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THE COHOMOLOGICAL CREPANT RESOLUTION CONJECTURE FOR
THE HILBERT-CHOW MORPHISMS

WEI-PING LI AND ZHENBO QIN't

ABSTRACT. In this paper, we prove that Ruan’s Cohomological Crepant Resolution Conjecture
holds for the Hilbert-Chow morphisms. There are two main ideas in the proof. The first
one is to use the representation theoretic approach proposed in which involves vertex
operator techniques. The second is to prove certain universality structures about the 3-pointed
genus-0 extremal Gromov-Witten invariants of the Hilbert schemes by using the indexing
techniques from [LiJ], the product formula from and the co-section localization from
[KL1l [KL2, [LT]. We then reduce Ruan’s Conjecture from the case of an arbitrary surface to
the case of smooth projective toric surfaces which has already been proved in [Che].

1. Introduction

In [ChR], Chen and Ruan defined the orbifold cohomology ring H¢y(Z) for an orbifold Z.
Motivated by orbifold string theory from physics, Ruan [Ruan] proposed the Cohomological
Crepant Resolution Conjecture. It eventually evolved into the Crepant Resolution Conjecture
after the work of Bryan-Graber, Coates-Corti-Iritani-Tseng and Coates-Ruan [BG [CCIT] [CoR].
Roughly speaking, assuming that an orbifold Z has a crepant resolution W, then the Crepant
Resolution Conjecture predicts that the orbifold Gromov-Witten theory of Z is ring isomorphic
(in the sense of analytic continuations, symplectic transformations and change of variables of type
q = —e") to the ordinary cohomology ring of W plus those quantum corrections on W which
are related to curves contracted by the crepant resolution. We refer to [BGl [Chel [Coal and the
references there for other excellent examples confirming the Crepant Resolution Conjecture.

In this paper, we prove that Ruan’s Cohomological Crepant Resolution Conjecture holds for
the Hilbert-Chow morphisms. Let X be a smooth projective complex surface, and X" be the
Hilbert scheme of points in X. Sending an element in X to its support in the symmetric
product X" we obtain the Hilbert-Chow morphism p, : X" — X which is a crepant
resolution of singularities. Let H} (X ["]) be the quantum corrected cohomology ring (see Sect. 4
for details).

Theorem 1.1. Let X be a simply connected smooth projective surface. Then, Ruan’s Cohomo-
logical Crepant Resolution Conjecture holds for the Hilbert-Chow morphism py, i.e., the rings
Hj. (X)) and HEg (X™) are isomorphic.

This theorem has been proved earlier when n = 2,3 [CQJ, when K is trivial [FG| [LS],
and when X is a smooth toric surface [Che]. We also refer to MO, [OP] [Zho) for
discussions when X is quasi-projective.

There are two main ingredients in our proof of Theorem [Tl The first one is the axiomati-
zation approach originated from [Lehl and formulated in [QW]. This approach involves
Heisenberg algebra actions and vertex operator techniques pioneered in [Gro, [Nak]. We recall
that a graded Frobenius algebra over a field k is a finite dimensional graded vector space A with
a graded associative multiplication A ® A — A and unit element 14 together with a linear form
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T : A — k such that the induced bilinear form (a, b) := T'(ab) is nondegenerate. For k > 1, the
k-th co-product 7y, : A — A®* is defined by requiring (7. (a),b1 ® - -- @ by,) = T'(aby - - - by,). Now
the axiomatization in states that the algebra structure on each A in a sequence of graded
Frobenius algebras A" (n > 0) is determined if
(A1) the direct sum @, A affords the structure of the Fock space of a Heisenberg algebra
modeled on A := Al
(A2) There exists a sequence of elements Gy (o, n) € Al depending on o € A (linearly)
and a non-negative integer k. Define the operators (’~5k(a) on ,, A"l which act on the
component A via multiplication by Gj(e,n) € A", The operators ék(a) and the
Heisenberg generators satisfy:

Gi(la) = _%:c& o (Ton14), (1.1)
Br(@).a(8)] = —a*ap) (1.2)

k!

where : a? :q is the zero mode in the normally ordered product : a® :, and a{fl} () denotes

the k-th derivative with a'’! (a) = a_;(a) and ot} (a) = [&1(14), a7 (a)] for k > 1.
When (A1) and (A2) are satisfied, the algebra A" is generated by the elements
ék(a,n) ceAM  aeAk>0.

In addition, the product is determined by (1) and (I2). On one hand, with A"l = Hg, (X ™)
(viewed as an algebra over C), the results in (see Theorem [B] below) indicate that (Al)
and (A2) hold for the rings H¢g (X (). On the other hand, by [Gro, Nak] and [LL], the rings
Al = Hj (X" (= H*(X["]) as vector spaces) also satisfy (A1) and (I). Moreover, using
[Che], we prove that (L2]) holds when X is a smooth projective toric surface.

To prove that the rings A" = H; (X (]} satisfy ([C2) for an arbitrary surface X, our second
main ingredient comes into play. It involves finer analysis of the virtual fundamental cycle
using the method in [LiJ] and the co-section localization technique in [KLIl [KT.2l [LT]. Let
X[mdl he the moduli space of 3-pointed genus-0 degree-d stable maps to X", By [LL], every
stable map (¢,C) € X4 has a standard decomposition ¢ = (¢1,...,¢;) € X[ where the
stable reduction 5 is contained in X%l for some n; and d;, pn,(Im(p;)) = nz;, the points
xy,...,x; are distinct, and p(p) = >, i(p) for all p € C. We use the ideas from to
index the support of p,(Im(¢)) = >, nz; € X™. This is done by introducing the notion of
3-pointed genus-0 degree-6 a-stable maps to X[, where o = (aq,--- , ;) denotes a partition
of the set [n] = {1,...,n} and 6 = (01, -+ ,0;) with ¢;’s being nonnegative integers. The set of
such pairs (a,d) with )7, 6; = d is denoted by Pp,).4. The techniques in and the product
formula in for Gromov-Witten invariants enable us to express the virtual fundamental
cycle [XI™]V in terms of certain discrepancy cycles [O1*°]], (a, ) € Py, 4. In fact, one of the

3

key points in the paper is to study such decomposition of [X ["*d]]"ir as a sum of cycles indexed
by the partition type of p,(Im(¢)) € X(™. However, this cannot be done on the moduli space
X[ The technique to overcome this impasse is to introduce the Hilbert scheme of a-points
X[l and an non-separated space XI="l following [LiJ]. Then the cycle ev,([X[™d]vir) is a
sum of various [O[*%] in (X[="1)3 Even though the space X[="] is not Hausdorff in analytic
topology, all the operations involving X[="! in this paper are all algebraic topological, such as
pullbacks of cohomology classes and cap products, which are defined on any topological spaces.
Combining with the co-section localization theory in [LT], pairings with [©[*®]] can
be studied via C*°-maps from X to the Grassmannians. For d > 1, we assemble those [@[*:9]],
(a,8) € Ppyp,q with 6; > 0 for every i into a homology class 3,4 € H.((X[™)?). Note that we are
back to the original Hilbert scheme X[™. Now the structure of the 3-pointed genus-0 extremal
Gromov-Witten invariants of X[ is given by the following two theorems.
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Theorem 1.2. Let Ay, Ay, A3 € H*(X[”]) be Heisenberg monomial classes, and Ty, ; be the i-th
projection on (X™)3. Then, (A1, Aa, A3)o.ap, is equal to

3
Z Z <A1,1,A2,17A3,1> : <3m,d7 HW;,iAi,2> . (1-3)
i=1

m<n A1,1041,2=41
AQJ 0A212:A2
Ag 10Ag 0=A3

Theorem 1.3. Let Ay, Ay, A3 € H*(X["}) be Heisenberg monomial classes.
(i) If A; contains a factor a_;(x) for some i, then (3, 4, Hf’ L7 Ai) = 0.

(i) For 1 < i <3, let A = a_ o) (Ix)a_n,,(ai1) - an,, (@i,)|0) where u; > 0 and
lai1]| = ... = |aiu|=2. Then,

3 3w
<3n,d, 11 w:;,iAZ—> =[11]#Ex, ais)-p (1.4)
i=1 i=1j=1
where p is a polynomial in (Kx, Kx) whose degree is at most (n—>_, ;n; ;)/2, and whose
coefficients depend only on d,n, \(¥), n;; (and hence are independent of the surface X and
the classes o ;).

We refer to Definition for the operation o appearing in (L3, and to Definition for
the notation a_yu (1x) appearing in Theorem (ii). Geometrically, we may think of the
pairing (3,4, H?Zl W:n)iAi72> in (3] as the contributions of the non-constant components ¢; in
the standard decomposition of ¢ = (¢1,...,¢1) € X ["d]l " while those constant components ;
contribute to the factor (A 1, A21, As.1) in (L3).

Using Theorem and Theorem [[3, we are able to reduce the proof of ([2) for A" =
Hj (X ["]) from an arbitrary surface X to the case when X is a smooth projective toric surface.
This proves ([2) for A" = H o (X (") and hence completes the proof of Theorem 11

Finally, this paper is organized as follows. In Sect. 2, we review the Hilbert schemes of points
on surfaces and Heisenberg algebras. In Sect. 3, we recall from the results regarding
Hip (X (™). In Sect. 4, we review Ruan’s Cohomological Crepant Resolution Conjecture. In
Sect. 5, we prove Theorem [[.2] and Theorem [[33l In Sect. 6, we verify (2] and Theorem [[T1

Conventions: All the homology and cohomology groups are in C-coefficients unless otherwise
specified. For a subvariety Z of a smooth projective variety Y, we will use Z or [Z] to denote the
corresponding cycle/cohomology class, and use 1y to denote the fundamental cohomology class
of Y. The symbol A - B denotes the cup product for A, B € H*(Y). For Ay,..., A € H*(Y),
let (Ay,...,Ay) = [, A1--- A, By abuse of notation, for A € H.(W) and B € H*(W) of an
arbitrary topological space W, (A, B) also stands for the natural paring between the homology
group and the cohomology group. For subsets A and B of W, AN B C W stands for the
intersection of the two subsets; for A € H, (W) and B € H*(W), AN B € H.(W) stands for the
cap product.

Acknowledgment: The authors thank Professor Jun Li for offering enormous helps and sug-
gesting valuable ideas, without which this paper would be impossible to complete. In particular,
the crucial Lemma (5] Lemma and their proofs are due to him. The authors also thank
Professors Wan Keng Cheong, Yongbin Ruan and Weiqiang Wang for stimulating discussions.

2. Hilbert schemes of points on surfaces

Let X be a smooth projective complex surface with the canonical class Kx and the Euler
class ex, and X" be the Hilbert scheme of points in X. An element in X[ is represented by
a length-n 0-dimensional closed subscheme & of X. It is well known that X[ is smooth. For a
subset Y C X, define

M, (Y) = {€ € X Supp(¢) = {z} for some z € Y}.
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Let Z, = {(£,2) € XM x X |z € Supp(£)} be the universal codimension-2 subscheme of X" x X
Let p; and py be the two projections of X[ x X . Let

—+o0
Hx = P H*(X™)
n=0

be the direct sum of total cohomology groups of the Hilbert schemes X ™.
For m > 0 and n > 0, let Q™" = () and define Q"*+™™ to be the closed subset:

{(€.2,m) € X7 X 5 X[ € 5 and Supp(L, /Ie) = {a}}.

We recall Nakajima’s definition of the Heisenberg operators [Nak]. Let n > 0. The linear
operator a_p(a) € End(Hx) with o € H*(X) is defined by

a_(a)(a) = pr-([Q" "™ - 5 a - p3a)

for a € H*(X ™), where p1, f, p2 are the projections of X+ x X x Xl to X [m+nl x xm]
respectively. Define the linear operator a, () € End(Hx ) to be (—1)" times the operator obtained
from the definition of a_,,(«) by switching the roles of p; and pa. We also set ag(a) = 0.

For n > 0 and a homogeneous class o € H*(X), let |a| = s if & € H*(X), and let G;(c, n) be
the homogeneous component in H/*+2¢(X[]) of

G(a,n) = p1.(ch(Oz, ) - pitd(X) - phar) € H* (X))

where ch(Oz,) denotes the Chern character of Oz, and td(X) denotes the Todd class. Set
Gi(a,0) = 0. We extend the notion G;(a,n) linearly to an arbitrary class o € H*(X). The
Chern character operator ®;(a) € End(Hy ) is defined to be the operator acting on the component
H*(X")) by the cup product with G;(a,n). It was proved in that the cohomology ring
of X" is generated by the classes G;(a,n) where 0 < i < n and « runs over a linear basis of
H*(X). Let @ = 61(1x) where 1y is the fundamental cohomology class of X. The operator
0 was first introduced in [Leh]. For a linear operator f € End(Hx), define its derivative f by
i = [0,f]. The k-th derivative {*) is defined inductively by §f*) = [0, §*=1)].

Let : a0y, @ be a0y, when my < mo and a,,,a,,, when m; > mo. For £ > 1, 73, ¢
H*(X) — H*(XF) is the linear map induced by the diagonal embedding 7 : X — X¥, and
Uy« Oy (Tha () denotes 5 ap, (1) - @y (@) When Tear =30 a1 ® -+ ® a i via the
Kiinneth decomposition of H*(X").

The following is a combination of various theorems from [Nakl [Grol [Lehl LQWT]. Our notations
and convention of signs are consistent with [LQW?2].

Theorem 2.1. Let k> 0,n,m € Z and o, 5 € H*(X). Then,

(i) the operators a,(a) satisfy a Heisenberg algebra commutation relation:

[am(a), an(B)] = —=m 6m,—n - (@, B) - Idm -

The space Hx is an irreducible module over the Heisenberg algebra generated by the
operators a,(a) with a highest weight vector |0) = 1 € HO(X%)) = C.

(i) B1(a) = _% L0 1 (raea) = Y ”T_l LUty : (T (K xa)).

() [(a), a1(8)] = ;- 0% ().

The Lie brackets in Theorem 2.1] are understood in the super sense according to the parity of
the degrees of the cohomology classes involved. Also, Theorem 211 (i) implies that Hx is linearly
spanned by the cohomology classes a_,, (a1)---a_y, (ax)|0) where & > 0 and ny,...,np > 0.
These classes are called Heisenberg monomial classes.
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Definition 2.2. Let o € H*(X), and A = (---(=2)™=2(=1)"-11™12"2...) be a generalized
partition of the integer n = ", im; whose part ¢ € Z has multiplicity m;. Define £(X) =", m;,
N =3 im; =n, s(A) =, i%m;, \' =[], m;!, and

ay(a) = H (ai(o‘))miv ax(Tea) = <H(ai)mi> (U(A)M)

i i
where [T, (a;)™ is understood to be ---a”’y*a™ "a" a5’ - --. A generalized partition becomes a
partition in the usual sense if m; = 0 for every ¢ < 0. A partition A of n is denoted by A - n.

The next three theorems were proved in [LQW3].

Theorem 2.3. Let k>0, n € Z, and o« € H*(X). Then, aP) (o) equals

(—n)*k! Z %CL)\(T*O[) - Z 5’(;\317)\_!151)\(7-*(6)(@))

L(N)=k+1,|]A|=n L(N)=k—1,|A|=n

+ Z Z f\e)\\(!M ax(7x (eq))

ee{Kx,K%} L(N)=k+1—|e]/2,|A\|=n

where all the numbers fic|(\) are independent of X and a.
Theorem 2.4. Let k >0 and o € H*(X). Then, () is equal to
1 s(A) —2
— Z yﬂ)\(T*a) + Z T)\!GA(T* (GXOC))

L(N)=k+2,|]A|=0 L(N)=k,|A|=0

+ Y 3 J 'E'A(!A) ax (7 ()

e€{Kx, K%} L(A)=k+2—[e]/2,|A|=0

where all the numbers g|c|(A) are independent of X and a.

Theorem 2.5. Letn>1, k>0, and o € H*(X). Then, Gi(a,n) is equal to

(—=p-
> X o e (ma)lo)

0<j<k A-(Gi+1)
L(N)=k—j+1

RN sV —
LR IDY (A!.ll)Al!'l)\Hz(zxA) 2 1y naoa(rlexa)))

0<j<k | MGy

N)=k—j—-1
(—1)PMg g (A + (17+1))
+ > > e B 1 (1) 8-a (T (€0))[0)
2 J
EE{UK;JS;;X} z(x):?ci(jill)—\ew

where 1_(,_;_1y denotes a_1(1x)" =1 /(n—j—1)! when (n—j—1) > 0 and is 0 when (n—j—1) <
0, the universal function g is from Theorem [2.4], and X + (19F1Y) s the partition obtained from
A by adding (j + 1) to the multiplicity of 1.

Lemma 2.6. [a,, -y, (The @), Gy -+ O (T4 5)] 08 equal to

k s Jj—1 s
- Z Z nt(snt,—mj ' H Ay H Qn, H Ay (T(kJrsz)* (CYB))
=1

t=1 j=1 1<u<k,uztt I=j+1

The above lemma was proved in [LQW?2], and will be used implicitly in many proofs throughout
the paper. The following geometric result was proved in [LQWJ].
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Proposition 2.7. Let the classes a1,...,ap € ®i_H'(X) be respectively represented by the

cycles X1,..., X, C X in general position. Then, the Heisenberg monomial class
t k
U._i(lx)si
(I ) (Tt | 0
i=1 v j=1

is represented by the closure of the subset consisting of elements of the form
t

k
D iat &)Y G (2.1)

i=1 j=1
where & m € Mi(xi,,) for some x;m € X, & € My, (x;) for some x; € X;, and all the points
Tim, 1 <1 <t, 1<m<s; and zj, 1 < j <k are distinct.

Theorem 2.9 in |[LQW4] expresses a Heisenberg monomial class in terms of a polynomial of
the classes G (y,n). The following lemma is a special case.
Lemma 2.8. Let A - ng, o € H*(X) with |a] =2, and m > 1.
(i) Then, the class 1_(,_nya—x(2)|0) € H*(X[M) can be written as a polynomial of the
classes Gi(xz,n),k > 0. Moreover, the coefficients and the integers k depend only on A
(hence, are independent of n and X );
(ii) If the odd Betti numbers of the surface X are equal to zero, then

1 (n—ng—m)@-A(2)a—m(a)[0) = (Kx,a) - Fi(n) + Z G (a,n) - Fa,i(n)

where Fi(n) and Fy;(n) are polynomials of the classes Gi(x,n),k > 0. Moreover, the
coefficients of Fi(n), Fa(n) and the integers k,k; depend only on A and m (hence, are
independent of n,« and X ).

Proof. These follow from the same proof of Theorem 2.9 in [LQW4] by setting Z = C-2 C H*(X)
and Z=C- -2+ C-a C H*(X) respectively. O

Next, we define some convenient operations which will be used intensively.

Definition 2.9. Let A =a_,,(a1) - a_p,()|0) where nq,...,n; > 0.
(i) f B=a_,,(01) - a_m,(8s)|0) with mq,...,ms > 0, then we define

AoB=a_n (1) a—n ()a—m, (B1)- - a-m,(5)]0). (2:2)
(ii) We use the symbol B C Aif B =a_,, (a;,) - a_n, (@;,)[0) with 1 <idy < ... <is <.

A
In this case, we use A/B or AB~! or = to denote the cohomology class obtained from

A by deleting the factors a_,, (@i,),...,0-n, (@)

3. The ring Hip(X™)

For an orbifold Z, the ring HEy(Z) was defined by Chen and Ruan [ChR]. For a global
orbifold M /G where M is a complex manifold with a finite group G action, the ring structure of
H{g (M/G) was further clarified in [FGl [Uri.

Next, let X be a closed complex manifold, and let X(") = X "/S, be the n-th symmetric
product of X. An explicit description of the ring structure of H¢p (X (")) has been obtained in
[FG]. An alternative approach to the ring structure of Hgg (X (™) is given in via Heisenberg
algebra actions. Put

—+oo
Fx = @ Hy (X ).

n=0
In [QW], for « € H*(X) and n € Z, the Heisenberg operators p,(a) € End(Fx) were defined
via the restriction and induction maps. Moreover for k > 0, the elements O (a,n) € HEg(X™)
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were introduced via the Jucys-Murphy elements in the symmetric groups. Put Og(c,n) = 1/k! -
OF(a,n). Let the operator Ox(a) € End(Fx) be the orbifold ring product with O(a,n) in
HE*JR(X(")) for every n > 0. The operator OD1(1x) plays the role of the boundary operator

0 = &1 (1x) for the Hilbert schemes. Define p;[,ff} (o) inductively by putting p;{,g} (o) = pm(a) and
p;[f} () = [Dl(lx),p;{f_l}(oa)] for k > 1. The following result was proved in [QW].
Theorem 3.1. Let X be a closed complex manifold. Then,

(i) the operators p,(a) € End(Fx) (n € Z,oe € H*(X)) generate a Heisenberg (super)algebra
with commutation relations given by

[pm(a)upn(ﬁ)] = mém,—n : <a7ﬁ> IdFy
where n,m € Z, o, € H*(X), and Fx is an irreducible representation of the Heisenberg
algebra with the vacuum vector |0) =1 € H*(pt) = C.

(ii) O4(1x) = —% :p3 0 (Telx). In general, Oy (a) is equal to

Y e Y ea) | (3.1)

L(N)=k+2,|A|=0 L(N)=k,|A|=0

(ili) [Or(a),p_1(8)] = %p{_kl} (aB), and both sides are equal to

oY e Y e rexan)

N)=k+1,]A|=—1 ((N)=k—1,]A|=—1

Note that there is a fundamental sign difference in the two commutators of Theorems 211 (i)
and Theorems B1] (i). Since Og(a,n) = Or(a)p_1(1x)"]0)/n!, we see from formula BI]) that
the class Oy (a, n) is equal to

(—1)*- Z Z %W “1_(n—j—1yp-a(T)|0)

OIS
1 Al +s(A) —2
X X oy o leyparexa) ] 62

0<j<k AFG+D
L(N)=k—j—1

Moreover, as noted in [QW], the ring Hgg (X (™)) is completely determined by Theorem Bl (i), the
formula of D1 (1y) in Theorem 3] (ii), and Theorem B] (iii). In particular, the ring Hg (X ™)
is generated by the classes Oy («, n) where k > 0 and « runs over a fixed linear basis of H*(X).

4. Ruan’s Cohomological Crepant Resolution Conjecture

In this section, we briefly review the definition of Gromov-Witten invariants, and recall Ruan’s
Cohomological Crepant Resolution Conjecture for the Hilbert-Chow morphisms.

Let Y be a smooth projective variety. For a fixed homology class 3 € Hy(Y,Z), let 9, (Y, )
be the coarse moduli space parameterizing all the stable maps [p : (D;p1,...,pr) — Y] such that
(1<[D] = B and the arithmetic genus of D is g. The i-th evaluation map ev;: M, (Y, ) — Y is
defined by ev; ([ : (D;p1,...,pk) = Y]) = u(p;) € Y. It is known [FP] [LTT] [CT2] Behll BEF] that
M, 1(Y, B) is projective and has a virtual fundamental cycle [, (Y, B)'™ € Aq, (M, (Y, B))
where dy = —(Ky - )+ (dim(Y)—3)(1—g)+k. Let aq,...,an € H*(Y), and ev = evy X -+ - X evy
W%k(Y, B) — Yk, Then, the k-pointed Gromov-Witten invariant is defined by

<a1,...,ak>g,3 2/7 ev*(a1®...®ak). (4.1)
g, (Y,B)]V
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Next, let X be a smooth complex projective surface. Define the homology class
B = My(z1) + 224 ...+ Tn_1 € Hy(XM; 7) (4.2)

where x1,...,x,_1 are fixed distinct points in X. An irreducible curve C' ¢ X[ is contracted
to a point by p,, if and only if C' ~ df, for some integer d > 0. Let ¢ be a formal variable. For
W1, Wy, W3 € H*(X["}), define a function of ¢:

(wn, wa, w3y, (6) = 3 (w1, wa,ws)o.as, ¢
d>0

Definition 4.1. The quantum corrected cohomology ring H (X)) is the group H*(X[™]) to-
gether with the quantum corrected product wy -,, wo defined by

<w1 Pn w27w3> = <w17w27w3>pn(_1)' (4'3)
Conjecture 4.2. (Ruan’s Cohomological Crepant Resolution Conjecture) The quantum corrected
cohomology ring H; (X ("]} is ring isomorphic to Hg (X ™).

Our idea to deal with Conjecture is to use the axiomatization approach mentioned in the
Introduction. On one hand, letting A" = HgL (X™) and Gi(a,n) = Ok(a,n), we see from
Theorem (1] that both (A1) and (A2) in the Introduction hold for the rings Hgg (X ™). On the
other hand, by [Grd, [Nak], the rings A" = Hy (XY also satisfy (A1) with A = Al = H*(X).
To deal with Axiom (A2) for H} (X)), we now define the elements G (a,n) € Hy. (X,

Definition 4.3. Let k >0 and o € H*(X). Define Gi(a,n) € Hj (X)) to be
)\>\|—1

> X (_/\}W "1 (n—j-1)08-x(T)|0)

0<j<k Amﬂ)
—j+1

LY s(\) —
vy GUS RSN e smexao) @)

‘ T 24
0<j<k AF@G+1)
L(N)=k—j—1

Remark 4.4. By definition, Go(a,n) = 1_ (n—1)a-1()|0) = Go(a, n). Also,
~ 1
Gi(a,n) = —51 (n—2)0-2()|0) = G1(a,n).

In general, we see from Theorem 5] that the class Gy (v, n) consists of those terms in Gy (a, n)
which do not contain the canonical divisor Kx.

Note from the definition of the operator & (a) on ©nH (X)) that

<6k(a)w17w2> = <ék(a7n) ‘pn ’LU1,U)2> = <ék(o‘an)7w1aw2>Pn(_1)

for wi,wy € Hj (X)), For convenience, we introduce the operator 6k(o¢; q) by

(Gk(as q)wr, wo) = > (Gr(0,m), w1, w2)o.as, ¢°- (4.5)
d>0
In the rest of this section, let the smooth projective surface X be simply connected. By
Remark 4] G1(1x,n) = G1(1x,n). Thus by [LL],
1

él(lx) = —6 : Cl3 0 (Tg*lx). (46)

So (L) holds for the rings H,; (X ["]) as well. To verify Ruan’s conjecture for p,, it remains
to show that (L2) holds for H; (X ("), For the right-hand-side of (IZ), we have the following
which follows from (6] and the same proof of Theorem 23 (i.e., Theorem 4.4 in [LQW3]).
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Lemma 4.5. Let k>0, m € Z, and o € H*(X). Then, a,{,f}(a) is equal to

1 A) -1

(—m)*k! Y. gwma) - > %m(n(exa)) . 0
L(N)=k+1,|X[=m LN)=k—1,|]A\|=m

Comparing with Theorem 23] we see that the operator a;{y}f ' () consists of those terms in

asylf) () which do not contain the canonical divisor Kx.

Lemma 4.6. Let X be a smooth toric surface. Then (L2) holds for X",

Proof. Recall that P? and the Hirzebruch surfaces F, are smooth toric surfaces, and admit T =
(C*)%-actions. By the Proposition in Subsection 2.5 of [Ful], X is obtained from P? or F, by a
succession of blow-ups at T-fixed points.

Now let a® (a), H;;T(X["]) and pT (), Heg (X ™) be the equivariant versions of a,, (@), Hj. (Xl
and Py, (@), HEg (X ™) respectively. By [Chel, the equivariant version of Conjecture 2 holds for
X, i.e., there exists a ring isomorphism

*,T n *, n
Ul HEg (X)) — H2T (XM
sending \/—1n1+"'+n8_5p1£n1 (a1)---pL, (@)]0) to al,, (e1)---aL, (as)]0). Note that up to a
scalar factor which depends only on the partition A = (nq,...,ns) and the tuple q = (1. .. ),
our notation p*, (a1)---pT,, (s)|0) coincides with the notation \(@) used in [Che]. Also, our

notation al, () coincides with the notation p,, () used in [Che]. The integer ny +...+ns — s is
the age. Passing the map W' to the ordinary cohomology, we obtain a ring isomorphism

U, : Hip (X™) — H (xn)

which sends /—1 poni (1) popn,(a)|0) toa_y, (aq) -+ - a_p, (as)]0). Using (32) and
@), we see that ¥, (v—1 Ox(a,n)) = Gi(a,n).
Next, let A =a_,, (a1) - a_n, (as)|0) € H*(XM~1). By definition,

[Br(@), a1 (A4 = Br(@)a1(B)A - a1(8)Bk(a)A
= Gi(a,n)-a_1(B)A —a_1(8)(Sk(a,n — 1) - A).

Put P =p_p, (1) - -p_n.(as)0) and a = ny + ...+ ns — s. Let o denote the orbifold ring
product. Then, ¥, (p_l(ﬁ)(\/—_lkOk(a, n—1)e \/—_1aP)) equals

a_l(ﬁ)\lfn(\/—_lkok(a, n—1)e \/__1“13) =a_1(8)(&r(a,n—1) - A),
and \Ifn(\/—_lap_l(ﬁ)P) =a_1(B)A. So [61(),a_1(B)]A is equal to

U, (V=T Orla, ) @ V=1"p_1(B)P) — U (p—1(B) (V=T Or(cr,n — 1) @ V=1"P)).
Since Ok (a,n) e p_1(8)P = Ok (a)p_1(B)P, we obtain
(B (0). a1 (B4 = V1" 0 ([Dr(a), 1 (8))P).

By Theorem [31] (iii), we conclude that [6 (), a_1(8)]A is equal to

ni+...+ns—s

a 1 A)—1
VI e [ Y ammesps Y Ol exan)p
L(N)=k+1 L(N)=k—1
Al=—1 IAl=—1

Finally, by the definition of ¥,, and Lemma 5] [6 (), a_1(3)]4 is equal to
1 s(A) —1 1
Y gmea- Y U a i exama = 5o @p)A

24\! kT
L(N)=k+1 L(N)=k—1
Al=—1 Al=—1
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Therefore, [6 (), a_1(8)] = 1/k! - a{_kl} (aB). Hence (I2)) holds. O

5. Extremal Gromov-Witten invariants of Hilbert schemes

In this section, we study the structure of extremal Gromov-Witten invariants of X[ for a
smooth projective surface X. We will use the ideas and approaches in [LiJ], and adopt many
presentations, notations and results directly from [LiJ]. In addition, the product formula in
Beh2] and the co-section localization in for Gromov-Witten theory will play
important roles. For convenience, we assume that X is simply connected.

5.1. Hilbert schemes of a-points and partial equivalence. In this subsection, we introduce
some new spaces related to Hilbert schemes to provide a platform where, in the subsequent
subsections, we can construct cycles 3,4 € H.((X[)3) derived from various virtual cycles of
moduli spaces of stable maps to these new spaces.

Let Y — T be a smooth family of projective surfaces over a smooth, projective base T'. The

relative Hilbert scheme of length-n 0-dimensional closed subschemes is denoted by Yr}n]. It is over
T and for any ¢t € T, Y U xr {t} = (v;)I"l. Define its relative fiber product Y2 =Y xp--- x7Y
(n times), and its relative symmetric product Y(n) Y /Sn.

Let A be a finite set with |A| = n. We define Y A= Yr}n}, Y( ) = Y("), and for accounting
purpose, denote

YTA = {(2a)acr| To € Y; for some t € T'}.

Using the Hilbert-Chow morphism py = p, : YT[A] — YT(A), we define the Hilbert scheme of
A-points to be

YQ[LA]] _ YF}A] Xy YA (5.1)

These spaces YT[[A]] can be thought of as Hilbert schemes of ordered points.
Let Pp be the set of partitions or equivalence relations on A. When «a € Pp consists of [

equivalence classes o, ..., q;, we write @ = (aq, ..., qq). For such a, we form the relative Hilbert
scheme of a-points as follows:
I
v = HY(C“) vt =Ty, vl = HYM (5.2)
i=1

[e] _

where the products are taken relative to 7. Note that Y, Yr} o Xy (@) YTA. The “indexing”
T

morphism is defined to be the second projection
in: vl — vA (5.3)
The spaces YT[[O‘]] and YTHB I are birational. To make this precise, we first fix our convention on
a partial ordering on Pp. We agree
“a> B = “a~gb=ar~y 7.
Namely, a > g if § is finer than . When = (S4,..., 3;), we put
aANB=(a1NpP1,...,aq0NPS,)

which is the largest element among all that are less than or equal to both a and 3. Note that

Pa contains a maximal and a minimal element. The maximal element is A consisting of a single

equivalence class A; the minimal element is 1% whose equivalence classes are single element sets.
For o« > 3 € Py, define

Eg:{xer‘Ha,beAsotha‘c Tg = T, G~ b, afgb}.
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For oo # 3 € Py, define =3 = =5, 5 U EiAﬁ. The discrepancy between YT[[O‘]] and YTMH (in YT[M)
and its complement are defined to be

=t =vlT k25 and v =yl - = (5.4)

More precisely, by Lemma 1.2 in [Li]], there exists a functorial open embedding ¢? : Yﬂ[[a]] — YTM]
induced by the universal property of the respective moduli spaces such that Im(¢%) = YOEW I Thus

o

we obtain an isomorphism (equivalence) ¢? : Yﬁ[[aﬂ = vl We define

vl = (TT v/ ~, (5.5)

B<a

where the equivalence is by identifying YVHB I c YTHB I and Y,@M C YT[M] via Cg for all B,v < a.

Note that YQ[LSO‘]] is non-separated (except when a = 1A), and contains the spaces YQ[LSM], 8 < a,
as open subschemes.

Even though the non-separated space YTHSB I comes into the picture, in later subsections, we
only perform standard algebraic topological operations on these non-Hausdorff spaces such as
pull-backs of cohomology classes and cap products. These operations are allowed on any topo-

logical spaces (see [GHI, [Iv [Sp]).

5.2. Stable maps to Hilbert schemes of ordered points. We incorporate stable maps into
the above constructions. This is motivated by the standard decompositions of stable morphisms
introduced in [LL]. For d > 0, we let

Y}n,d] = W(LB(YT[]I] 5 dﬂn)

be the relative moduli space of 3-pointed genus-0 stable maps to YT["] of class df,.
We study the standard decomposition of [u,C] € YT[n’d]. Given [u,C] € YT["’d], composed

with the Hilbert-Chow morphism p,,, we obtain p, ou : C' — Yr}n). Since the fundamental class
of u(C) is a multiple of the null class 8,, and C is connected, p, o u is a constant map. We
express pp o u(C) = Zi:l n;x;, where n; € Ny such that > n; = n, and a; are distinct. With
such data, for p € C, we can decompose u(p) = z1(p) U --- U z(p) such that z;(p) € YT[ni], and
Pn; (zi(p)) = n;x;. Because z; are distinct, such decomposition is unique. We define
u: C =Y wip) = z(p). (5.6)
Because of the uniqueness of the decomposition, one checks that u; are morphisms; since u,[C] =
dBy, we have u;[C] = d; By, for some d; > 0 such that ) d; = d. Using such data, we can define
the Hilbert-Chow map from YT["’d] to the weighted symmetric product of Y.
For the pair (n,d), we define the weighted symmetric product of Y to be
1
YT(n’d) = {Z di[nixiHl <l<n, x1, -,z €Y, distinct, for a ¢t € T}.
i=1
Here the formal summation > d;[n;z;] is subject to the constraints d; € N, > d; = d, n; € N
and > n; = n. Also, [n;x;] represents the multiplicity-n; 0-cycle supported at z;, and d; is its
weight. Thus d;[n;xz;] # [din;x;] and 0[z;] is non-trivial. Endow YT("’d) with the obvious topology
so that it is a stratified space such that the forgetful map YT(n’d) — YT(n) is continuous, proper
and having finite fibers.
We define the Hilbert-Chow map:

!
be : YT[n’d] — YT(n"d), [u] — Z d;[nix], (5.7)
i=1
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where (d;,n;, ;) are data associated to (u;) from (B.6]). Define he; : YT[n’d] — YT(n) to be the
composite of he with the forgetful map Yr}n’d) — Y}"). For a finite set A (of order n), define

Y%[A’d]] = Y}n,d] XYT(n) YT/w\ (58)

Definition 5.1. We call (a,d) a weighted partition of A if & = (aq,...,q) € Pa and § =
(01,...,01), 0; > 0 for every i. We define ), d; to be the total weight of («,0). For (A,d),
we denote by Pp 4 the set of all weighted partitions of A with total weight d. We say that

(,6) = (B,m) if = B and 3 5, 1 = 6, for every j.

For (a,d) € Pp.a, we form the relative moduli space of 3-pointed genus-0 degree-6 a-stable
morphisms to the Hilbert scheme of points:

Y:Z[La,(sﬂ _ Yj[Lala‘;l]] X oo X Y,J[Lahélﬂ. (59)

To simplify notations, the composition of YQ[LA’dH — Y}A’d} and be, : Y}A’d} — Yr}") will again be
denoted by be;.

5.3. Birationality. The key result Lemma [5.3] provides the comparison between Y[[ 91 and
Y:,[Lﬁ "H, which will be used in later subsections for the comparison of normal cones for Y:,[L ) and
Y,JEB ] .

For (a,8) > (8,n)[1 the pair YT[[O"‘;]] and YTHB M are “birational”. To make this more precise,
we introduce some notations. Given an element

A,d n,d
&= ([, 0L, (va)) € Y =¥ e VR,

where he([u]) = El 1 diln;x;] and such that > n;x; = ), ya (as 0-cycles in Y}")), we define a
pair (a(£),0(¢)) € Paa by

a(§) = (a1, ), ai={a € Afya=zi}; 0(§) = (d,---, dh).
Definition 5.2. For (8,7n) € Pa,q, we define

yIND — (e e yIMT | (a().0(9)) < (Bom))s

Y = (6 &) € Y ey (€), - hey(6,) mutually disjoint).

For (8,7n) < (a,9), we define (as fiber products over T')

l l

levo] _ [evi 6] (8.l _ [BNeinns;]
Yo = IIYGErammsy and Y5y = ITYes ™™
i=1 =1
Lemma 5.3. For («,9) > (8,m), we have a natural, proper surjective morphism

B ylesl _, yloal
S  Ygm — Vo) (5.10)

Proof. By definition, we only need to prove the case («,d0) = (A,d). Let & = ([u,C, pil, (va)) €
Y([[B[};gﬂ, with be([u]) = Zi 1 di[niz;). Let u; : C' — Y%n"] be as in (5.6). Denote a(¢) = (a1,---, a;)
and 9(§) = (dy, -+ ,d;). Since £ € Y] 8, 77)]] we have (a(£),0(€)) < (8,n). Thus we can form

ug, : C —» YT[m]; ug, (p) = Ua;cp,ui(p) € YT["i].
Because the degree of u; is d;, and (a(£),0(§)) < (8,n), the degree of ug, is ;. For 1 <17 <r, let
uy : Cg, — Y%m] be the stabilization of [ug,, C,p;]. Then (uf ,---,u¥ ) € Y:,[Lﬁ’nﬂ. It is routine
to check that

A,d , s s
R YE —YF ([,C) (ya)a) = (),

lWithout further mentioning o = (1, ...,0q) and = (B1, -+, Br).
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defines a morphism. By the definition of Y([Eg’cgﬂ, we have Im( fg) C Y([Efcgﬂ

We now show that Im( fg) = Y([Ef’;)ﬂ. Note that a closed point in Y([Ef’dgﬂ is an r-tuple

(&,--+,&) with & € V") such that e, (&), -bey (&) are mutually disjoint. Let & =
[u;, Ciypij]. Since [Cy, p; ;] are 3-pointed genus-0 nodal curves, we can find a 3-pointed genus-
0 [C,p;] and contraction morphisms ¢; : C — C; so that ¢;(p;) = pij;, j = 1,2,3. Since
ey (&1), - - bey (&) are mutually disjoint, the assignment p — u(p) = ug 01 (p)U---Uu,0d,(p) €
YT["} defines a morphism v : C' — YT[n]. We let & = [u, C, p,|** be its stabilization. Then & € Y([g%H,
and ¢y7(€) = (€1, ,&). Hence Im(¢}7) = 1/(%;7)“.

We check that CK’Z is proper. Let so € S be a pointed smooth curve over T'; let S* = 5 — 5.
Suppose £* is an S*-family in Y(HﬁA:;]] so that Cﬁg({*) = (&, - ,&) extends to an S-family
(&1, , &), we need to show that, possibly after a base change, £* extends to £ so that Cfg &) =
(& &)

Since Y}A’dﬂ is T-proper, possibly after a base change, we can extend £* to an S-family ¢ in

YTHA’d]]. Let £ be given by ([u, C,p;], (ya)), where each term implicitly is an S-family. Let ys, =
7 e Ad] .

Dacp Ya i S — Y}B ). By definition, &(s0) =& x5 {s0} € Y([[ﬂ)n)ﬂ if yg,(s0), - ,ys,(s0) are mu-

tually disjoint. Since CK’Z@*) = (&, , &), we have yg,

have ys, (s0) = be, (€ (s0)). Further, since (¢ (so), -+, &x(50)) € YR, bey (€1(50)), -+ bey (6(50)

g+ = heyoff. Since Y:ﬁ") is separated, we

are mutually disjoint. This proves that £(sg) € Y([g\n'fﬂ Then ¢ lies in Y(%A;gﬂ, and by the sepa-
ratedness of YTHA’dH, we have szg(ﬁ) = (&, ,&). This proves the properness. |

The morphism ¢ 5;’ fits into a fiber diagram that will be crucial for our virtual cycle comparison.
As we only need the case where (3,7) < («,9) is derived by a single splitting, meaning that
r =141, we will state it in the case (a,d) = (A,d), and (5,7n) = ((81, P2), (d1,d2)).

We first introduce necessary notation, following Behrend [Beh2]. Given a semi-group G = N
or N2, we call a triple (C,p;,7) a pointed G-weighted nodal curve if (C,p;) is a pointed nodal
curve and 7 is a map from the set of irreducible components of C' to G. We say (C, p;, T) is stable
if for any Cp = P! C C, either 7([Co]) # 0 or Cy contains at least three special points of (C,p;).
(A special point of (C,p,) is either a node or a marked point.)

We denote by My 3(d) the Artin stack of total weights d N-weighted 3-pointed genus-0 nodal
curves. We denote by D(dy,d2) the Artin stack of the data

{(Cap_]u T) — (Clapl,ja Tl)u (Cap_]u T) — (C2up2,j7 T2)}
so that (C,p;,7) is a stable total weight (di,d>2) N?-weighted 3-pointed genus-0 nodal curve,
(Ci,pi,js i) € Mo 3(d;), and the two arrows induce isomorphisms (C, p;, pr; o 7)%* 2 (Ci, pi j, Ti)s
where pr; : N2 — N is the i-th projection. (See the diagram (3) in for details.)
Lemma 5.4. Let § = (1, 82) be a partition of length two, and let n = (dyi,ds) with d = dy + da.
We have a Cartesian diagram

[A,d] 8.1
Yo — Yira)

l l

D(di, d2) ~Zh Mo a(dr) x Mos(da)
Further, (e1,€2) is proper and birational.

Proof. The proof is a direct application of Proposition 5 in [Beh2] plus the definition of Y([EBA;;;H.

Note that the second vertical arrow is induced by Y([Ef"ggﬂ C Y:,[Lﬁ ndil g Y:,[Lﬁ 242 5nd the forgetful

morphism Y:,[Lﬁi’di]] — Mo 3(d;). |
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5.4. Virtual classes and comparison of normal cones. As Y] — YT(n) is a finite quotient

map by a finite group, it is flat. Let [Y[O‘ 6]]"“ be the virtual class of Yr}a’é]. We define [Y:,[LO“(;]]]‘”I
to be the flat pullback of [Yr}a 5]]"“. Our goal is to inductively construct cycle representatives of

the virtual classes of YTHO"JH that are compatible via the comparison (/,’s B,

We recall the construction of virtual cycles in [BF| [LTT]. Let (E[aﬁ(;]) - L, 10091 /75 (Mo.s)! be

the standard perfect relative obstruction theoryl] of Y%a’é] — T x (Mos)!; let C[a)(;] C Flog) =
h'/h®(Efq,5) be its intrinsic normal cone. To use analytic Gysin map, we put it in a vector

bundle. Following [BF| , we can find a vector bundle (locally free sheaf) i, 5; on Yr}a’é] and
a surjection of bundle-stack Ej, 5 — hl/hO(E[a)(;]). Let Clo,5) C Eja,5 be the flat pullback of

Cla.5)- Then [Y; [a";]]"ir = O!E[a . [Cla,5)]; the image of the Gysin map of the zero-section of Ej, g).
Let po,s : Y[[a 3
be the flat pullback of Cl, 5 via E[o 5] — Ela,s]- The virtual class of YT[[O"’(;]] is equal to

«,d8]7vir * a,8]yvir * «,0
VS = (pas) [V = 0%, [Crag)] € Ho(1V55Q), (5.11)

— Y[a"é] be the tautological projection, Ej, s1 = p* sFia.s), and Cia.s1 C Efas
T [e,0] o, [, 0] [,0] [«,6]

where O*EH is the Gysin homomorphism of the zero section of Ef, 51, and |Y:,[£°"6]]| is the coarse

a,d8]
moduli space of Yfl[la’éﬂ. Also, put E[Ouls]] = pz,éE[aﬁ]? and let F[[oz,5]] = hl/hO(E[m(gﬂ) e pj;_’(;F[a)(;]
be the flat pullback. Let Cp, 5 C F[q,s1 be the flat pullback of Ci, 5) via Fq 51 — Fla,s)-

We now compare the cycles Cj, 5 using Cg '}, The tricky part is that the vector bundles Efa,s]
are not comparable. Thus we will state the comparison using cycles in F, 51, and later will use
the obstruction sheaf for accounting purpose.

Lemma 5.5. For pairs («, 6) (B,m), we have canonical isomorphisms
e (¢ (F[[ﬁ.,nﬂ|y([[fgz)ﬂ)i>F[[a,6]]|y([£3a;l6)ﬂ

that satisfy the cocycle condition: we have <p5’ (Cﬁ )*((pﬂ‘;) = <pa’§ for any triple («, 5) >

(8,m) > (,¢). Further, let gpa:;’ Fia, 5]]|Y[[a 51 — Fpg, n]]|y[[5 & be the projection induced by ¢, ’Z,
(8,m)

which is proper by Lemmali.3. Then

(@214 [Cha.sy |y[[a 511] [Cw,n]ﬂy([%u]-

Proof. By induction, we only need to prove the case where ¢(8) = ¢(a) + 1; by definition this
follows from the case (o, d) = (A, d) and 8 = (f1, B2) with n = (d1,d2), which we suppose in the

remainder of this proof.

Yq(ﬁl) Yj(ﬁz)

Let y = (ya) € Y4 be a closed point so that ys, = pg, (Va)acs,) €
(defined similarly) are disjoint. We then form

‘/; = Y,l[.,ﬁl] Y(;—}z) {yﬁl} and V = Y{ ] Y(A) {PA(y)}

and yg, €

Note that yg, Nyg, = @ implies that V; ><T Vo C Y[’B | Also, there exists a canonical isomorphism
CB Vi xr Vs — V. Let V; (respectively, ) be the formal completion of Y[’B i (respectively, Y[ ])
along V; (respectively, V). The isomorphism Cﬁ induces

C:/[a\ Vixp Vo —V,
which is injective and smooth.

For notational simplicity, we denote I(V;) = Mo 3(V;, d;) with ¢5 in (5.12) being the tauto-

logical morphism induced by Vi — Y}ﬁi]

M(Vy xp Vo) = Mo3(Vi xp Va, (dy, ds))

; we let

2Here E(q,s) is a derived object locally presented as a two-term complex of locally free sheaves placed at [0, 1].
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with ¢; in (512 being the tautological morphism induced by Vi xp Vo — YT[A].

We consider the following commutative diagram of arrows, where ¢ is defined by sending
[u, C, p;] € M(Vi x7 Va) to (€1,&) with & = [m; ou, C, pj|** for m; : Vi x7 Vo — V; the projection;
¢’ is induced by ¢.

B,n

[A.d] ‘ala [6.1]

Yo — Yira

P11 ¥p2

W(Vi XT ‘72) XYT(;;) YT@ L> (W(Vi) XT ﬁ(ffg)) XYT(P) Yf
" Ve (5.12)
93?(171 X7 ‘72) L ﬁ(f/l) X7 93?(172)
L1 L2
Y%Ayd] Yr}ﬁ’"]

We let C; C F; be the intrinsic normal cone in the bundle stack of the obstruction complex of
the prefect relative obstruction theory of ﬁ(f/l X \72) — T x My 3. Because Vi xp Vo — YT[A’d]
is injective and smooth, we have (7(Cir,q) C Fia,q)) = (C1 C F1). Since Cpp g C Fpa g is the
pullback of C[A,d] C F[A,d]a we conclude @T(C[A,dﬂ C F[[A,d]]) = ZZJT(Cl C Fl).

Similarly, letting Co C F2 be the intrinsic normal cone in the bundle stack of the obstruction
complex of the prefect relative obstruction theory of M(V1) x 7 M(Va) — T x (Mo.3)?, we have
©5(Cramp € Frgyp) = ¥5(Co C Fa). Since ¢ and ¢y are injective and smooth, since ¢’ is
proper, since the top square is commutative, and since the image of 1 (respectively, of ©2)

covers Y([g\nlf]] (respectively, Y([KBJ)H) for y varying through Y} satisfying ys, Nys, = 0, to prove

that Fy q = (Cf:g)*F[[ﬁ,nﬂ and (cf;;’)*[c[m,dﬂ] = [Cpg,y); it suffices to show that we have the
canonical isomorphism and identity

Fi1 =~ ¢"Fy and ¢.[Cq] = [Cy), (5.13)
where ¢ : F; — F5 is the induced projection. But this follows from the Cartesian square

ﬁ(f/l X7 ‘72) L W(Vl) X ﬁ(%)

| l

T x @(dl,dg) — T x M073(d1) X M073(d2),

similar to the one stated in Lemma [5.4] (originally constructed in Proposition 5 of [Beh2]). Since
the lower horizontal line is birational, and 7' is smooth and projective, by Theorem 5.0.1 in [Cos],
we have the isomorphism and identities in (BI3]). This proves the lemma. O

5.5. Multi-sections and pseudo-cycle representatives. In this subsection, we use multi-

sections to intersect the cycles (4 s] to obtain pseudo-cycle representatives of [YTHO‘M]V“.

In the remainder of this section, we will work with analytic topology and smooth (C°°) sections.
Let V be a vector bundle over a DM stack W. In case W is singular, we stratify W into a union of
smooth locally closed DM stacks W = [[ W,,, and use continuous sections that are smooth when
restricted to each stratum W,. Without further commenting, all sections used in this section are
stratified sections; we denote the space of such sections by C(W, V). Also, we will use |W| and
|V| to denote the coarse moduli of W and V.

We recall the notion of multi-sections, following [FOL [LT2]. We first consider the case where
W = U/G is a quotient stack and V is a G-vector bundle on U. Let S™(V) — U be the
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n-th symmetric product bundle of V. A liftable multi-section s of V' (of multiplicity n) is a G-

equivariant section s € C(U, S™(V))¢ such that there are n sections s1,- -+ , s, € C(U, V) so that s
is the image of (s1, - - - , 8,). For a multi-section s € C(U, S™(V))“ that is the image of (1, ,s,),
we define its integer multiple ms € C(U, S™*(V))% be the image of (s1,--+ ,81, " ;8n, "+ ,5n),

where each s; is repeated m times. Given two multi-sections s and s’ of multiplicities n and n’,
we say that s and s’ are equivalent, denoted by s ~ s, if n’s = ns’ as multi-sections.

In general, since W is a DM-stack, it can be covered by (analytic) open quotient stacks
Us/Go € W, and the restriction Vy, /q, = Va/Ga for Go-vector bundles V,, on U,. A multi-
section s of V' consists of an analytic open covering U, /G, of W and a collection of liftable
multi-sections s, of V|y, /¢, so that for any pair (a, ), the pullbacks of s, and sg to Uy xw Up
are equivalent. We denote the space of multi-sections of V' by Cpy (W, V). (Thus multi-sections
in this paper are always locally liftable.)

The space of multi-sections of V' has the same extension property as the space of sections of
a vector bundle on a manifold. The usual extension property of vector bundles on manifolds
is proved by using the partition of unity and the addition structure of the vector bundles. For
multi-sections, over a chart U, /G, we define the sum of two (liftable) multi-sections s and s’
(with lifting (s;)j; and (s)7";, respectively) be the multiplicity nm multi-section that is the
image of s + s = (s; + s}). This local sum extends to sum of two multi-sections on W. Thus
combined with the partition of unity of |W|, we conclude that the mentioned extension property
holds for Cp,, (W, V).

We also have the following transversality property. Given a closed integral substack C' C V and
a multi-section s € Cryy (W, V), we say that s intersects C transversally if there is a stratification
of €' so that each strata C, of C lies over a strata of W, say Wy, and the section s|yw_, intersects
C, transversally, meaning that the local liftings of s|w_, intersect C,, transversally. Given a cycle
[C] = > n;[C;] with C; closed integral algebraic substacks, we say s intersects [C] transversally
if it intersects each C; transversally.

Lemma 5.6. Let p: W' — W be a proper morphism of DM-stacks; let V' be a vector bundle on
W oand p : p*V — V be the induced projection. Suppose [C'] € Z.(p*V) is an algebraic cycle and
[C] = p«[C"]. If s € Coru (W, V) intersects [C] transversally, then p*s € Con(W’,p*V) intersects
[C'] transversally.

Proof. We pick stratifications W = [[ W, and W’ = [ W/, so that p(W},) = W, and p, = plw: :
W/, — W, are smooth. We then pick a stratification C" = [[C}; so that each C} lies over a
stratum of W', and that f)|% 1O — f)(C[’j) is smooth. Therefore, by the definition of transversal
to C, we are reduced to check when p : W’ — W and C" — p(C’) are smooth. In this case, the
statement of the lemma holds by direct local coordinate checking. This proves the lemma. O

We now construct pseudo-cycle representatives of the topological Gysin map
0y : Z.V — H.(|W|,Q), (5.14)

via intersecting with multi-sections [FOL [McD| [Zin].

We assume W is proper. Let 7 : V. — W and 7 : |V| — |W]| be the projections. Given a
closed integral algebraic substack C' C V, we find a multi-section s of V' so that it intersects C
transversally. Let & = 2(rank V — dim C). By slightly perturbing s if necessary, we can assume
that there is a closed (stratifiable) subset R C |V| of dimg R < k — 2 and an (analytic) open
covering of W by quotient stacks U, /G, so that, letting ¢, : Vi, — |V| be the projections,

(1) slu,/q. are images of 54,1, ,5a,m, 0 C(Ua, Va);
(2) there are topological spaces S, ; and proper embeddings fq,; : Sa,; — Vo such that
(a) there are dense open subsets S; ; C S, so that S; ; are smooth manifolds and

fa)i|53 .55 — Vo are smooth embeddings;
(b) Sa,i N (O Xy Vo — q;l(R)) = fa,i(Sg,i);
(€) fa,i(Sai—85,:) Caz'(R).
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Since s € Conu(W, V), by definition, 3% fa,i(S5 ;) is Ga-equivariant. Define

Ma
(€03 = (D i) /G (5.15)

¢ i=1
viewed as a sum of piecewise smooth k-dimensional Q-currents away from a (k — 2)-dimensional
subset. Since (s, ;) are local lifts of a global multi-section s, the Q-currents (5.15) patch to form a
piecewise smooth Q-currents with vanishing boundary in |V|—R. We denote this current by C'Ns.
Since |W| is compact, the current C' N s defines a homology class in Hy(|V], R; Q) = Hi(|V]; Q).
Applying the projection 7 : |[V| — |[W]|, we obtain the image Q-current 7(C'Ns) and its associated
homology class [7(C' N s)] € Hi(|]W]; Q). Following the topological construction of Gysin map of

intersecting with the zero-section of V,

0y[C] = [7(C Ns)] € H(IW];Q)

is the image of [C] under the topological Gysin map O!V. By the linearity of Gysin map, this
defines the topological 0}, in (5I4). The current 7(C N s) is called a pseudo-cycle representative
of the Gysin map.
We now assume in addition that F is a quotient sheaf ¢ : Ow (V) — F, and the cycle [C] =
> n;|Ci] € Z,W has the property
(P) for each C;, and any closed z € W and a € F|., letting ¢, : V, — F|, be ¢ restricting to
%, we have either ¢-'(a) N C; =0 or ¢ (a) N C; = ¢ (a). B

Definition 5.7. Two multi-sections s and s’ of V are F-equivalent, denoted by s ~g s', if for
any © € W, as Q-zero-cycles, we have (¢5).(s(z)) = (¢z)«(s'(z)). A multi-section of F is an
~g equivalence class of multi-sections of V. We say a multi-section s of F intersects C' C V
transversally if a representative s of s intersects C' transversally.

We comment that when C satisfies property (P), the notion that a multi-section of F intersects
C transversally is well-defined, after we pick the stratification of W so that F restricts to each
stratum is locally free, which we always assume in the remaining discussion.

We apply this discussion to Cq 57 C Eja,s)- Let Fja.5) = H' (E[mg]), a coherent sheaf on Y}a’é],
and let Fpq 51 = p:;)é.’f[a’(;], the pullback sheaf on YT[[O"‘;H. (Note that Fla,s) is the obstruction sheaf

of the relative obstruction theory of Yr}a’é].) Then J, 457 is the quotient sheaf of Ef, 51 via

Dlase]  Ela,s] — Flas) = b /100 5E(a8) — H' (04 5Ea,5]) = Fla.o-

Since Cfq 51 is the pullback of the cycle Cpq 5 in Fq 6], the cycle Cp, 1 satisfies property (P)
for the pair Fjq 5] — F[a,s5)- Thus we can speak of multi-sections s of I, 5) intersecting Cpq 5 C
Epq s transversally.

In the future, we will call a multi-section of F[, s intersecting C[, ) transversally a good
multi-section. Let ki, 5 be the virtual dimension of Yr}a’é]. For a good multi-section sy, s of
Fla,57, We denote

D(s[a,61) = 7(Cla,5] N S[a.6]);
where s[o, 5] is a representative of sy, 57, and D(S[a,47) is a piecewise smooth ki, 5-dimensional
Q-current away from a subset of dimension at most ki, 5) —2. (Note that D(s[4,s7) is independent
of the choice of s[4 57.) We denote

a,d
[D(8[a,61)] € Hio o (YA"15Q)

the homology class it represents.
Applying the pseudo-cycle representative of Gysin maps, we obtain

3As argued in [CL], this means that C is a pull back of a “substack” of F.
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Proposition 5.8. Given a good multi-section S[q,s5] 0f F[a,51, we have
[D(sgas)] = Y7 € B (1™, Q).

5.6. Comparison of virtual cycles. Our goal in this subsection is to compare the virtual cycles
in terms of pseudo-cycle representatives. We will prove the analogue of Lemma 5.6 in [Li]].

To begin with, we recall a-diagonals, their tubular neighborhoods, and the associated parti-
tions from [LiJ]. For a € Py, we form the strict a-diagonal:

Ay =AY ={zecYPargb= 2, =13}; (5.16)

it is closed in Y and isomorphic to Y} when o = (o, ..., q;). Fix a sufficiently small number
¢ > 0 and a large real N, and pick a function ¢ : Py — (0,¢) whose values on any ordered
pair a > [ satisfy e(a) > N - ¢(8). After fixing a Riemannian metric on Y, we define the
e-neighborhood of A, C Y to be

Aae =AY, = {z e Y | dist(z,An) < (@)} (5.17)

For a pair a > 8, we define Af = = Ua>y>pA05c and QF . = Age — Ua>y>sAT5 = Ag e —
Ua>~>p405,c. Then, Qf . is a closed subset of Ag .. By Lemma 5.5 of [Li]], if Ag, . N QF,  # 0
for some 1, B2 < «, then

p1 < Ba. (5.18)
It follows that Aj = ]_[a>,y>ﬁ QF - In particular, for any «, by taking 8 = 1A, we get Y =
1<, Q5. Further letting Q[O‘ ol — y ol Xy QF . we obtain yleol = =1ls<a anj]] Note that
for fixed 8 with 8 < a, we have Qgﬁ‘fﬂ C H(B,n)ﬁ(aﬁ) Y[[O‘ o Define Q[[a o1 Q%O‘ﬂ ﬁY[[O‘ o for

Bm) (B.n).e (B:m)
(8,m) < (a,0). Then, we obtain a partition:

o, a,d
(Bm<(a,0)
Lemma 5.9. For sufficiently small €, we can find a collection of good multi-sections spq,51 of
Fla,5) that satisfy the properties

(i) each S[a,5] ntersects transversally with the cycle Cpo 51 C Ela,s];
(i) for (B,m) < (o, 0), the pseudo-cycles (as Q-currents)

B, levol  _ B, ;0]
(Card ) (D(8fa,51) N Q) = D(spm) N Cad (L5l )
Proof. We follow the proof of Lemma 5.6] line by line, with Qf _ (respectively, s,) in [Lil
p. 2156] replaced by Q[([gz]; . (respectively, s[q 47)-
To carry the argument in [LiJl p. 2156] through in the current situation, two modifications
are necessary. The first is using multi-sections of J, s), etc. The two properties of sections we
used in the proof of [LiJ, Lemma 5.6] are the existence of extensions and general position results.

For multiple-sections, similar results hold as we have mentioned before.
The other is to choose multi-section syq,spl8,n] of Fa,sl Q[[a 1 to be the pullback

Bin).e
_ By
Sfa.a1l 181 = (Cals) (Sﬂﬁvnﬂcﬁ,‘?@ﬁ[i‘a"i? o)

(Compare the construction of s, |3 = Sﬁ|Q(B ., n [LiJl p. 2156].) Since ?“a";“'n%f;fﬂ = (Cg:g)*gﬂﬁmllv

such pullback is well-defined.
What we need to make sure is that the section syq, 57(5,5] (of F[a,s] |Q[[a s1 ) intersects transver-

)
sally with the cycle Cp,,¢7; this is true, following Lemma 5.5 and Lemma This completes the
proof of the lemma. O
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5.7. Approximating virtual cycles. In this subsection, we define the pseudo-cycle @19 and

study its properties. The formula (BE22) below can be roughly thought of as a decomposition of
the virtual cycle ev, [YTHO"JH]W as a sum of cycles O supported near a-diagonals. The ideal

situation is that we have a similar decomposition for ev, [YT[n’d]}Vir in (V)3 Unfortunately,
such a decomposition doesn’t exist. However, the decomposition (522)) works equally well as

if we had a decomposition for ev, [YT[n’d]}Vir. This is carried out in subsections [(.11] and B.12]
In fact, the main reason for introducing Hilbert schemes of a-points YT[[O‘], non-separated spaces

YTHSO‘}, and moduli spaces YT[[O"J] of a-stable maps to Hilbert schemes is to provide appropriate

spaces where we can define 9],
Let (8,1) < (,d) € Pa,q. Define

¢,8,o¢ . Yj[iﬁﬂ N Y,J[LSQJ], é,@,a . Y,J[Lﬁﬁ]] N Y,J[LSQH

to be the open immersions induced from the construction (B.5]). The evaluation map ev; : YT[A’d] —

Y%A] induces an evaluation map Y:,[La"é]] — YQ[LO‘H which will be denoted again by ev;. Let ev =

evy X evg X evy Y:,la’éﬂ — (Y:,Eaﬂ)g’. Since ev; : Yq[la"s]] = Yr}a’é] Xy-(@) YA — Y:,[O‘H = Y}a] Xy(@) YA
T T

does not affect the factor YA, we have ev(VI*) ¢ (ylol)3 X (vA)s A (V) where
LA Yf\ — (Y:ﬁ\)3
is the diagonal embedding. Define the indexing morphism to be

in : U @ )ev(V) — i (v) = VA, (5.20)
(Bm)<(06)

Definition 5.10. Define the pseudo-cycle 4 ¢ (YT[[SO‘]])3 inductively by

6Ha76ﬂ = ( i,a)*eV*D(S[a,lsﬂ) - Z (gz,a)*e[[ﬁmﬂ (521)
(B,m)<(,8)
By Proposition (.8 we obtain
«,d]q vir >
(85, v [V = 5™ (). [0, (5.22)
(B;m)<(,0)

Further properties of the pseudo-cycles ©l*%] are contained in the next two lemmas which are
the analogues of Lemmas 5.7 and 5.9 in [LiJ].

Lemma 5.11. 0l*9] ¢ (YQ[ESO‘]])3 X (vays ta(Dae) for sufficiently small ¢ > 0.
Proof. We use induction on the order of (a,d) € Py 4. Assume that (o, ) is minimal. Then for
each i, we have either (a;,d;) = (1,0), or a; = 2 and §; > 0. So Y:,[La";]] = Y:,la’éﬂ Xyp Do =
Y2 Xy a A Thus, ©1 = (63 ).eviD(sas1) € (Y= Xy 1a(Aae).

Next, we assume that our lemma is true for every (7, p) with (v, p) < (, d). Recall that Y} =
[p<o @QF . and Q3 . = Aq . So to prove the lemma, it suffices to verify Oldn ((YT[[SO‘]])3 X (vA)3
LA (Qg‘e)) = () for every 8 < a. By (5.21]), this is equivalent to proving that the intersection

(¢2.0)evaD(spas1) N (V)P X (205 04 (Q3.))

= Y (@00 (v E X pas i (Q5) (5.23)
(7.0) <(e0)

On one hand, if (v, p) < (a,d), then ©Irl (Y:,ESVH)3 X(yays ta(Aye) by induction. Thus, a
nonempty (Nf’%a)*G[['Y*P]] N ((YQ[ESOZ]])3 X (v)s LA(Qg)E)) forces A, cNQjF  # 0 which in turn implies
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~v < B by (BI8). Therefore, the right-hand-side of (5.23]) equals
Z (63 )00 ((vz=oTy? X vy ea(QF )

('va)<(a>6)>'7§ﬂ
= >N (G382 .00 (VE X e (QF ). (5:24)
(B,m)<(a,8) (v.p)<(B,m)

Since (¢3 5)sevaD(S5,91) = 2. p)< Bn)(d) )07 B2 is equal to
<« «@
Z ((2%704)*(¢%76)*6V*D(Sﬂﬁ,nﬂ) N ((YJL ]])3 X (ya)s LA(Qﬁ,E))
(B,m<(a,0)
<a «@
= Y (Gha)eevaDspsa) N (D X a(@F,0). (5.25)

(Bm<(a,0)
Since QF . = Ap.c — Uaz>pA7 , we see that (¢3 ,)«eviD(sz ) N ((Y:,[Lgodl)3 X (yA)3 LA(Q%‘&))
is contained in gb%’aev(cgl’g(QHa’gﬂ )). So E2H) (hence the right-hand-side of (£23)) equals

(18;77))5
a,d
S (@ha)-evaDisgaa) Nohaev(CoT Qs )
(B.m)<(a.0)
a,d
_ 3 (¢g)a)*ev*(p(smmﬂ)mgﬁ;g(g[}mgﬁ)). (5.26)
(B.m)<(a.0)

On the other hand, (¢}, ,)+eviD(S[a,s7) is supported on Uiy p)<(a,5) @5, aeV(Q[[?;’j])] ) by (BI9).
Moreover, ¢i7aev(QE3’g%] .) is contained in (YTHSO‘H)?’ X ()3 La(QF c), and the subsets 1A (QF ),y <

« are disjoint. So the left-hand-side of (5:23) is equal to

a,d
S (8 a)eevaDlsga ) NS aev(Ql ) )
(8,m)<(a,0)

4
= > (B )eva(D(sps) N QST )
(B;m<(a,d)

= (63,0)xeva (C2D (D(spas)) N QL))

a,d
= (¢%,a)*ev*( (sga,np) N Ca s (QEB nﬂ ))
(B.m)<(a,)

where we have used Lemma [59] (ii) in the last step. Combining with (526]), we get (523). O

Lemma 5.12. Let (a,8) € Pag with a = (aq,...,q;). Then, 0l = Hi:l Oleidil wig the
natural identification (Yﬂgaﬂ)g’ = Hézl (Y[[Sai]])3.

Proof. First of all, since Y[[a o= Hl 1 Y[[O” %] , we have

l

D(sfa,51) = [ [ D(sgas.s)- (5.27)
i=1

Next, to prove the lemma, we use induction on the size |A| and on the order of («a,d) € Pa 4.
Assume that (o, d) is minimal in Py 4. Then (o, d;) is minimal in P,, 5,. By (B2I) and (5.27),

l l

@[a 7= (¢a a) eV*D(S[[a,é]]) = H(¢g¢i,ai)*ev*D(S[ai,5iﬂ) = H @[[011',51]].

=1 i=1
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In particular, the lemma holds for |[A| = 1 (necessarily, (o, 0) = (1,0)). Next, assume that
elsml =TT, elf:ml for every (8,1) < (a,6). By E27) and (G2I),

((bgc,a)*eV*D(S[[a,é]]) = (d)ii,ai)*ev*D(S[[ai,éi]])

—.

s
Il
-

~ () (D)
(¢%(i),ai)*®w 7l

I
SN

K2

L (B® n®)<(ai,d;)

l
— H@Hai,&ﬂ + Z (¢%1Q)*@H6mﬂ
=1 (B,m)<(ev,0)

noting that induction has been used in the last step to handle those 3(*) which have length greater
than 1. Applying (B21)) again, we obtain the lemma. O

5.8. Co-section localizations. We now apply the co-section localization techniques from [KL1
[KL2, [LL] to the constructions in the previous subsections. Let 6 be a meromorphic section of
Ox(Kx), and let Dy and Do, be the vanishing and pole divisors of 6 respectively. For simplicity,
we assume that Dy and D, are smooth irreducible curves intersecting transversally. Let Xe[n’d]
be the subset of X4 consisting of those ¢ whose standard decomposition (@1, ..., ;) have
the property that for each 4, either ¢; is constant or the support of ¢; lies in Dy U Dy,. The
meromorphic section @ induces a meromorphic section 0"} of Qi(w . By [KL2| [LL], we obtain the
localized virtual fundamental cycle [X ["’d]];;li c A, (X(gn’d]) of X4l such that ¢y [X ["’d]]rolz =

[X [”vd]]m where ¢, is the map induced by the inclusion map ¢ : X é"’d] < X[mdl For simplicity
of notations, we write [X["ﬁd]ni = [Xx )™,
The constructions in and Subsections 5.145.7 are canonical. Applying the construc-

tions in [LT] to Subsections 5.145.7 we obtain localized cycles [X[[O‘V‘sﬂ} loc € H, (Xga’éﬂ; Q),
D(S[[a,zﬂ])loc, and @Ha’gﬂ C U(ﬁm)g(aﬁ(;)¢%)aeV(Xgﬁ’"ﬂ) with [X[[a"s]]] = [X[[a)(;]]]wr and [@Ha’gﬂ] =

vir
loc loc loc

Ol in A, (X[*9]; Q) and H, ((X[=2])3; Q) respectively. Here the subset Xledl = xlol i
0
defined similarly as ngn’d] c Xlmd,

5.9. Extensions of Heisenberg monomial classes. Let (3,7) € P}, 4. To study the pairings
with (5% [n])*[@[[ﬁ*”]]], we need to extend the classes (fI")*w € H*(X[") from X[ to XI=7]
where fI"]: X"l — X1 is the tautological map. Let fIPl = IL Fusl,

Lemma 5.13. Let a; € H*(X) be homogeneous with |a;| > 0, and «; ; = 1x. Let

t s k
w = H H O._i(Oéi)j) <H a_n, (Oéi)> |0> S H*(X[n]) (528)

i=1j=1
Then there ezists a class wl=" € H*(XIE0) such that (¢p ) wl="l = (FI"))*w, and that if
B=(B,...,B) <[n], then via the identification X[=Pl = Hézl XI<Bil

e * n <|Bi:
(Gpp) Wl = 3 @l W= (5.29)

w10 0wW;=w
where each w; € H*(XUP) is a Heisenberg monomial class.

Proof. We use induction on n. The lemma is trivially true when n = 1. In the following, assume
that the lemma holds for all X[™ with m < n.
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Let S be the set consisting of all 8 < [n] such that there does not exist v < [n] with 8 < .
Then X [=7] is covered by the open subsets Bn],[n] (X"1) and ®8,[n] (XI=Pl), B € S. Define

w8l — Z ®li:1w£[§|ﬂi|ﬂ c H*(x[[éﬁ]]) — H*(gﬂ)[n](X[[Sﬁﬂ))

wW10---0w;=w

for each § € S. Applying the Mayer-Vietoris sequence successively, we see that to prove the
existence of wl=" € AH*(X[="]), it suffices to show that (fI"l)*w and wI=Al, g € S are equal on
the overlaps of the open subsets @) [, (X1 and @Hn] (x[=8l), 3 € S.

First of all, let 8,y = (v1,...,7) € S and § # . Then,

¢ 8.n ](X[[ /3]]) N ¢ (X[<V]]) I ¢ﬁ/\ (XH<BM]])
Let B Ay = (BiNv,...,8:N7y) € Pa,. Then ((;NSB/\%/;)*w[[Sﬂ]] is equal to

Gonr) S @l = S gl (G ) SN

wW10---0wW;=w w10---ow=w

[<18:l]

Applying induction to the classes w, , we see that

~ N r <|B:iN
(Ppnvy.5) wISAl = Z ®é:1 Z ®j:1w£[J| vill
w10--owW;=w W4,10 0W; r=W;5
_ Z ®l . ®J LW [[<\ﬁzﬁ’>’g\]] (5_30)

W1,10---0W] p=W

It follows immediately that (gﬁ,\%g)*wﬂgﬁﬂ = (5;—;/\%,,)*10[[5711.

Next, we claim that the restrictions of (fI"1)*w and wl=71 v € S to ®n),n] (X[["ﬂ)m%%[n} (X[=])
are equal. Note that X[=7] is covered by the open subsets ¢377(X[BH), B <, and @), ] (X["ﬂ) N
b, (X [%]) is identified with the images of X g"]] > X [[[f]]] So it suffices to prove that

(P wl g = ()" ((95.2) w5 i), (5.31)

To see this, represent each a; € H*(X) by a cycle X; such that X1, ..., X} are in general position.
By Proposition 27 the class wp, := w/ Hle s;! is represented by the closure W of the subset
consisting of elements of the form @I)). Then, (fI"l)*wy, is represented by (fI"l)~1(W). By

Proposition 27 again, the closure of f[7] (C[i] ((fIrh=tw)n Xg"]])) in X%l represents the class

we= Y (T4

wio-owy=w \:1=1j=1

c H* X[ﬁ] H* X[ﬁ]
Sy j ® v ®
where each w; € H*(X[ﬁj]) contains exactly s; ; copies of a_;(1x). Note that 22:1 Sij = Si.
Also, the class (fI#1)*ws € H*(X181) is represented by the closure of C[i] ((fIrhy=1(w) ﬁXgnﬂ) in
X[ 8o (f[["]])*w[nﬂxgnﬂ = (Cﬁl])*((f[[ﬂ]])*w,@|x[[ﬁ]]). Note that for fixed integers s; j, the number

of choices of w1, ..., w; satisfying wy o---ow; = w is precisely equal to HZ 185! /Hl 1 Hk 1 Sl
Therefore, (f[["]])*w|Xgn]] is equal to

(C[n] f[[r@]] H sl wg |X[[ﬁ]] (C[i])*((fﬂﬁﬂ)* Z W R ® wl'X[ﬂﬁ])' (5_32)

w10---0w;=w
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On the other hand, since ¢3,, = gﬁﬁ o ¢3.3, we obtain from (530) that
(Bp) Wl = (50" Y @l = N @l (g,6,) wlE

wW10---0wW; =W w10--owr=w

= Z ®L_, (LAY, = (fI8])* Z ®_w;

w10---0W; =W w10 0w =W

where we have used induction in the third equality. Combining with (B32)) verifies (B.3T]). O

Our next lemma says that even though the extension wl="l ¢ H* (X [[S"]]) may not be unique, it
does not affect the pairings with [@I™7]]. Recall that the tautological map pg,.s : X1 — Xl
is a finite map of degree n!.

Lemma 5.14. Let Ay, Ay, Az € H*(X[")) be Heisenberg monomial classes. Then, the pairing
<[®[[n,d]]], AESH]] ®AES”}] ®A£[),Snﬂ>

is independent of the choices of AF”H,AES"H,AESWL

Proof. Since [X[dl]vir — Pl JX i (X Il eve (4 @ Ay ® As)) is equal to

3
1 i * 1 n vir * nly*
— <[Xﬂn>dﬂ]v“, Pia.aev” (Ax ®A2®A3)> ~ <[X[[ A eve Q)(FIM) Ai>.

n!

i=1

By Lemma 513 and (522), ([X™9]"" ev*(A4; ® Ay ® A3)) is equal to

< X[n d]] v1r, ov ® (b[n] A[[<n]]>

i=1

1
- * X[[n d]] vir A[[<7l]]
ol < ] [n])+€V ®

=1

- _' <(¢ o)< (010, ®A[[<"]]> (5.33)
" (@) <(nld)

i=1

S|~

Next, to prove the lemma, we use induction on n. When n = 1, the lemma is trivially true
[<n] — A;. Assume that the lemma holds for all X with m < n. Let (a,6) < ([n], d).

since A;
By Lemma (512 and (5.29)), <(5‘Z [n])*[(a[[a,ziﬂ], AES"]] ®Agﬁnﬂ ®A£[),Snﬂ> is equal to

(01N, (Barfo)" AL @ (Ba o))" AF" @ (D0 )" )

= Z H< oloi 5]] [[<|ozz'\]] ® Ag%lailﬂ ® Ag%\ai\]]> ) (5.34)

Al,lo OAll A1 4=1
A21104~40A2’1:A2
A3,1°"'°A3,1:A3
Now our lemma follows from (E.33]) and induction. O

Remark 5.15. Note that for A € Hy(W) and B € H*(W) on a topological space W, the pairing
(A, B) is the degree of the O-cycle AN B € Hy(W). As 0O-cycles, (gbf’n]y[n])*(ev* [D(S[n,ap)] N

((F) Ay @ (1) g @ (£1)° Ag)) s equal to

Z @i,[n])* Z H ( @[a“6]] Au<\a1u] ®A[[<|‘“|ﬂ ®A[[<\allﬂ))

a,0)<([n],d Ap,10-0A1 1=A1 =1
(0,0)<(In).) arieeALiz Al
A3’10---0A3J:A3
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Next, we extend the notation of Heisenberg monomial classes to a smooth family ¥ — T of
quasi-projective surfaces.

Definition 5.16. Fix positive integers s1,...,s; with ), is; = n. Define
t
w = [Ja¥:(1x)%[0) € H*(v;") (5.35)
i=1

to be the cohomology class represented by the cycle H’;:l sil- W] e A, (Y%n]) where W C Y%"} is
the closure of the subset consisting of elements of the form
¢
Z(&ﬂ . t+&is) € (YU)[n]v ueT
i=1
where &, € M;(2; ) for some x; ., € Y,, and all the points x; ,, are distinct.
The following lemma is similar to Lemma [5.13] and its proof is omitted.

Lemma 5.17. Let w = w” be as in G35). Then there exists wl="] € H*(YTK"H) such

that ($py ) = = (0w, and that if B = (B1,....B) < [n], then (dg ) wl=n] =
l <IBill . : ; : [<8] _ 1! [<Bi]

Zwlo___owl:w ®:_qw; via the identification Yy =1l Yr .

5.10. Normal slices and universal families. This subsection mainly provides a necessary
set-up for the proof of the universality result Lemma [5.21] in the next subsection.

By Lemma 51T} we have @l (YQ[ESOZ]])3 X (v tA(Aq,e). In this subsection, with ¥V = X
and a = [n], we will describe an analytic space, independent of €, which contains (X[=71)3 X (xn)3
tn(Ap),e) whenever e is sufficiently small.

To begin with, let Y — T be the total space of a rank-2 vector bundle, viewed as a smooth
family of affine schemes. Define the fiber-wise averaging morphism

n 1
aw: Yy 5V Y mifa] eV =Y mua ey, tel
n

Here > myx; is the sum using the fiber-wise linear structure of Y/T. Using Y* — YT(") and

Y%n} — Y:ﬁ"), we obtain the averaging maps av : Y and Y%n} — Y. We define the relative
Hilbert scheme of centered a-points to be

Vi =Y a0y Oy, (5.36)

where Oy C Y is the zero-section of Y — T.

Next, like in [Li]], we need to express an open neighborhood of the diagonal Ay = Afg] C
X x X a vector bundle structure, using the first projection. As this is impossible in general, we
will content to have a C*°-vector bundle structure. For this reason, we will again work with the
analytic category. We will use differentiable map to mean a C°°-map; and an open subset will
be open in analytic topology; we will use regular function and Zariski open subset to stand for
their original meanings in algebraic geometry.

Consider the total space of the tangent bundle Tx, and its zero-section 0x C T'x. For an open
U C X x X, we view it as a space over X via (that induced by the first projection) prq |y : U — X.
By Lemma 2.4 in [Li]], there exists a diffeomorphism

o:U —V (5.37)
of a tubular neighborhood U of X3 C X x X and a tubular neighborhood V of 0x C Tx, both
considered as fiber bundles over X, such that

(A-i) restricting to each fiber U, = (pr1|u)_1(:1c), the map ¢, = ¢lu, : Uy — Vs is a biholo-
morphism,
(A-ii) @gz(z) =0 € Tx 4, and doy : Ty, » — Ty, 0 is the identity map.
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Since V C T'x (over X), we define

VIl = (e, ,8) e ()Y | Supp(&) € VY.

For U over X, we define L{g(a]] = Ilex (U,)1*) endowed with the obvious smooth structure. By
Lemma 2.5 in [LiJ], ¢ induces a differentiable isomorphism

plol . ylel _ plod (5.38)
as stratified spaces. Both Vg?ﬂ and U E{O‘H are bundles over X:
vl o x and ul! — x. (5.39)

The first is induced by the bundle V C Tx — X, and the second is via (U,)[*] — {z}. AsTx — X
is a vector bundle, we obtain (TX)E[,?% C (TX)E?]] as in (5.30). Let Vg(of]g = Vg[(o‘ﬂ N (TX)E?%, and let
Ulel ¢ Xl be the image of V)ﬂ( o under the composition

oo VLSVl aylel - xlol o x P xlol,

where the first factor of L{g(]] — Xl x X is induced by the inclusion (U,)[*] ¢ X[l and the
second is (5:39). By the Lemma 2.6 and Lemma 2.7 in [LiJ], after shrinking V if necessary, Ul
is an open neighborhood of X1 x x» ApCcX [l and
O : V)ﬂ(of]g _ L yld (5.40)
is a smooth isomorphism of stratified spaces fibered over A, via the map
Ulel cylel — xled o x 25 x,
and preserves the partial equivalences of V)ﬂ(a]] and Ul*l. Note that
X[[<n]] X xn H gf) [] X[ HXXn A[]) (541)
a<[n]
So Ul=n) := U, < @ag, i (U191) is an open neighborhood of XI5 x xn Ap,; in XI=71. Since €
is sufficiently small, X[=7] x xn App,e C Ul="l, Thus,
(XHSnH)3 X(Xn)s Ln(A[n],e) C (U[Sn]])3 (5.42)
noting that by our convention, (UI="1)3 is a fibered product over Ay, Since V;[(aﬂ (TX)E?HO,

we put Vgs(?ﬂ = Ua<[n]P[al,[n] (Vg(a]g) (TX)[KnH Then, the smooth 1somorphlsms 0o from (E40)
induces a smooth isomorphism

op<ny : VST = ULEN (5.43)
of stratified spaces fibered over X = Ap,;. Combining with (5.42), we have
(@GN > W T @ISR S (X oy 1 (Bg ). (5.44)
To prove universality results later on, we pick a differentiable map
g: X — Gr=Gr(2,C") (5.45)

with N > 0 so that T'x = ¢*F as smooth vector bundles, where F' — Gr is the total space of
the universal quotient rank-2 bundle over Gr. Let Fc[[;o;(]g — Gr be the associated relative Hilbert
scheme of centered a;-points. By Lemma 2.8 in [Li]], g induces isomorphisms (as stratified
spaces) of fiber bundles over X:

(TX)XO -9 Fg;,o and gI=nl: (TX)E?,nH *Fgf%]]
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5.11. Pairings with [©"] when d > 0. Here we study more properties of [@["] which are
the crucial ingredients for the universality results of extremal Gromov-Witten invariants of X",

Convention 5.18. Fix d > 0 and Heisenberg monomial classes
0) e H*(xM) (5.46)

where 1 <i <3, u; >0, and |a; ;| > 0. When |o; ;| = 4, we let «; ; = = (the cohomology class of
a point). Moreover, if |a; ;| = 2, then «; ; can be represented by a Riemann surface intersecting
transversally with Do U Doo. For simplicity, put AIS"] = AESHH ® AES"H ® AES"H.

Our goal is to understand the pairing <[®H”’dﬂ], A[[S"]]> when d > 0.

Lemma 5.19. Fix d > 0. Then, <[@[["=dﬂ], A[[S"]]> = 0 if one of the following holds:
(i) |ev,j| =4 for some (i,7);
(ii) |ey ;| =2 for two different pairs (i, 7).

A= A_\() (1X)a*m,1 (O‘iyl) Oy, (ai7ui)

Proof. (i) We begin with d > 0. Consider the 0-cycle [@E[:C’dﬂ] N Al="1in (X[=n1)3. Choose the
point representation z € X of «;; such that © ¢ Dy U Do. By Proposition 2.7, A; can be
represented by a cycle W; € X[ such that 2 € Supp(&;) for every & € W;. Thus for every &

contained in the 0-cycle ( [3n]7[n])* (ev*[D(s[[n)dﬂ)loc] N ((fI'h*4; @ (FI)*4, ® (flIn]])*Ag)), the
point z is a component of in(&y) where in is from ([E20). By the localized version of Remark .15

and induction, we conclude that z is a component of in(&) if £ is contained in [@F:C’d]]] N Al=nl,
Now let d > 0. By the localized version of Lemma [E.T1] we have

ei[;lédﬂ < ((X[[S"]])3 X(xM)3 LA(A{n],e)> N U ¢%7[n]eV(X(!)[6m]]).
(8,m<([n],d)

[n.d]
loc

Thus, since d > 0, if £ € ©
in(§). Since e is sufficiently small, we see from the previous paragraph that [Gyfédﬂ] N Al=n] s
empty. Hence as pairings, ([@["d], Al=rl) = <[®{[:(;d1]]7 Al=rly = 0.

(ii) Let |a, 4y | = |oviy,jn| = 2 where (i1, j1) # (i2, j2). Represent «y, ;, and «;, ;, by Riemann
surfaces C;, ;, and Cj, j, respectively such that C;, ;,, Ci, j, and DoU D are in general position.
As in the proof of (i), we see that if £ € [Gyfédﬂ] N A= then in(¢) € A, and the components
of in(€) contain three points =1 € Cy, j,, 2 € Ci, 4, and 23 € Do U Do This is impossible
since € is sufficiently small and Cj, j,, Ci, j,, Do U Do are in general position. So the O-cycle
[©I") 0 AT is empty. O

loc

Lemma 5.20. Let uy = 1, ug = uz = 0, and |ay 1| = 2 in (G6). Then, ([OId] Alsrl) =
p- (Kx,a11) where p is a constant depending only on ni1 and the partitions A

, then in(§) € Ay, and y € Do U Do, for some component y of

Proof. Represent a1 by a Riemann surface C; intersecting transversally with Dy U Do. Let

Cl,lmDO = {xl7"'7xs+7xs++17"'7x8++87}7
CiiNDe = {$s++s,+1, sy syds Aty Lsp s 4ty +1 - x5++5,+t++t,}
so that the points x1,...,%s, 45 1¢, ¢ are distinct, the intersection of C1; and Dy at z; for

1 < i < sy (respectively, for s; +1 < i < s + s_) is equal to 1 (respectively, —1), and
the intersection of €11 and Dy at z; for sy +s_ +1 < i < sy + s_ + t4 (respectively, for
SyF+s_+ty+1<i<si+s_+ti+t_)isequal tol (respectively, —1). So s4 —s_ = (Do, a1,1)
and t4 —t_ = (Doo,a1,1). Let z; € X; be a small analytic open neighborhood of z; such that
Xi,..., Xe, 45 41,4 are mutually disjoint. As in the proof of Lemma [3.19 (i), we see that the

0-cycle [GF:(;CIH] N Al="] is a disjoint union of Wy, ..., W, +s_+ts+¢_ such that in(W;) C (X;)"
for every i. Let e; be the contribution of each W; to the pairing ([@[["’dﬂ], Al="1). Then,

loc

<[@[[n,d1]]7 A[[Sﬂl]) — <[9{[:(;d1]]7 A[[Sﬂ]]) =14 ..t Copts 4t
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As in the proof of Lemma 4.3 in [LL], we conclude that each e; can be computed from X; so that
el =...= €5+ = —€5++1 =...= —65++57 and 65++57+1 = ... : 65++57+t+ = —€5++57+t++1 =
... = —€s, 4s_+t,+¢_ depend only on ny; and the partitions A Since Dy = Kx + Do,
(Ol A=) — (s — s Jer + (t4 — t-)es,+s_+1
= e1-(Do,ar1) +es,ys 41 (Dogyarn) =p- (Kx,a11) +p - (Doo,11)  (5.47)
where p =e; and p’ = e + €s,+s_+1. Note that for m > 0, there exists a meromorphic section
0., of Ox (K x) such that mD is the pole divisor of 6,,. By (547),
(Ol Alsnly = p (Kx,a11) +p - (mDoc, 011)
for all m > 0. Tt follows that p’ = 0 and ([l Al=nl)y = p. (Kx ay ). O

Lemma 5.21. Let d > 0 and A; = a_ ) (1x)[0) for i € {1,2,3}. Then, ([Ol"d] Alsrl) =
p- (Kx, Kx) where the coefficient p is a constant depending only on the partitions A

Proof. By Lemma B1T, ©0™4 ¢ (XI=n1)3 x vuys 1, (Apy,). Using (544) and the smooth iso-
morphism (543), we transport the 0-cycle [@I4] 0 Al=r] in (x[=nl)3 X (xny8 tn(Ay),e) to the
following 0-cycle in (nggl ]])3 C ((TX)E?,(? ]])3:

(Qﬁgnﬂ)*[eﬂn)dﬂ] N (QESRH)* (AHS”H|(X[[§71]])3><(XTL)3 Ln(A[n],e))'

Note that these two 0-cycles have the same degree. So as pairings,

(ot A=) = ((of )" 1O M), (o) (A iz s nibp) ) - (5:48)

Let g from (545) be generic, and let F' — Gr be the total space of the universal quotient
rank-2 bundle over Gr = Gr(2,CV). Let Ty — X and F — Gr be the projectifications of
Tx — X and F — Gr respectively. Then the differentiable isomorphism Tx = g*F' induces a
differentiable isomorphism Ty = ¢g*F. Note that the top diagonal Af:;]o = Affl] NFG.oin FG, o
is the O-section of F, , — Gr. Put Af;’]oe =Af .

to the families F — Gr and Tx — X and adopting the proof of Lemma 6.1 in [Li]], we conclude

that there exists a cycle @gf’d]] C (FC[[;E?J]])B X(Fz )? Ln(Af;’]OE) such that

n,d <n B
O € H. ((FE? x(r, 0 n(AL)), (5.49)

N Fg, o- Applying the previous constructions

the intersection O N (((FC[[;%’S]])3 X(Fa, )3 Ln(Af;’]Oe)) Xar X) is transversal, and

- n n,d <n )
() (O ) = O 1y ((ELERDY e 1n (ML) 6 X)) (5.50)
via ((TX)E(%S]]F X((Tx)% )3 LH(A[sz)](,;O) = ((FC[[T‘%%]])S X(Fz. ) Ln(Af;’ﬁe)) Xar X. Thus,
(of<,) [0 = [(of,g) " (OI™D)] (5.51)

is a homology class supported on ((TX)E{S)SH)3 X(Tx)% 0)? Ln(Aﬁ’]"o).
Let AT =a”%, (1x)[0) € H*((Tx)') be defined in Definition EI6, and put
(AT 0=l = (AT* O Isn @ (A7% OIS @ (A3% ) In]
where (A]*)I<n] € H*((Tx)537) is the pull-back of (AT)I<7) & H*((Ty)E™) via the inclu-

sion (Tx)g{%g I (TX)E(SH]]. Let S denote the intersection

(T %00 n(ATF ) 0 (0hcg) X X (x5 1D )
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Then, S = (gﬁ’gnﬂ)*l((X[[S”H)3 X (xnys tn(Apy)). We claim that
(QES"]])* (14[[SnH |(X[[Sn]])3 X(Xn)?’ Ln(A[n]we)) |S = (ATX)O)IISH]] |S7 (552)

Le., (Qﬁﬁn]])* (A[[Sn]]|(X[[SnH)3><(X")3 Ln(A["])) = (ATx0)[=nl|g. Tt suffices to prove that

* <n s n
i<n (A" Itz agy ) = AP e an) (5.53)

Indeed, for every a < [n], we conclude from LemmaBT3land LemmalEI7 that the same subvariety
in g[[;ln]] (h(ag, 1 (X)X xn Ap,))) represents the cohomology classes

* [<n] Tx,0y[<n]
O[<n] (Ai |¢[a1,[n1(X“°‘HXX"A[n1)) and  (4;%7) |g[§nﬂ ($fag, ) (XTeTx xn App))”
Since X [=71 X xn A[n] = Hag{n] ¢[a]1[n] (X[[a]] X xn A[n]), we obtain m

By (B48), (552) and (5EI)), as pairings, we have
(@1, ALy = ((ghe, ) [O1 ], (ATSO)M]) = ([(gfe ) (@IM D), (4TI

Let (gl=n)3 . ((TX)E(S’S]]P — (FC[[;’%]])?’ X g X be the isomorphism induced by g. By Lemma [5.171]

(ATx:0)[=7] can be taken to be (gHS"H)3*((AF>O)HS"H|(F[[gn]])3XG +)- So
Gr,0 T

([, AT=rT) = ([(gfeny) = O, (9B D) (AP iy )
Combining with (50) and putting W, = (nggll)s X(Fg, o) LW(AQ}O,E)’ we get
([Or M, A=) = ([(ofe)™ O], (g1 (A7), ) )
= {((gI=")). [(ghay) ~ (OF )], (AT, )

where (gggn]])3 : ((Tx)g{%gﬂ)?’ X ((Tx)% o) 1 (AT¥%) — W, is the morphism induced by g. By

[nlse

(G49), [95[;,11]]] is supported on W := (Fg%fsﬂ)g X (Fz )3 Ln(A[I;’]O). Therefore, by ([.50), we obtain
(O], A=) = ([©F ) N a* (PD M g(X)]), (A=)
(O n (AP0 =y, 7D g(0))) = (. (105 N (AT)= ]y ), PDg(X)] )

where 7 : W — Gr is the tautological projection. Here a bit of topological argument is needed
for the first equality. Observe that W is in fact a disjoint union of Hausdorff spaces. Then we use
the Zariski local triviality of the bundle F' over Gr, the Kiinneth decomposition for Borel-Moore
homology [[v], and the properties of cap products [Spl.

The Poincaré dual of 7, ([@E?’dﬂ] N(AF0)[="] |W) is a polynomial P in the Chern classes c;(F).
Hence,

(el Al=nly = . (Kx, Kx) + q - deg(ex) (5.54)

where p and ¢ are constants depending only on the partitions A(*).
Finally, it remains to prove that ¢ = 0 in (554]). To see this, choose the surface X such that
|Kx| contains a smooth divisor D. Let 6 be a holomorphic section of Ox(Kx) such that the

vanishing divisor of 6 is D = Dy. By (&X2]), (9ﬁ<nﬂ)*[@£[:c’d]]] is a homology class supported on
((TX|D)E3H)3 X(Tx D) 0)° Ln(AE‘Z’]{ID’O). Repeating the above argument and replacing g : X —

Gr (respectively, Tx — X) by g|p : D — Gr (respectively, Tx|p — D), we get
(ol Alsrly = p' (Kx, Kx) =p- (Kx, Kx) + q - deg(ex)

where p’ depends only on the partitions A(. Since there exist two surfaces X with smooth
D € |K x| such that the pairs ((Kx, Kx),deg(ex)) are linearly independent, p = p’ and ¢ = 0. O
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5.12. Proofs of Theorem and Theorem In this subsection, we introduce a new class
3.4 € Ho((XM)3) in terms of cycles ©l*°] studied intensively in previous subsections. Note
that now 3,, 4 is on the Hilbert scheme (X[")3, not on the non-separated spaces (XI=71)3.

Let B={B1,...,B} be a basis of H*(X). Then, {1x,z,51,...,3} is a basis of H*(X), and
H*(X") has a basis B[ consisting of the elements a_(1x)a_,(z)a_,a (B1) - a_,w (B)[0)
where || + |z + >, [v?| = n. Via the Kiinneth decomposition, a basis of H*((X[™))3) consists
of the elements A1 ® Ay ® A3 = H?Zl 7, iAi, where Ay, Az, Az € B and Tn,i denotes the i-th
projection (X™)3 — X,

Definition 5.22. (i) Let d > 1, and let 73 4 be the subset of P, 4 consisting of all the

weighted partitions (a, d) such that J; > 0 for every i.
(ii) For d > 1, define the class 3, 4 = 35)(1 € H.((X[™)3) by putting

3
* 1 e « n n n
<3"’de”n»iAi>:m > (@0, Al e al=h g Al (555)
i=1 ’

(8P 4
for the basis elements Ay, Ay, A5 € B,

Next, we prove Theorem [[.2] and Theorem [[.3 which determine the structure of the 3-pointed
genus-0 extremal Gromov-Witten invariants of X[™. Note from Theorem [[3] that the class
3nd = 35@ is independent of the choice of the basis B of H?(X). So from now on, the basis B
of H?(X) will be implicit in our presentation.

Proof of Theorem[L2 By (5.33)), the invariant (Aq, Aa, As)o,as, is equal to

1 o a <n <n <n

— > (@ -0, Al g Al @ Al (5.56)
" (@,8)<([n].d)

Define a® = {(«;);| §; = 0}, and let (a,0) be the weighted partition such that all the weights are

equal to 0. Let (¢/,¢") be the weighted partition obtained from («, §) by deleting all the «; and

§; with 6; = 0. Let |o/| = m, Ayo = [];(a®);, and Ay = [[;(¢/);. Then, a = (a,0) [[(/,d"),

|a0| =n—m, and [n] = Ay [[ Aw. By (&39), <(;i;z)[n])*[@[[oc.,é]]]7 Agﬁnﬂ ®Ag§n]] ®Ag§n]]> equals

Z ﬁ<[@[[ai,5iﬂ]7 AE\M\]} ®Ag§|ai|ﬂ ®Ag§\ai|ﬂ>

Ap,100Ay 1=A1 =1
A2110~4~0A2’1:A2
A3,1°"'°A3,l:A3

= Z <(520,A ) [@[[a 0]]] A[<n m]]®A[<n m]]®A[<n m)]]>
A1,10A1,2:A1
A211°A2,2:42
A3 10A3 2=A3

Y <m <m <m
(@4, )-101 N, AL @ AL 0 AL,
Put A = Aa’- By m <A1, AQ, A3>0_d5 is equal to

PSRN ONED DS

m<n Ai,10412=A41 AC| n] ’.8") 67’+
Ag 10Ag p=Ay |A|= (a
A3,10A3,2=A3

e a® <(n—-m <(n—-m <(n—-m
5 (g -0, A5 5 A Al

aOEPn)-a

(@ alO1 SN, Al 6 AL @ AT %57
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In particular, setting d = 0 in (L.57), we see that (A1, As, As) is equal to
1 T a <n <n <n
i Z <(¢§z,[n])*[®ﬂ ’OH]aAE_ ! ®Ag_ e Ag_ ]]> .

n:
a€P

Therefore, by (B51), (A1, A2, A3)o.4, is equal to

% . Z Z Z Z (n—m)! (A11,A21,A31)

m<n A1,1041,2=A1 AC[n] (,/ SNePT
Ag 10Ag 9=Ag |Al=m ( ) A,d
A3,10A3,2=A3

<(¢ ) [6[[a 6]]] A[[<m]] ®A[[<mﬂ ®A[[<m]]>

S0 U VD SR () (LS

m<n A1,1041,2= A1 (a,0)ePt
Ag 10Ag 0= [m],d
A3,1043,2= A3

(@) [O1T], 415 @ AFT @ AZM).
Using the definition of 3, 4, we complete the proof of our theorem. O

Proof of Theorem[L3 Let A; = a_yo (1x)a_ o (@)a—n,,(@i1) - a—n, , (@iw,)]0) with |a; ;| =
2. By linearity, we may assume «; ; € B for every ¢ and j. By (5.50) and (5.34),

3 l
<3n,d; HW:,1A1> = % . Z Z H <[@|Iai,5i]]], ®§:1AE§\0¢1|H> (558)
(

i=1 Sept,  Areod;=Ar =1
o ,
’ )e [n],d Ao 104~0A2,L:A2
, ,
A3’10---0A31l:A3

So our theorem, except the degree of p in (ii), follows from Lemma [BEI9 Lemma and
Lemma [B2Tl To see the degree of p in (ii), consider a nonzero term in (EL58)):
!

I1 <[@uai,5iﬂ], Alslll g gl<lell g Ag§|ai|ﬂ> _ (5.59)

i=1
By Lemma 519 (ii), for each ¢ in ([&59)), the classes A ;, A2, As; together contains at most one
Heisenberg factor of the form a_,, , (@; ). By Lemma[5.20and Lemmal5.2T} the degree of (5.59)
as a monomial of (Kx, Ky) is equal to |I| where I is the set consisting of the index ¢ € {1,...,1}
such that the classes A; ;, A2, As; together do not contain any Heisenberg factor of the form
a_pn, (). Now for each i € I, |o;| > 2 since §; > 1. So we conclude that

1] < 2Z|m|——n—2|ml < n—Zm

iel i1

Hence the degree of p as a polynomial of (Kx, Kx) is at most (n =i ig)/2 O

Corollary 5.23. Let d > 1, and let Ay, Ay, Az € H*(X")) be Heisenberg monomial classes.

(i) If A = a1(1x)"""a-1(a)[0), then (3n.a, [Ty 75 4i) =0
(ii) If Ay = a_1(1x)" " Pa_i(@)a_x(2)[0) for some A, then (A1, Az, A3)o.a, = 0.

Proof. (i) First of all, if & = z, then (35,4, H?:l 7, ;Ai) = 0 by Theorem [[3] (i).

Next, let @« = 1x. Use induction on n. Since d > 1, the conclusion is trivially true when n = 1.
Let n > 1. Recall that 1/n!- A; is the fundamental class 1y of X[ By Theorem [[2 and the
Fundamental Class Axiom of Gromov-Witten theory,

Z Z (A1, A2, A31) - <3md7H7Tml 12> 0.

m=2 Aj1,10412=41
Ag 10Ag o=Ag
A3,1 °A3,2:A3
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Since Ay = a_1(1x)"]0), we have A1 2 =a_;(1x)™|0). By induction, (3.4, ]_[Z 1T Ai72> =0
if 2<m <n—1. It follows that (3,4, Hl LT A =

Now let || = 2. By the Divisor Axiom of Gromov Witten theory and (41, 8,) = 0, we
have (A1, Ag, A3)o.as, = 0. Using an argument similar to the one in the previous paragraph, we

conclude that (3, 4, Hl LT A =
(ii) We compute <A1,A2,A3>01d5n by using (C3). Note that the class A2 in (L3) is equal to

a_1(1x)™|0), or is equal to a_1(1x)™ *a_1(a)|0), or contains a factor a_;(z) for some ¢ > 0. By
(i) and Theorem [[3] (i), we get (A1, As, A3>0 ag, = 0. O

6. Proofs of (I.2) and Theorem [I.1]

Let X be a simply connected smooth projective surface. Our goal in this section is to prove
([2) and Theorem LIlfor A" = H; (X (). The proof of (L2 is divided into three cases depend-
ing on the cohomology degree of the class a in ([[L2]) and leading to Proposition[6.3] Proposition[6.9]
and Proposition [6.121 Assuming these three propositions, we now prove Theorem [L.1}

Proof of Theorem[I 1l Note that the shift number (or the age) of the class p_,, (1) - - - p_n_ (as)]0)
is equal to ny + ...+ ng — s. Define a linear isomorphism

v fx — HX (61)
by sending \/—_1nl+'“+ns_Sp_n1 (a1) - p_n,()|0) to a_,, (1) ---a_,, (as)|0). This induces a
linear isomorphism ¥, : H(’ER(X(")) — H*(X ) for each n. Moreover, ¥ is simply the identity
map on the cohomology group of the surface X.
By (@8], Proposition [63], Proposition [6.9] and Proposition [B.12] the two formulas (IIl) and
([C2) hold for A"l = Hy. (X)), By the proof of Theorem 24 (i.e., Theorem 4.7 in [LQW3J]),

~ 1 s(A) —2
Grla)=— > T () + > oo (T (exa)). (6.2)
LN =k+2,[\|=0 £(N)=k,|A|=0
Combining this with formula 1), we check directly that
k ni+...+ns—s
v, (V=1"0x(a,n) o vV=1" pom (@) < pon (0)]0))
k+ni+...4+ns—s
= w, (v Ok(@)p-n, (1) -n, (2)[0))
= Gr(@)an,(01) - an, (@:)|0)
= Grla,n)-a_p (1) - a_pn, (o)0)
where ny + ...+ ngs = n. In particular, letting s =n,n1 =...=ng=1land a; =... = a5 = 1y,
we obtain \Iln(s/—lkOk(a,n)) = Gi(a,n). Thus,
k ni+...+ns—s
0, (VT Opla,n) o VT T (00) b, (00)[0))

— U, (V=T Oklan) - W (VT T () - (00)]0).

Since the classes Oy (a,n) with k > 0, € H*(X) generate the ring H¢y (X (™), we conclude that
W, 0 Hig (X)) — H*(X[M) is a ring isomorphism. O

Remark 6.1. Using Heisenberg monomial classes, one checks that the ring isomorphism W,, pre-
serves the pairings on Hgg (X ™) and H*(X ™).

In the next three subsections, we will verify (L2 by proving Propositions[6.3] [6.9and [6.12 used
in the proof of Theorem [[Il For simplicity, put (w1, ws,ws)q = (w1, wa, w3)o 48, In addition,
w1, we and ws will stand for Heisenberg monomial classes.
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6.1. The case o = x. We begin with a setup for the proof of (2] for arbitrary «, 5 € H*(X).

To prove ([[2), it is equivalent to verify that

([®r(e); a—1(B)]wr, wa) = k,< o} (aB)wr, ws).

for wy € H} (XI"=1) = H*(X["~1) and wy € Hj; (XI") = H*(X["). Put

D (wr, w2 @) = ([Br(0r0), a—1 (B)wr, wa) — — (0%} (aB)wr, we)

kl

where we have omitted % in Dg(wl, wa; q) since it will be clear from the context.

Lemma 6.2. The difference Df(w1,ws;q) is equal to

(-phA-t
> X WZ(<17<n—j71>a—x(na)|0>,a—l(ﬁ)wl,w2>d

0<j<k A-(+1) d>1
L(N)=k—j+1

— (1 (n—jo2y 0 (T)[0), w1, a_l(ﬁ)Tw2>d>qd
> > Fia) - (ar(r(eas)u, ws)

ce{Kx K%} ‘O=hHiolel/?

- X S a0 (s e (c)l0), a i (B, ws)

ce{Kx K%} AFGHD)
0<jer AN=k—it+1=|e|/2

— (1o njn 0-a(ma(€))[0), wr, a1 (8) )

(6.3)

(6.4)

(6.5)

where a_1(B8)" = —a1(B) is the adjoint operator of a_1(B), and the functions f‘é‘()\) and gje|(N)

depend only on k, |e| and A.

Proof. By @), ([®x(a;q),a_1(8)Jwr,ws) is equal to

(i(as9)(a-1(B)wn), wa) — (a-1(8)Bx(a; ) (wr), we)

(& (asq) (a1 (B)wr), w2 ) — (Bx(asq)(wr), a1 () ws)

= Y ((Gulam)acs(Bu,we), — (Gilan = 1) wra(8) wa), )"

d>0

If d > 1, then we see from ([@4]) and Corollary .23 (ii) that

(Gi(a,n), ay(Bywr, wn),

-y oy G

! < (n—j—1)8- A(T* )|0>,a_1(6)w1,w2>d,
R e
Similarly, if d > 1, then <C~¥k(o¢, n—1),w, a,l(ﬁ)Tw2>d is equal to

—1)lA=t

Z Z (/\!_WCl(njQ)Q—A(T*Oé)|0>,w1,a_l(ﬁ)T’w2>d.

0<j<k A-(i+1)
L(N)=k—j+1

Next, we study the two terms with d = 0 in ([E8). By (£4) and Theorem 2.5

(N;k(a,n) = Gk(a,n) — Z Z f]‘e‘()\) . 1,(n,j,1)a_>\(7'* (60())|0>

ce{Kx K%} AFGHD)
o<k AN =k—jf+1=]e|/2

(6.7)
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where gj¢|(\) depends only on k, || and A. By Theorem 2.1] (iii), Theorem and Lemma [.5]
<Gk (CY, TL), afl(ﬂ)wla w2> - <Gk(0[, n— 1)5 Wi, afl(ﬂ)-tw2> equals

(Gr(a,n) - a1 (B)wr, wa) — (Grla,n — 1) - wi, a1 (8) ws)
(B (a)a_1(B)wr,wa) — (a_1(B)By(a)wr, wa)

([Bu(a)as(B)r,uz) = 17 (@) (@B)ur, we)
= % <Cl{_kl}(aﬁ)w1,w2> + Z Z ﬁe‘(A) (ax(ru(caB))wr, ws).

ec{Kx,K%} 2<A>‘:f‘+:1:1\e\/2

Thus, <(~?k(a,n), a_l(ﬁ)wl,w2> — <(~?k(a,n — 1), wn, a_l(B)Tw2> is equal to
e @B+ Y ST FaO) - (ar(n(ca))wn, ws)

ee{Kx K%} (N=kt1l-|e[/2

IAl=—1

_ Z Z g\e\()\) . (<1_(n_j_1)CLA(T*(ea))|O>, afl(ﬂ)w17w2>
ee{ng)jéig(} Z(A):?ci(yj“j:lll\e\/z
~(L a2 @ A (7€) 0), w1, 01 (8) ) ). 69)

Finally, our lemma follows from (G.6)), (61), (C8) and (@3). O

Now we deal with the simplest case when o = x and [ is arbitrary.
Proposition 6.3. If a = x is the cohomology class of a point, then (L2) is true.

Proof. By Corollary .23 (ii), every term in (6.5) is equal to zero. So D(w1,ws;¢q) = 0. Setting
q = —1, we conclude immediately that (L2) is true. O

6.2. The case |a| = 2. We begin with two lemmas about the structures of the intersections in
H* (X)),

Lemma 6.4. Let \ be a partition with |\| <n. Fori=1 and 2, let

w; = a_xe (@)a_ o (1x)a—p,  (@i1) - an, ,, (@,)]0) (6.10)

where |a; ;| =2 for all i and j. Then, (a_1(1x)" Ma_(2)|0),w1,w2) is equal to

6u1,uz . Z H<al,i7 a2,a(i)> . p(U) (611)

oc€Perm{1,...,u; } =1
where p(o) depends only on o,n, \ and all the )\(i),u(i),niﬁj.

Proof. By Lemma 28 (i), a_1(1x)" Ma_,(x)|0) is a polynomial of the classes Gy (x,n),k > 0
whose coefficients are independent of X. In addition, the integers k involved depend only on A.
Note that

(G, (z,n) -+ Gy (z,n), w1, w2) = (B, (2) -+ By, (T)w1, wa)
= <Cl,>\(1) (x)a_nl,l (CY171) Oy (alﬂl«l)@kl (‘T) T ijz (l’)ﬂ,#(l) (1X)|0>7 w2>'

So by Theorem 24l and Theorem 21 (i), (G, (z,n) - - - G, (x,n), w1, w2) equals

6u1,uz . Z H<al,i7 a2,a(i)> . ]5(0) (612)

oc€Perm{1,...,uq } i=1

where $(c) depends only on o,n,ky, ...,k and all the AV, ;D n, .. |
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Lemma 6.5. Let ng > 1, |a] =2, and X be a partition. Let wy and wy be given by (610). Then,
(1 (1A —no) A=A (2) 850 (@) [0), w1, w2) is equal to

i
(Kx,0)  Ouyup - > [ 02.000)) - p1(o1)

o1€Perm{1,...,u1} i=1

U1
+ Z<a,al,j> “Ouy—1,us ZH<al,iaa2,ag(i)> -p2(02)
=1

o2 A
ug ul

+ Z<0€,042,j> “Ouy up—1 ZH<041,1'7042,03(1‘)> -p3(o3) (6.13)
Jj=1 o3 i=1

where oo runs over all bijections {1,...,u1} — {j} — {1,...,u2}, o3 runs over all bijections
{1,...,u1} = {1,...,u2} — {4}, and p1(o1) (respectively, p2(o2), p3(o3)) depend only on oy
(respectively, o2, 03), n,ng, A and all the /\(i),,u(i),ni,j.

Proof. By Lemma 2.8 (ii), 1_(,—|x|—ng)@-x(2)a_n, (a)[0) can be written as

(Kx,a) - Fi(n) + > Gy (a,n) - Fyi(n)

3

where Fj(n) and F;(n) are polynomials of G (z,n), k > 0 whose coefficients are independent of
n and a. Moreover, the integers k and k; depend only on A and ng. Thus,

<1—(n—\>\|—no)a*>\(x>a*no (a)|0>a Wi, U}2>
= (Kx,a) - {Fi(n), w1, ws) + Z (Gr, (e, n) - Fai(n), w1, ws). (6.14)

As in the proof of Lemma [G.4] <F1 (n),wn, w2> is of the form

U1

Ouyup * Z H<al,iua2,al(i)> -pr,1(o1) (6.15)

o1€Perm{1,...,u; } i=1
where j; 1(c1) depends only on oy,n,n9, A and all the A, u() n; ;. Also,
(Gr,(a,n)Gs, (z,n) - Gy (z,n), w1, w2) = (B, (x) - B, (2) By, ()w1, wa).
By Theorem [Z4 and Lemma 20 (Gy, (o, n)Gs, (x,n) - - - Gy, (z,n), w1, w2) equals

u1
(Kx,a) Ouyuy - Z H<a1,i;a2,al(i)> “Pr.2(01)

o1€Perm{1,...,u; } i=1

ur
+ Z(Oé,al,j> “Ouy—1uy ZH(al,i,az,Uz(i)> - pa(02)
=1

o2 i#]
u U1

+ ZW, @2,5) * Ouy up—1 * Z H<041,i7 042,03(1')> -p3(o3) (6.16)
Jj=1 o3 1=1

where oy runs over all the bijections {1,...,u1} — {j} = {1,...,u2}, and o3 runs over all the
bijections {1,...,u1} = {1,...,u2} — {j}. Hence >, (G, (a,n) - F>;(n), w1, w2) is of the form
[E18) as well. Combining with (GI4]) and ([@I5]), we obtain ([EI3)). O

Next, we introduce the notion of universal polynomials P(Kx, S1,S2) in (Kx, Kx) of degree
at most m and of type (u1,us), and prove a vanishing lemma.
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Definition 6.6. Fix three integers m,uy, us > 0. Then a universal polynomial P(Kx,S1,S2) in
(Kx,Kx) of degree at most m and of type (uy,usz) is of the form

Z H <KX7041,1’> ' H <Kx,a27i>

1<j1<...<js<ujp 4 T . Lo
1<1) <. <lo<us iZ{g1,0ds} iZ{l1, s}

Z H<a11ji7a270(11)>'p(jla'"7js;llv'-'7ls;a) (617)

occPerm{ly,...,ls} i=1
where S; = {a; 1,..., i } C H*(X), and p(j1, ..., js;l1,...,ls;0) is a polynomial in (K x, Kx)
whose degree is at most m and whose coefficients are independent of X and the classes «; ;.

Lemma 6.7. Fiz m,uj,us > 0. Let P(Kx,S1,S2) be a universal polynomial in (Kx,Kx) of
degree at most m and of type (u1,us). Assume that P(Kx,S1,S2) = 0 whenever X is a smooth
projective toric surface. Then P(Kx,S1,S2) =0 for every smooth projective surface X.

Proof. Let r > m + u; + u2, and let X, be a smooth toric surface obtained from P? as an

r-fold blown-up. Let Ly be a line in P2, and let ey,...,e, be the exceptional divisors. Then,
Kx, =—-3Lo+e1+...+e,. Forfixed ji,...,7s,01,...,1s and o, let

{al,i|i€{17"'7u1}_{j17"'7j5}} = {_617-'-7_611,1—5}7

{ogalie {1, jug} —{l1,.. . s} = {—€us—s41s o —€Cuy—shus—s )
and a1 j;, = 02,5(1;) = €uy—stus—s+2i — Cuy—stus—s+2i—1 for i =1,...,s. Then,

0= P(KXra S17 SQ) = (_2)S ! p(j17 s 7j5; lla s alS; U) (618)

by @IT). It follows that p(ji, ..., Js;l1,--.,ls;0) = 0 for all the surfaces X, with r > m+u;+us.
Since p(j1,...,4s;l1,-..,1ls;0) is a polynomial in (K, , Kx,) whose degree is at most m, we
conclude that as polynomials, p(j1,...,7s;l1,...,ls;0) = 0. Therefore, P(Kx,S1,S52) = 0 for
every smooth projective surface X. g

Our next lemma is about the structure of certain 3-pointed extremal Gromov-Witten invari-
ants, and provides the motivation for Definition

Lemma 6.8. Let d,ng > 1 and || = 2. Let wy and we be given by (GI0). Then,
<1_(n_|>\‘_n0)a,A(x)a,n0(a)|0>,wl,w2>d = (Kx,a) - P(Kx,S1,52) (6.19)

where S1={a11,.-., 010, }, S2 ={a21,..., 024, }, and P(Kx,S1,52) is a universal polynomial

in (Kx,Kx) of degree at most (n —ng)/2 and of type (uy,us).

Proof. For simplicity, let wo = 1_(—|x|—n)a-A(2)8_n,()[0). Also, for i = 1 and 2, let w; =

a_ o (x)an,  (@i1)--a_p,, (@)]0). We compute (wo,wr,wsz), by using [L3). Consider
the following term from (3]

* wo * w1 * w2
Bo,B1,B2) - { 3m.d, Tpo1i | 5 | " Tmal =5 ) sl = 6.20
(Bo, B1, Bz) <3 . ’1<BO> 2 <31> 3 <32)> (6.20)

where m < n, By, B1,B> € H*(X["’m]), By C woy, B1 C wy, and By C wy. By Theorem [[3] (i)
and Corollary[5.23] (i), such a term is nonzero only if By = a_1(1x)?a_x(z)|0) with j < (n—|\ -
’no), By = Cl_)\(1)($)§1 with El C ’&71, and By = a_ @ (I)EQ with EQ C wo. In this situation,
([E20) can be rewritten as

{a_1(1x) a_x(2)|0), a_yo () B1, a_ye () B) i ) (6.21)
(ona i (LI (2, ()

Note that B; = a_,(Ix)a—n, ; (@1j) - an,; (a1;,)[0) for some 1 < ji < ... < js < w

and some sub-partition v of u() (i.e., every part of (1) is a part of x(V)). Similarly, B, =
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a_l,(z)(lx)a,nzyll(042111)---a,nwt (2,1,)|0) for some 1 < I} < ... < Iy < uz and some sub-
partition v of u(?). By Lemma 64, (621) equals

65175 : Z H<a11ji7a270(li)> 'pl(jlv"'ajs;lla-'-vls;o') (623)

oc€Perm{ly,...,ls} =1

where p; is a number independent of the surface X and the classes «; ;. By Theorem[[3] we see
that the factor ([622) is equal to

(Kx,a) [ (Kxoa) I (Kxoaza) - palin, o dsil, o lsio)
iZ{j1,. s} i@ {l1,..0s}
where po is a polynomial in (Kx, Kx) whose degree is at most (m — ng)/2 < (n — ng)/2, and
whose coefficients are independent of the surface X and the classes «; ;. Combining this with

©20), @21, 622) and 623), we obtain (GI9). O
Proposition 6.9. If |a| = 2, then (L23) is true.

Proof. Recall that ([L2) is equivalent to (6.3)), and the difference D (w1, w2;q) from (G4 is
computed by Lemma Let wy and wy be given by (GI0). Let uy = d5 + u1 and Sy =
{042)1, . .,agﬂm}. Let Sl = {041)1, . .,alm} lf |ﬁ| 75 2, and Sl = {ﬁ,am, .. -aal,ul} 1f |B| = 2.
By Lemma [£0] and Lemma [6.7, it suffices to prove that
Dg(wl,wg;—l): <Kx,04>'P(Kx,Sl,Sz) (624)

where P(Kx,S1,S2) is a universal polynomial in (Kx, Kx) of degree at most (n —1)/2 and of
type (uf,uz). This follows if we can prove that

Dj (w1, w25 q) = (Kx, o) - ZP(KX781; Sa;d) g (6.25)
>0

where every P(Kx, S1,S2;d) is a universal polynomial in (Kx, Kx) of degree at most (n —1)/2
and of type (u},us). We remark that d has been inserted into the notation P(Kx,S1,S2;d) to
emphasis its dependence on d.

In the following, we will show that the contribution of every term in (6X) is of the form
P(Kx,S1,S2;d) for a suitable d > 0. Note that in H*(X?),

Ti*(a) =aRrR - RIT+ITRaRrR - Rr+..+tTR--Qr Q.
Thus, by Lemma B8, (1_(,—;_1ya_x(7.)[0),a_1(B)wr, w2),, is equal to
<KX,CY> 'PI(KX;Slv‘S’Q;d)

where P;(Kx,S1,S92;d) is a universal polynomial in (Kx, Kx) of degree at most (n — 1)/2 and
of type (u},uz). Similarly, since a_i(8)fws = —a1(B)wa, we see from Theorem 1] (i) and
Lemma [6.8] that

(1_(n—j_2ya_x(r.a)|0), w1, a—l(B)T'w2>d = (Kx,qa) - P(Kx,S1,52;d).

Next, we move to the term {ay(7.(ea3))wr,w2) in (GH), where € € {Kx, K%}. Such a term
is zero unless e = Kx and |3| = 0. In this case, we may assume that 8 = 1x. So let e = Kx and
8 =1x. Then,

<a,\(T*(eaﬁ))w1,w2> = <Kx,a> . <a,\(x)w1,w2> = <Kx,04> . P3(KX751,52;0).

by Theorem 211 (i), where P5(Kx,S1,52;0) is a universal polynomial in (Kx, Kx) of degree 0
(i.e., (Kx, Kx) does not appear) and of type (u},uz).
Finally, 7. (e) is zero unless e = Kx. Let e = Kx. By Lemmal[64]

(1 ugmnyaoa(m(a))0), s (Bun,wa) = (Kx,0) - (1uojonyas@)[0), a1(B)uwn,ws)
= (Kx,a)-Py(Kx,S1,52;0)
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where P;(Kx,S1,52;0) is a universal polynomial in (Kx, Kx) of degree 0 and of type (u, us).
Similarly, since a_1(3)Tws = —a1(B)w2, we obtain

<1_(n_j_2)a,A(7'*(ea))|0>, wy, afl(B)Tw2> = (Kx,a) - Ps(Kx,S1,52;0). O
6.3. The case o = 1x.
Lemma 6.10. Let d,ng > 1. Let wy and wy be given by (GI0). Then,
(1 (A |=no) 8-a(@)an, (1x)|0), w1, we) , = P(Kx, S1,52) (6.26)

where S1 = {11, ..., 000, }, S2 = {a21,..., 024, }, and P(Kx, S1,S2) is a universal polynomial
in (Kx,Kx) of degree at most n/2 and of type (u1,uz).

Proof. This follows from the proof of Lemma by replacing a by 1x (and then by noticing
that the factor (Kx,a) there will not appear here). O

Lemma 6.11. Let d > 1 and |A| < n. Let wy and wy be given by (GI0). Then,
<1,(n,‘>\|)a_)\(7'*1x)|0>,wl,w2>d = P(Kx, Sl, Sg) (6.27)

where S1={a11,..., 00,0, 1, S2 ={a21,..., 024, }, and P(Kx,S1,52) is a universal polynomial
in (Kx,Kx) of degree at most n/2 and of type (u1,uz).

Proof. For i = 1 and 2, let w; = a_ o (1x)a—n,,(@i1) - a—n,, (2;)[0). Note that if the

Kiinneth decomposition of m9,1x € H*(X?) is given by
Talx =2 ®1x +1x ®$+Z%,1 & Y42
J

where |v;1] = |v;2] = 2, then up to permutations of factors, a typical term in the Kiinneth
decomposition of 7, 1x € H*(Xi) withi > 3iseither 2®--- @z R@Ixorz®--- @z ®vj,1 ® ;2.
In view of Lemma [610, it suffices to verify that

D (1 na_5(@)an, (17,1)8n,(35,2)|0), wi, w2 ), = Pi(Kx, S1, S2) (6.28)
J
where 1 = n — |;\| —n1—na, and Py (Kx, S1,S2) is a universal polynomial in (Kx, Kx) of degree
at most n/2 and of type (u1,us). For simplicity, let
wo = 1_na_z(z)a—n, (7),1)a-n,(7;,2)]0)-
We see from (3] that to prove ([6.28), it suffices to show that

Z<Bo,31732> : <3m,d; T (g—z) Mo <Z—1> T3 <Z—z>> (6.29)

J

is equal to Py(Kx,S1,S2), where m < n, By, B1,Bs € H*(X[”*m]), By C wy, B1 C wy, and
By C ws. By Theorem (i) and Corollary B23 (i), such a term is nonzero only if By =
a_ o (z)By with By C @y, By = a_y (2)By with By C W, and By = a_;(1x)*a_5(2)|0) or
a_1(1x)%a_s(x)a_p, (v5,1)]0) or a_1(1x)%a_5(z)a_n,(y;,2)|0) where s < n. In the following, we

assume that ([@29) is nonzero. By symmetry, we need only to consider two cases for By:
By =a_1(1x)%a_5(x)|0), or By =a_1(lx)%a_s(x)a—n,(7;1)]0).
We begin with the case By = a_1(1x)%a_5(x)|0). Then ([6.29) becomes

Z {a_1(1x)%a_5(2)[0), a_ya () Br, a_ye () B2)

. N 1—ﬁa—n1(Wj,l)a—nz(%ﬂﬂo)> o (@) L <@>>
<3m,d; T 1 ( a_1(1X)5|0> Tm,2 El Tm,3 Ez .
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Applying the same arguments as in the computations of ([G21]) and ([©22]), we conclude that the
term ([6.29) is equal to

> (Ex,vja) - (Kx,7j2) - Ps(Kx, 51, 52)
J
where P3(Kx,S1,S52) is a universal polynomial in (Kx, Kx) of degree at most (m —n; — ng)/2
and of type (u1,uz2). Note that for 81,32 € H?(X), we have

> (Br, i) - (Bayvi2) = (B, Ba)- (6.30)

J

Therefore, (629) is equal to (Kx,Kx) - P3(Kx,S1,52) which is a universal polynomial in
(Kx,Kx) of degree at most m/2 < n/2 and of type (uy,us).
Next, let By = a_1(1x)%a_5(z)a_,, (7,,1)]0). This time, ([629) becomes

Z (a_1(1x)%a_5(@)an, (7,100, a_xn (z)B1,a_ s (2)B2)

1_s0_,.(7i2)]0 . w X w,
(o i (S50 ) o () 7o (32))
Using Lemma [6.5] Theorem [[3] and (6.30), we conclude that (6.29) is equal to Py(Kx, S1,S2)
which is a universal polynomial in (Kx, Kx) of degree at most
(m=n2)/2+1<((n—n1)—n2)/2+1<n/2
and of type (u1,us2). This completes the proof of ([G27]). O

Proposition 6.12. If a = 1x, then (I3 is true.

Proof. We adopt the same notations and approaches as in the proof of Proposition By
Lemma [£.6] and Lemma [6.7, it suffices to prove that

D* (wy,wy; —1) = P(Kx, 51, 52) (6.31)

where P(Kx,S1,S2) is a universal polynomial in (Kx, Kx) of degree at most (n + 1)/2 and of
type (u},us2). This follows if we can prove that

DX (wy, wa; q) = ZP(KX, S1, 825 d) ¢ (6.32)
>0
where P(Kx,S1,S2;d) is a universal polynomial in (Kx, Kx) of degree at most (n + 1)/2 and
of type (u},uz). In the following, we will show that the contribution of every term in (3] is of
the form P(Kx,S1,S2;d) for a suitable d > 0.
First of all, when d > 1, we conclude from Lemma [G.11] that

(1_(n—j—1)a-x(71x)[0), a1 (B)wr, wa) ; — (1_(n—j—2)8-x(T1x)[0), w1, a_1(8) ws)

is equal to P;(Kx, S1,S2;d) which is a universal polynomial in (K x, Kx) of degree at most n/2
and of type (u}, us).

Next, consider (ax(7.(ea))w1, w2) = (ax(7«(ef))wr, w2 ) from [@H), where € € {Kx, K% }. It
is zero unless e = K% and 8 = 1x (when |3| =0, we let 8 = 1x), or ¢ = Kx and || = 2, or
e=Kx and 8 =1x. If e= K% and 8 = 1x, then

(ax(r(eB))wr, we) = (Kx, Kx) - (ax(z)wi, w2) = (Kx, Kx) - Pa(Kx, 51, 52;0)

by Theorem 2] (i), where P>(Kx,S1,S52;0) is a universal polynomial in (Kx, Kx) of degree 0
and of type (u},uz). If e = Kx and || = 2, then

<a,\(T*(eﬁ))w1,w2> = <Kx,6> . <a,\(:b)w1,w2> = <Kx,ﬁ> 'Pg(Kx,Sl,SQ;O)
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which is a universal polynomial in (Kx, Kx) of degree 0 and of type (uf,uz2). If ¢ = Kx and
8 = 1lx, then we obtain <a,\(T*(eﬁ))w1,w2> = <a>\(T*KX)w1,w2> which again is a universal
polynomial in (K x, Kx) of degree 0 and of type (u},uz).

Finally, let € € {Kx, K%}. We have 7,(ea) = Twe. Let I. be the difference

(1_ (1)@ (7:6)[0), a1 (B)wr, w2 ) — (1_(_j—2ya_x(74€)|0), w1, a_1(B) w2)
from (EE). When e = K%, we see from Lemma [6.4 that
I = (Kx,Kx)-(1_(n—j—1a-x(2)[0),a_1(B)wr, ws)

—(Kx,Kx) - (1_(n_j_aya_x(2)|0), w1, a_1(8) ws)
= (Kx,Kx)-  Py(Kx,5S1,52;0)

where Py(Kx,S1,52;0) is a universal polynomial in (Kx, Kx) of degree 0 and of type (uf,u2).
When € = Kx, we see from Lemma [6.5] that

I = (1_(n—jenya A (7 Kx)|0), a1 (B)wr, wa) — (1_(n_j_2ya (7. Kx)|0), w1, a_1(8) ws)

is a universal polynomial in (Kx, Kx) of degree at most 1 and of type (u},uz). O
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