t0):= Y (& — t&)C[¢, 2.

i=1

We call Im (£ —t0) the image of the commuting differential operators
(& —t0;) (1 <i<n).

With the notion and notation fixed above, the image conjecture pro-
posed in [Z4] for the commuting differential operators (£ — t0) can be
re-stated as follows.

Conjecture 4.3. For any t € C, Im (¢ — t0) is a Mathieu subspace of
the polynomial algebra A[E, z].

One of the motivations of the conjecture above is the following the-
orem proved in [Z3].

Theorem 4.4. Conjecture[4.5 implies the Jacobian conjecture.

Actually, it has been shown in [Z3] that the Jacobian conjecture is
equivalent to some very special cases of Conjecture[4.3l For more detail,
see [Z3].

The main result of this subsection is to show that the conjecture
above can actually be re-formulated as follows.

Conjecture 4.5. Set (C[¢, z]:= Y% &C[E, z]. Then, for any t € C,
ECIE, 2] as a subspace of B[, 2| is a Mathieu subspace of B4[€, z].

Theorem 4.6. Conjecture[4.] is equivalent to Conjecture [{.3,
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Proof: First, denote by & x; C[¢, 2] the ideal of B,[¢, 2| generated by
& (1 <1 < n). View & %, C[¢, 2] as a subspace of A[¢, z] and apply
Eqgs. (4.10) and (2.14]), we have

(4.11) £ —t0) = Zgl*t — ¢+, Cl¢,7].

Second, by Egs. (2.1 and (m), we have
Dy (€ # C[¢, 2]) = Pu(§)Pe(CE, 2]) = £C[E, 2]

Hence, we also have

(4.12) € x Cl¢, 2] = @71 (EC[E, 2]) = @_4(£C[E, 2]).
Combine Egs. (411]) and (412), we get
(4.13) ®_,(EC[E, 2]) = Im (£ — t0).

Third, by Proposition 4.9 in [Z4], we know that pre-images of Math-
ieu subspaces under algebra homomorphisms are still Mathieu sub-
spaces, from which it is easy to check that Mathieu subspaces are pre-
served by algebra isomorphisms. By using this fact (on the algebra
isomorphism ®_; : B_4[{, 2] = A[¢, 2]) and also Eq. (£13]), we see that,
€CIE, 2] is a Mathieu subspace of B_;[¢, 2] iff Im (£ — t0) is a Mathieu
subspace of A€, z].

Replacing ¢t by —t in the equivalence above, we have that, £C[¢, 2] is
a Mathieu subspace of B,[¢, z| for any ¢ € C iff Im (£ +t0) is a Mathieu
subspace of A[¢, z] for any t € C iff Im (§ — t0) is a Mathieu subspace
of A[¢, 2] for any t € C. Hence, we have proved the theorem. O

From Theorems [£.4and [4.6] we immediately have the following corol-
lary.

Corollary 4.7. Congecture [{.J] implies the Jacobian conjecture.

Remark 4.8. Note that, when t = 0, Conjecture [{.5 is trivial since
€CIE, 2] is an ideal of the algebra Bi—o[&, z] = A€, z]. In general, Con-
jecture [{.9 in some sense just claims that the algebras B[, z] (t € C)
do not differ or change too much from A&, 2] so that the vector subspace
ECIE, 2] still remains as a Mathieu subspace of B¢, z].

From this point of view, the triviality of the deformation By[E, 2]
(t € C) of the polynomial algebra A[E, z| given in Corollary 2.3 may be
viewed as a fact in favor of Conjecture [{.5, hence also to the Jacobian
conjecture via the implication in Corollary [{.7.

Remark 4.9. Conjecture [{.5 and also the Jacobian conjecture can be
viewed as problems caused by the following fact. Namely, due to the
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change of the algebra structure from A[E, z| to By[€, 2], the evaluation
map at & = 0, which is an algebra homomorphism from A&, 2] to Alz],
is not an algebra homomorphism from B[, z| to Alz] if t # 0. There-
fore, its kernel EC[E, 2] does not remain to be an ideal of By[€, z] any-
more.

But, on the other hand, as we will see later in Subsection [2.2 (See
Theorem [5.2 and Remark[5.4), the same fact for the evaluation map
at £ =1, ie & =1(1<i<n), in some sense also causes something
truely remarkable, namely, the generalized Laguerre polynomaials.

5. Connections with the Generalized Laguerre Polynomials

In this section, we study some connections and interactions of the
monomials of the algebra B[, z] in £ and z with the generalized La-
guerre polynomials in one or more variables.

In Subsection 511, we briefly recall the definition and the orthogonal
property of the generalized Laguerre polynomials. In Subsection [5.2]
we show that the generalized Laguerre polynomials can be obtained
from certain monomials of the algebra B[, z] in £ and z (See Theorem
and Corollary [5.3)).

In Subsection[5.3], we study some applications of the connection given
in Theorem 5.2l We first use certain properties of the generalized La-
guerre polynomials to derive some results on some monomials of B[¢, ]
in £ and z. We then use some results derived in Section 2 on the al-
gebra B¢, z| to give new proofs for some important properties of the
generalized Laguerre polynomials (see Proposition [B.11] and Theorem

b.12).

5.1. The Generalized Laguerre Orthogonal Polynomials. First,
let us recall the generalized Laguerre orthogonal polynomials in one
variable.

For any £ € R and m € N, the generalized Laguerre polynomial
L[r,lﬂ(z) in one variable is given by

(5.1) LH(z) = i (:’;f];) (=2

|
j=0 o

Here we are only interested in the case that £ € N. For any fixed
k € N, the generating function of the generalized Laguerre polynomials
LL,’?(Z) (m > 0) is given by

exp(—

[k
(5.2) 1_““ ZL (
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where u above denotes a formal variable which commutes with z.

The multi-variable generalized Laguerre polynomials are defined as
follows.

Let k = (ki,ko, ..., k) € N” and o = (aq,asz,...,a,) € N". The

generalized Laguerre polynomials in n-variable z = (21, 29, ..., 2,) i
defined by
(5.3) L(2)= Ly (20) Ly (z2) - - L (z0).

The polynomials L,(z) := L([S}(z) (v € N™) are the so-called the
(classical) Laguerre polynomials. They were named after Edmond. N.
Laguerre [L]. The generalized Laguerre polynomials were introduced
much later by G. Pélya and G. Szegd [PS] in 1976.

One of the most important properties of the generalized Laguerre
polynomials is the following theorem.

Theorem 5.1. For any k, o, 5 € N, we have

50 [ e d -,

ol

Y

where 045 is the Kronecker delta function and w(z) given by
(5.5) w(z):= Ke X1 ®,

The function w(z) above is called the weight function of the gener-
alized Laguerre polynomials L\ }(z) (v € N™).

Consequently, with any fixed k, the generalized Laguerre polynomi-
als L¥ ](z) (a € N™) form an orthogonal basis of C[z] with respect to
the Hermitian form defined by

5.6 Go)= [ FEE e

where g(z) denotes the complex conjugation of the polynomial g(z) €
Clz].

There are many other interesting and important properties of the
generalized Laguerre polynomials. We refer the reader to [Sz], [PS,
[AAR] and [DX] for very thorough study on this family of orthogonal
polynomials. See also the Wolfram Research web sources [W1] and
[W2] for over one hundred formulas and identities on the (generalized)
Laguerre polynomials.

5.2. The Generalized Laguerre Polynomials in Terms of the
Product *. The main result of this subsection is the following theo-
rem.
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Theorem 5.2. For any k,a € N", we have

(5.7 L¥(es) = T e ),
D

5:5) R R a!

where £z:= (§121, 6222, .., §n2n)-
In particular, for the Laguerre polynomaials, we have

|al
!

|al
!

—1)lal
(5.9) Lo(&2) = ( ;? % % 2%,

Proof: We first prove Eq. (5.9). Note first that, as pointed out in
Subsection 2.1 [Z4], the Laguerre polynomials L,,(z) (m € N) in one
variable can be obtained as

1
(5.10) L, (2) = W(@ —1)™(=").
Changing the variable z — £z in the equation above, we get
1 1
Ln(€2) = — (€710 = 1) (€72"™) = —€ (9 - ©)™(€"=")
1 —1)™
= Lo = o,

By Eq. (E3) with k = 0 and the equation above, we see that the
multi-variable Laguerre polynomials L,(z) (« € N*) can be given by

—1)lel
(5.11) Lo(e) = " e - oy )
Then, apply Eq. (214) with A(§) = £* and ¢t = 1, we get Eq. (59)).

To show Eq. (51), recall that we have the following well-known iden-
tity for the one-variable generalized Laguerre polynomials, which can
be easily derived from the generating functions of the generalized La-
guerre polynomials in Eq. (5.2):

(5.12) LE(2) = (=1)*0% Loy ir(2).

Now, by Eq. (53] and the equation above, we see that the multi-
variable generalized Laguerre polynomials can be given by

(5.13) LM (2) = (=1D)Mo* Loy (2).
Changing the variable z — £z in the equation above, we get
(5.14) Ly(€2) = (=M (9" L) (2)

= (~1)MET M (Lari(€2))
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Applying Eq. (5.9) and then Eq.(2.29):

_ (_1)|o¢\ g—kak(ga-i-k*za—i-k).

(a+k)!
(_1)‘(1' — e @
= 7Rk 5 29,
Hence, we get Eq. (5.7)). Switching ¢ and z in Eq. (5.7) and using the
commutativity of the product *, we get Eq. (5.8). O

Corollary 5.3. For any k, a« € N, we have

(D)

Lo(z) = ol (&% * Za)|§=1 ;

£¥(e) = L e

—1)lal
LK) = ( ') 2R g otk
al

e

where |,_, denotes the evaluation map from C[¢, 2] to C[z] by setting
& =1 forany 1 <i<n.

Remark 5.4. Note that, the evaluation map |,_, viewed as a linear
map from A[€, z] to Alz] is a homomorphism of algebras. But, as a
linear map from the algebra B¢, z] to the polynomial algebra Alz], it is

not a homomorphism of algebras anymore. In particular, we have

(€% % za)\§:1 # 1% 2% = 2°.

Otherwise the generalized Laguerre polynomials would be trivialized.

Therefore, in some sense, the fact that the evaluation map |,_, :
B, 2] = Alz] fails to be an algebra homomorphism causes the non-
trivial, actually truly remarkable, generalized Laguerre polynomials.
But, on the other hand, as we have discussed in Subsection [{.9 (See
Remark[{.9), the same fact for the evaluation map at & = 0 also causes
some extremely difficult open problems such as Conjecture [{.5 and the
Jacobian conjecture.

Another immediate consequence of Theorem is the following
corollary.

Corollary 5.5. For any o, 8 € N, we have
(5.15) EP (&% % 29TP) = 2P (2P & 2).
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Note that the corollary follows immediately from Eqs. (5.7)) and (5.8)
with k = 8. But here we also give a more straightforward proof.
Proof: Consider

(€% % 27%7) = (€~ 9+ 0)7 (€™ x 2°77)

-y ( ) £ 0P (€% % 204

~YEN™

Applying Eq. (2.29) and then Eq.(2.14):

. B (O‘_‘_ﬁ) B— % OTB—
-3 (et orme s

) (5)%55 T (€% % 275

B s (5)((cvi(§a+ﬁ—w*za+ﬁ—7).

— ~)!
“/GN” fy 84 + B f}/)

By switching £ <> z in the argument above and using the commuta-
tivity of the product %, it is easy to see that we also have

p |
ZB(€O‘+B % Za) _ ZN: (5) (a(j‘—; ?)7)' (ga-ﬁ-ﬁ—'y % Za-i—ﬁ—’Y)‘
YyEN™

Hence Eq. (5I5) follows. O

5.3. Some Applications of Theorem [5 F 1rst let us derive some

identities for the exponential series exp, (- ) = el of the algebra B, 2],
i.e. the usual exponential series but with the product replaced by .

Proposition 5.6. Let u = (uy,us, ..., u,) be n free commutative vari-
ables. Set Exz:= ({121, Ea%2a, ..., Enkzy) and (Ex2)ui= Y1 (&*z)u;.
Then, for any k = (ky, ks, ..., k,) € N", we have

n (€izi) ug
exp(— =)
-k (¢k —(Ex2)u\ __ 1-u;
(5.16) £ (§ * €, ) = ZI:II —(1 A
n (€izi) us
H eXpl{— =

(1= w)htt
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In particular, when k = 0, we have the following expression of the
exponential exp,(—(& * 2)u):

(5.18) exp, (—(& x 2)u) =[]

i=1

Proof: We give a proof for Eq. (516). The proof of Eq. (5I7) is
similar.

First, by the commutativity and associativity of the product * and
also by Proposition 2Z.6] (b), it is easy to see that, for any «, 5 € N",
we have

(5.19) (6% % 2%) % (6P x 2P) = €oFP 4 2015,
(5.20) (§x2)™ = (€% % 2%),
where (€ * 2)** denotes the “a'™ power of (£ x z) with respect to the

new product .
By the last two equations above and Eq. (5.7)), we have

(5.21) f_k (fk *eXp*—(ﬁ*z)u) _ Z (_;')W g—k(ga-i-k % Za)ua

aeN”

=) LM

aeN”?

On the other hand, by Egs. (5.2]) and (5.3]), we see that the generating

function of the multi-variable generalized Laguerre polynomials L (2)
(o € N™) is given by

exp(— 20)

(1 — u,)

n exp( lzz ZLLZZ
52 [ 22O = 3 e
=1 aeN”
Replacing z by £z in the equation above, we get
n (ﬁzzz)uz
eXp 7%
ORI | e
=1 aEeN"™

Combining Egs. (521)) and (5.23]), we get Eq. (516). O

Next we use the connection given in Theorem to derive more
properties on the monomials in £ and z with respect to the product *
from certain results on the generalized Laguerre polynomials.

For convenience, for any a € N, we set

(5.24) Lo(2;8):= &% % 2%,
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Note that, by Egs. (5.1)) and (5.9]), the polynomials L,(z; &) (o € N™)
are polynomials with coefficients in Q. In particular, for any fixed
€ € (Roo)™, by Egs. (5.1) and (5.9), it is easy to see that the polynomials
Lo(z;:€) (o € N™) are polynomials in z with real coefficients and form
a linear basis of C|[z].

The next proposition says that this basis is also orthogonal with
respect to the following weight function:

(5.25) we(2):= e~ &2 H &,
i=1
Proposition 5.7. For any «, 8 € N”, we have
(5.26) / Lo(2;€)Lg(2;€) we(2) dz = (a))*Sap-
(R>0)™
Proof: Note that, under the change of variables z; — &z (1 <i <

n), by Egs. (59) and (5:24) the Laguerre polynomials L,(z) will be
changed to

—_1)le
(5.27) %@%%@F(QLW@.

By Eq. (5:25)) and also Eq. (5.5]) with k = 0, the weight function w(z)
of the Laguerre polynomials is changed to
(5.28) w(z) = we(z) [T &7
i=1
Now, apply the same changing of the variables to the integral in
Eq. (54]) with k = 0, by the last two equations above, we get

(—1)letbl
629) s /() Lal(5:€) Lo €) wel2) d=

Hence Eq. (5.26) follows. O

Denote by Agl€, 2] the polynomial algebra in € and z over Q. Next
we assume n = 1 and consider the irreducibility of the polynomial
Lo(z:€) (o € N™) as elements of Ag[¢, z|. But, first, we need to prove
the following lemma.

Lemma 5.8. Let £ and z be two commutative free variables and K any
field. Then, for any f(z) € K[z] withdeg f > 2, f(z) is irreducible over
K iff f(&z) € K[, 2] (as a polynomial in two variables) is irreducible
over K.
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Proof: The (<) part of the lemma is trivial. We use the contradic-
tion method to show the (=) part of the lemma.
Assume that f(£z) is reducible in K[¢, z]. Write

(5.30) f(§2) = g(& 2)h(&, 2)

for some g(&, 2), h(§, 2) € K[, z] with deg g,degh > 1.
Setting £ = 1 in the equation above, we also have

(5.31) f(z) =g(1,2)h(1, 2).

Let K be the algebraic closure of K. Write f(z) = bezl(z —a;) for
some b € K\{0} and a; € K (1 <i < d). Then we have

(5.32) f(&2) =b]J (€2~ an).

Since f(z) is irreducible over K and deg f > 2 by the assumption,
we have a; # 0 (1 < i < d). Hence, for each i, {z — q; is irreducible in

K[, z]. Then by Egs. (530) and (5.32), we have
(5.33) 9(6,2) = e[ [ (€2 = as)
k=1

for some c € K\{0}, 1 <m <dand 1 <i; <ip <---<ip <d.

However, the equation above implies ¢(1, z) = ¢ [, (¢ —a;, ). Since
g(&,2) € K[¢, 2], we also have ¢(1,z) € KJ[z]. Then by Eq. (E31)),
g(1,2) is a divisor of f(z) in K[z] with 1 < degg(1l,2) = m < d =
deg f(z), which contradicts to the assumption that f(z) is irreducible
in K[z]. O

Theorem 5.9. Let & and z be two commutative free variables. For any
m > 2, Ly (2;8) = €™ % 2™ is irreducible in Agl€, z].

Proof: By a theorem proved by I. Schur [Scl], we know that, for any
m > 1, the Laguerre polynomials L,,(z) in one variable is irreducible
over Q. Hence, by Eq. (59) and Lemma 5.8 the theorem holds. O

Note that I. Schur also proved in [Sc2] that the generalized Laguerre
polynomials Lw(z) (m > 0) in one variable are also irreducible over Q.
Furthermore, M. Filaseta and T.-Y. Lam proved in [FL] that, for any
non-negative k € Q, all but finitely many of the generalized Laguerre
polynomials LL,’?(Z) (m > 0) in one variable are irreducible over Q.
Hence, by a similar argument as for Theorem [5.9 we also have the

following theorem.
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Theorem 5.10. Let & and z be two commutative free variables. Then,
for any k € N, all but only finitely many of the polynomials z=*(£™ *
2R and ETR(EMTF « 2™) (m € N) are irreducible over Q.

Next, we re-prove some important properties of the generalized La-
guerre polynomials by using their expressions given in Theorem (B2
For simplicity, we here only consider the one-variable case. Similar
results for the multi-variable generalized Laguerre polynomials can be
simply derived from the one-variable case via Eq. (5.3]).

First, let us look at the following recurrent formulas of the Laguerre
polynomials in one variable.

Proposition 5.11. For any m > 1, we have
(5.34) (m~+1)Lpi1(z) = 2m+1—2)Ly(2) — mLy,—1(2),
(5.35) 2Ll (2) = m(Ly(2) — Lin_1(2))
Proof: Note first that, for any m > 1, by Eqgs. (2.I4]) and (2I5), we
have
Ex 2™ = (£—0)2" =&2™ —m2™
2k ™ = (2 — )M = 2™ — mgm L,
Hence, we also have
Exz=¢x—1,
M =Ex 2™+ ma™
2E™ =z % EM 4+ mEmL
By the last three equations above and also Eq. (Z23]), we have
(€2 = 1)(E™ * 2™) = (€ # 2)(€" x 2™) = (2€™) * (£2™)
= (2% ™+ mEM™ ) % (Ex 2™+ mz™ )
= My ML Lo €M k2™ 2Tk L

Multiply (—1)™/m! to the equation above and then apply Eq. (5.9]), we
get

(Ez—1)Lp(€2) = —=(m+ 1) Lypy1(€2) + 2m Ly, (£2) — mLy, 1 (€2).
Replace £z by z in the equation above, we get
(z=1)Lp(2) ==(m+1)Lpi1(2) + 2mL,,(2) — mL,_1(2),

Hence Eq. (5:34) follows.
To show Eq. (5.35), by Egs. (215) and (2.30), we have,

Emx 2™ =z (EM 2T = (2 = 0) (€M % 2T
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— Z(fm * Zm—l) - m(é-m—l * Zm—l)
. ]' m m m—1 m—1
= mz8(§ x2™) —m(EMT % 2.
Multiply (—1)™/m! to the equation above and then apply Eq. (5.9]), we
get
1 1
Ln(€2) = 0L (€2)) + Lincr (62) = €L (€2) + Lunr(€2).
Replace £z by z in the equation above, we get
1
Ln(z) = EZL/m(Z) + Lp—1(2).
Hence Eq. (5.38) follows. O

Next, we give a new proof for the following important property of
the generalized Laguerre polynomials in one variable.

Theorem 5.12. For any k,m € N, Lw(z) solves the following so-
called associated Laguerre differential equation:

(5.36) 2f"(2) + (k+1—=2)f'(z) + mf(z) = 0.

Proof: First, by Eq. (5.]), we have L([)k}(z) = 1. It is easy to see that
the theorem holds for this case.
Assume m > 1. Then, by Eq. 2.13]), we have

EE™ ™ x2™) = E(zx (€M x2m7h)
=&(z = 0) (€ % 2"
— £Z(£m+k % zm—l) . gé(gm—i-k % Zm_l).

Add 20(£€™F 5 271 to the equation above and apply Eq. 21)), we
have

E(E % ) 4 20" 1 )
= (MR 5 MY — (€6 — 20)(EmTF % 2™
(€2 — k= (€™ 4 ),

By Eq. (2.29), we may re-write the equation above as

(7 4 27) 4 P (€5 2 = (g2 — k— 1) % )

—k

Multiply % to both sides of the equation above and then apply
Eq. (51), we have

mLI(Ez) + 267 P (L(€2)) = (€2 — k = D)ETTO(LE)(¢2)).

1
m
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By the Chain rule, the equation above is same as
mIW(E2) + 26(BP L) (62) = (€2 — k — 1)(DLY) (&2).
Replace £z by z, or z by €71z in the equation above, we get
mLE(2) + 20°LE(2) = (2 — k — D)OLE)(2).

Hence we have proved the theorem. O

Finally, let us point out the following conjecture on the generalized
Laguerre polynomials, which is a special case of Conjecture 3.5 in [Z4]
for all the classical orthogonal polynomials.

Conjecture 5.13. For any k € N*, the subspace M of the polynomial

algebra Alz] spanned by the generalized Laguerre polynomials L([}f}(z)
(0 # o € N") is a Mathieu subspace of A[z].

Despite the vast amount of known results on the generalized Laguerre
polynomials in the literature, the conjecture above is even still open
for the classical Laguerre polynomials, (i.e. the case with k = 0) in one
variable.
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