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nents of energy-momentum tensor of the spinor field plays vital role on the evolution of the
Universe. As a result of their mutual influence there occur two different scenarios. In one
case the invariants constructed from the bilinear forms of the spinor field become trivial,
thus giving rise to a massless and linear spinor field Lagrangian. According to the second
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I. INTRODUCTION

Thanks to its flexibility to simulate the different characteristics of matter from perfect fluid
to dark energy and its ability to describe the different stages of the evolution of the Universe,
spinor field has become quite popular among the cosmologists[1–21] . But some recent study
[22, 23] suggests that flexible though it is, the existence ofnon-diagonal components of the energy-
momentum tensor of the spinor field imposes very severe restrictions on the geometry of the Uni-
verse as well as on the spinor field, thus justifying our previous claim that spinor field is very
sensitive to the gravitational one [24].

In some recent papers [22, 23] within the scope of Bianchi type-I cosmological model the
role of spinor field in the evolution of the Universe has been studied. It is found that due to the
spinor affine connections the energy momentum tensor of the spinor field becomes non-diagonal,
whereas the Einstein tensor is diagonal. This non-triviality of non-diagonal components of the
energy-momentum tensor imposes some severe restrictions either on the spinor field or on the
metric functions or on both of them. In case if the restrictions are imposed on the components of
spinor field only, it becomes massless and invariants constructed from bilinear spinor forms also
become trivial. Imposing restriction wholly on metric functions one obtains FRW model, while if
the restrictions are imposed both on metric functions and spinor field components, the initially BI
model becomes locally rotationally symmetric. These results motivated us to consider the other
Bianchi models and study the influence of spacetime geometryon the spinor field and vice versa.

A Bianchi type-VI0 model describes an anisotropic spacetime and generates particular interest
among physicists. Weaver [25], Ib ´añez et al. [26], Socorro and Medina [27], and Bali et al. [28]
have studied B-V I0 spacetime in connection with massive strings. Recently, Belinchon [29] studied
several cosmological models with B-VI0 & B-III symmetries under the self similar approach. A
spinor description of dark energy within the scope of a B-VI0 model was given in [30]. Bianchi
typeVI0 spacetime filled with dark energy was investigated in [31].

In this paper we study the self-consistent system of nonlinear spinor field and gravitational one
given by the Bianchi typeVI0 spacetime in order to clarify the role of non-diagonal components
of the energy-momentum tensor of spinor field in the evolution of the Universe.

II. BASIC EQUATION

Let us consider the case when the anisotropic space-time is filled with nonlinear spinor field.
The corresponding action can be given by

S (g;ψ, ψ̄) =

∫

L
√−gdΩ (2.1)

with
L = Lg+Lsp. (2.2)

HereLg corresponds to the gravitational field

Lg =
R
2κ

, (2.3)

whereR is the scalar curvature,κ = 8πG, with G being Newton’s gravitational constant andLsp is
the spinor field Lagrangian.

A. Gravitational field

The gravitational field in our case is given by a Bianchi type-VI0 anisotropic space time:
ds2 = dt2−a2

1e−2mx3dx2
1−a2

2e2mx3dx2
2−a2

3dx2
3, (2.4)

with a1, a2 anda3 being the functions of time only andm is some arbitrary constant.
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The nontrivial Christoffel symbols for (2.4) are

Γ1
01 =

ȧ1

a1
, Γ2

02 =
ȧ2

a2
, Γ3

03 =
ȧ3

a3
,

Γ0
11 = a1ȧ1e−2mx3, Γ0

22 = a2ȧ2e2mx3, Γ0
33 = a3ȧ3, (2.5)

Γ1
31 =−m, Γ2

32 = m, Γ3
11 =

ma2
1

a2
3

e−2mx3, Γ3
22 =−ma2

2

a2
3

e2mx3.

The nonzero components of the Einstein tensor corresponding to the metric (2.4) are

G1
1 =− ä2

a2
− ä3

a3
− ȧ2

a2

ȧ3

a3
+

m2

a2
3

, (2.6a)

G2
2 =− ä3

a3
− ä1

a1
− ȧ3

a3

ȧ1

a1
+

m2

a2
3

, (2.6b)

G3
3 =− ä1

a1
− ä2

a2
− ȧ1

a1

ȧ2

a2
− m2

a2
3

, (2.6c)

G0
0 =− ȧ1

a1

ȧ2

a2
− ȧ2

a2

ȧ3

a3
− ȧ3

a3

ȧ1

a1
+

m2

a2
3

, (2.6d)

G0
3 =−m

(

ȧ1

a1
− ȧ2

a2

)

. (2.6e)

B. Spinor field

For a spinor fieldψ, the symmetry betweenψ andψ̄ appears to demand that one should choose
the symmetrized Lagrangian [32]. Keeping this in mind we choose the spinor field Lagrangian as
[5]:

Lsp=
ı
2

[

ψ̄γµ∇µ ψ −∇µ ψ̄γµ ψ
]

−mspψ̄ψ −F, (2.7)

where the nonlinear termF describes the self-interaction of a spinor field and can be presented
as some arbitrary functions of invariants generated from the real bilinear forms of a spinor field.
Sinceψ andψ⋆ (complex conjugate ofψ) have four component each, one can construct 4×4= 16
independent bilinear combinations. They are

S= ψ̄ψ (scalar), (2.8a)

P= ıψ̄γ5ψ (pseudoscalar), (2.8b)
vµ = (ψ̄γµψ) (vector), (2.8c)

Aµ = (ψ̄γ5γµ ψ) (pseudovector), (2.8d)
Qµν = (ψ̄σ µνψ) (antisymmetric tensor), (2.8e)

whereσ µν = (ı/2)[γµγν − γνγµ ]. Invariants, corresponding to the bilinear forms, are

I = S2, (2.9a)

J = P2, (2.9b)
Iv = vµ vµ = (ψ̄γµψ)gµν(ψ̄γνψ), (2.9c)

IA = Aµ Aµ = (ψ̄γ5γµψ)gµν(ψ̄γ5γνψ), (2.9d)

IQ = Qµν Qµν = (ψ̄σ µν ψ)gµαgνβ (ψ̄σ αβ ψ). (2.9e)
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According to the Fierz identity, among the five invariants only I and J are independent as
all others can be expressed by them:Iv = −IA = I + J and IQ = I − J. Therefore, we choose
the nonlinear termF to be the function ofI andJ only, i.e., F = F(I ,J), thus claiming that it
describes the nonlinearity in its most general form. Indeed, without losing generality we can
chooseF = F(K), with K taking any of the following expressions{I , J, I +J, I −J}. Here∇µ is
the covariant derivative of spinor field:

∇µψ =
∂ψ
∂xµ −Γµψ, ∇µψ̄ =

∂ψ̄
∂xµ + ψ̄Γµ , (2.10)

with Γµ being the spinor affine connection. In (2.7)γ ’s are the Dirac matrices in curve space-time
and obey the following algebra

γµ γν + γν γµ = 2gµν (2.11)

and are connected with the flat space-time Dirac matricesγ̄ in the following way

gµν(x) = ea
µ(x)e

b
ν(x)ηab, γµ(x) = ea

µ(x)γ̄a (2.12)

whereea
µ is a set of tetrad 4-vectors.

For the metric (2.4) we choose the tetrad as follows:

e(0)0 = 1, e(1)1 = a1e−mx3, e(2)2 = a2emx3, e(3)3 = a3. (2.13)

The Dirac matricesγµ(x) of Bianchi type-VI0 spacetime are connected with those of Minkowski
one as follows:

γ0 = γ̄0, γ1 =
emx3

a1
γ̄1, γ2 =

e−mx3

a2
γ̄2, γ3 =

1
a3

γ̄3

γ5 =−ı
√−gγ0γ1γ2γ3 =−ıγ̄0γ̄1γ̄2γ̄3 = γ̄5

with

γ̄0 =

(

I 0
0 −I

)

, γ̄ i =

(

0 σ i

−σ i 0

)

, γ5 = γ̄5 =

(

0 −I
−I 0

)

,

whereσi are the Pauli matrices:

σ1 =

(

0 1
1 0

)

, σ2 =

(

0 −ı
ı 0

)

, σ3 =

(

1 0
0 −1

)

.

Note that thēγ and theσ matrices obey the following properties:

γ̄ i γ̄ j + γ̄ j γ̄ i = 2η i j , i, j = 0,1,2,3

γ̄ i γ̄5+ γ̄5γ̄ i = 0, (γ̄5)2 = I , i = 0,1,2,3

σ jσk = δ jk + iε jkl σ l , j,k, l = 1,2,3

whereηi j = {1,−1,−1,−1} is the diagonal matrix,δ jk is the Kronekar symbol andε jkl is the
totally antisymmetric matrix withε123=+1.

The spinor affine connection matricesΓµ(x) are uniquely determined up to an additive multiple
of the unit matrix by the equation

∂γν
∂xµ −Γρ

νµ γρ −Γµγν + γνΓµ = 0, (2.14)

with the solution

Γµ =
1
4

γ̄aγν ∂µe(a)ν − 1
4

γργνΓρ
µν . (2.15)
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From the Bianchi type-VI metric (2.15) one finds the following expressions for spinor affine
connections:

Γ0 = 0, (2.16a)

Γ1 =
1
2

(

ȧ1γ̄1γ̄0−m
a1

a3
γ̄1γ̄3

)

e−mx3, (2.16b)

Γ2 =
1
2

(

ȧ2γ̄2γ̄0+m
a2

a3
γ̄2γ̄3

)

emx3, (2.16c)

Γ3 =
ȧ3

2
γ̄3γ̄0. (2.16d)

C. Field equations

Variation of (2.1) with respect to the metric functiongµν gives the Einstein field equation

Gν
µ = Rν

µ − 1
2

δ ν
µ R=−κTν

µ , (2.17)

whereRν
µ andR are the Ricci tensor and Ricci scalar, respectively. HereTν

µ is the energy momen-
tum tensor of the spinor field.

Varying (2.7) with respect tōψ(ψ) one finds the spinor field equations:

ıγµ∇µψ −mspψ −Dψ − ıG γ5ψ = 0, (2.18a)

ı∇µψ̄γµ +mspψ̄ +Dψ̄ + ıG ψ̄γ5 = 0, (2.18b)

where we denoteD = 2SFKKI andG = 2PFKKJ, with FK = dF/dK, KI = dK/dI andKJ = dK/dJ.
In view of (2.18), eq. (2.7) can be rewritten as

Lsp=
ı
2

[

ψ̄γµ ∇µψ −∇µ ψ̄γµ ψ
]

−mspψ̄ψ −F(I , J)

=
ı
2

ψ̄ [γµ∇µψ −mspψ]− ı
2
[∇µψ̄γµ +mspψ̄]ψ −F(I , J),

= 2(IFI +JFJ)−F = 2KFK −F(K). (2.19)

In what follows we consider the case when the spinor field depends ont only, i.e.ψ = ψ(t).

D. Energy momentum tensor of the spinor field

The energy-momentum tensor of the spinor field is given by

Tρ
µ =

ı
4

gρν
(

ψ̄γµ ∇νψ + ψ̄γν ∇µψ −∇µ ψ̄γν ψ −∇ν ψ̄γµ ψ
)

−δ ρ
µ Lsp. (2.20)

Then in view of (2.10) and (2.19) the energy-momentum tensorof the spinor field can be written
as

T ρ
µ =

ı
4

gρν(ψ̄γµ∂ν ψ + ψ̄γν∂µ ψ −∂µ ψ̄γν ψ −∂ν ψ̄γµψ
)

− ı
4

gρν ψ̄
(

γµΓν +Γν γµ + γν Γµ +Γµγν
)

ψ −δ ρ
µ
(

2KFK −F(K)
)

. (2.21)

As is seen from (2.21), in the case where, for a given metricΓµ ’s are different, there arise nontrivial
non-diagonal components of the energy momentum tensor.
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After a little manipulations from (2.21) one finds the following components of the energy mo-
mentum tensor:

T0
0 = mspS+F(K), (2.22a)

T1
1 = T2

2 = T3
3 = F(K)−2KFK, (2.22b)

T0
1 =− ı

4
m

a1

a3
e−mx3 ψ̄ γ̄3γ̄1γ̄0ψ =−1

4
m

a1

a3
e−mx3 A2, (2.22c)

T0
2 =− ı

4
m

a2

a3
emx3 ψ̄ γ̄2γ̄3γ̄0ψ =−1

4
m

a2

a3
emx3 A1, (2.22d)

T0
3 = 0, (2.22e)

T1
2 =

ı
4

a2

a1
e2mx3

[(

ȧ1

a1
− ȧ2

a2

)

ψ̄γ̄1γ̄2γ̄0ψ − 2m
a3

ψ̄γ̄1γ̄2γ̄3ψ
]

=
1
4

a2

a1
e2mx3

[(

ȧ1

a1
− ȧ2

a2

)

A3− 2m
a3

A0
]

, (2.22f)

T1
3 =

ı
4

a3

a1
emx3

(

ȧ3

a3
− ȧ1

a1

)

ψ̄γ̄3γ̄1γ̄0ψ =
1
4

a3

a1
emx3

(

ȧ3

a3
− ȧ1

a1

)

A2 (2.22g)

T2
3 =

ı
4

a3

a2
e−mx3

(

ȧ2

a2
− ȧ3

a3

)

ψ̄γ̄2γ̄3γ̄0ψ =
1
4

a3

a2
e−mx3

(

ȧ2

a2
− ȧ3

a3

)

A1. (2.22h)

As one sees from (2.22) the spinor field possesses non-trivial of non-diagonal components of
the energy momentum tensor.

III. SOLUTION TO THE FIELD EQUATIONS

In this section we solve the self consistent system of spinorand gravitational field equations.
We begin with the spinor field equations and then solve the gravitational field equations. Finally
we study the influence of the non-diagonal components of the energy momentum tensor on the
components of the spinor field and metric functions.

A. Solution to the spinor field equation

Let us begin with the spinor field equations. In view of (2.10)and (2.16) the spinor field
equations (2.18) take the form

ıγ̄0(ψ̇ +
1
2

V̇
V

ψ
)

−mspψ −Dψ − ıG γ̄5ψ = 0, (3.1a)

ı
(

˙̄ψ +
1
2

V̇
V

ψ̄
)

γ̄0+mspψ̄ +Dψ̄ + ıG ψ̄γ̄5 = 0, (3.1b)

where we define the volume scale
V = a1a2a3. (3.2)

As we have already mentioned,ψ is a function oft only. We consider the 4-component spinor
field given by

ψ =









ψ1
ψ2
ψ3
ψ4









. (3.3)



Nonlinear Spinor Fields in Bianchi type-V I0 spacetime 7

Denotingφi =
√

Vψi from (3.1a) for the spinor field we find we find

φ̇1+ ıΦφ1+G φ3 = 0, (3.4a)

φ̇2+ ıΦφ2+G φ4 = 0, (3.4b)

φ̇3− ıΦφ3−G φ1 = 0, (3.4c)

φ̇4− ıΦφ4−G φ2 = 0. (3.4d)

The foregoing system of equations can be written in the form:

φ̇ = Aφ , (3.5)

with φ = col(φ1, φ2, φ3, φ4) and

A=









−ıΦ 0 −G 0
0 −ıΦ 0 −G

G 0 ıΦ 0
0 G 0 ıΦ









. (3.6)

It can be easily found that

detA=
(

Φ2+G
2)2

. (3.7)

The solution to the equation (3.5) can be written in the form

φ(t) = Texp
(

−
∫ t1

t
A1(τ)dτ

)

φ(t1), (3.8)

where

A1 =









−ıD 0 −G 0
0 −ıD 0 −G

G 0 ıD 0
0 G 0 ıD









. (3.9)

andφ(t1) is the solution att = t1, with t1 being quite large, so that the volume scaleV, hence
the expanding Universe becomes large enough. As it will be shown later,K = V2

0 /V
2 for K tak-

ing one of the following expressions{J, I + J, I − J} with trivial spinor-mass andK = V2
0 /V

2

for K = I for any spinor-mass. Since our Universe is expanding, the quantitiesD and G be-
come trivial at larget = t1. Hence in case ofK = I with non-trivial spinor-mass one can assume
φ(t1) = col(e−ımspt1, e−ımspt1, eımspt1, eımspt1), whereas for other cases with trivial spinor-mass we
haveφ(t1) = col

(

φ0
1 , φ0

2 , φ0
3 , φ0

4

)

with φ0
i being some constants. Here we have used the fact that

Φ = msp+D . The other way to solve the system (3.4) is given in [8].
It can be shown that bilinear spinor forms (2.8) the obey the following system of equations:

Ṡ0+G A0
0 = 0, (3.10a)

Ṗ0−ΦA0
0 = 0, (3.10b)

Ȧ0
0+ΦP0−G S0 = 0, (3.10c)

Ȧ3
0 = 0, (3.10d)

v̇0
0 = 0, (3.10e)

v̇3
0+ΦQ30

0 +G Q21
0 = 0, (3.10f)

Q̇30
0 −Φv3

0 = 0, (3.10g)

Q̇21
0 −G v3

0 = 0, (3.10h)
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where we denoteS0 = SV, P0 = PV, Aµ
0 = AµV, vµ

0 = vµV andQµν
0 = QµνV . Combining these

equations together and taking the first integral one gets

(S0)
2+(P0)

2+(A0
0)

2 = l2
1 = Const, (3.11a)

A3
0 = l2

2 = Const, (3.11b)

(Q30
0 )2+(Q21

0 )2+(v3
0)

2 = l2
3 = Const, (3.11c)

v0
0 = l2

4 = Const. (3.11d)

B. Solution to the gravitational field equation

Now let us consider the gravitational field equations. In view of (2.6) and (2.22) with find the
following system of Einstein Equations

ä2

a2
+

ä3

a3
+

ȧ2

a2

ȧ3

a3
− m2

a2
3

= κ
(

F(K)−2KFK
)

, (3.12a)

ä3

a3
+

ä1

a1
+

ȧ3

a3

ȧ1

a1
− m2

a2
3

= κ
(

F(K)−2KFK
)

, (3.12b)

ä1

a1
+

ä2

a2
+

ȧ1

a1

ȧ2

a2
+

m2

a2
3

= κ
(

F(K)−2KFK
)

, (3.12c)

ȧ1

a1

ȧ2

a2
+

ȧ2

a2

ȧ3

a3
+

ȧ3

a3

ȧ1

a1
− m2

a2
3

= κ
(

mspS+F(K)
)

, (3.12d)

ȧ1

a1
− ȧ2

a2
= 0, (3.12e)

with the additional constraints

T0
1 =−1

4
m

a1

a3
e−mx3 A2 = 0, (3.13a)

T0
2 =−1

4
m

a2

a3
emx3 A1 = 0, (3.13b)

T1
2 =

1
4

a2

a1
e2mx3

[(

ȧ1

a1
− ȧ2

a2

)

A3− 2m
a3

A0
]

= 0, (3.13c)

T1
2 =

1
4

a3

a1
emx3

(

ȧ3

a3
− ȧ1

a1

)

A2 = 0, (3.13d)

T2
3 =

1
4

a3

a2
e−mx3

(

ȧ2

a2
− ȧ3

a3

)

A1 = 0. (3.13e)

From (3.12e) one dully finds
a2 = X0a1, X0 = Const. (3.14)

Let us now find expansion and shear for Bianchi type-VI0 metric. The expansion is given by

ϑ = uµ
;µ = uµ

µ +Γµ
µαuα , (3.15)

and the shear is given by

σ2 =
1
2

σµνσ µν , (3.16)
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with

σµν =
1
2

[

uµ;αPα
ν +uν;αPα

µ
]

− 1
3

ϑPµν , (3.17)

where the projection vectorP:

P2 = P, Pµν = gµν −uµuν , Pµ
ν = δ µ

ν −uµuν . (3.18)

In comoving system we haveuµ = (1,0,0,0). In this case one finds

ϑ =
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3
=

V̇
V
, (3.19)

and

σ1
1 =−1

3

(

−2
ȧ1

a1
+

ȧ2

a2
+

ȧ3

a3

)

=
ȧ1

a1
− 1

3
ϑ , (3.20a)

σ2
2 =−1

3

(

−2
ȧ2

a2
+

ȧ3

a3
+

ȧ1

a1

)

=
ȧ2

a2
− 1

3
ϑ , (3.20b)

σ3
3 =−1

3

(

−2
ȧ3

a3
+

ȧ1

a1
+

ȧ2

a2

)

=
ȧ3

a3
− 1

3
ϑ . (3.20c)

One then finds

σ2 =
1
2

[ 3

∑
i=1

(

ȧi

ai

)2

− 1
3

ϑ2
]

=
1
2

[ 3

∑
i=1

H2
i −

1
3

ϑ2
]

. (3.21)

Inserting (3.14) into (3.19) and (3.20) we find

ϑ = 2
ȧ1

a1
+

ȧ3

a3
, (3.22)

and

σ1
1 =

1
3

( ȧ1

a1
− ȧ3

a3

)

, (3.23a)

σ2
2 =

1
3

( ȧ1

a1
− ȧ3

a3

)

, (3.23b)

σ3
3 =−2

3

( ȧ1

a1
− ȧ3

a3

)

. (3.23c)

As it was found in previous papers, due to explicit presence of a3 in the Einstein equations, one
needs some additional conditions. In an early work we propose two different situation, namely,
seta3 =

√
V anda3 =V which allowed us to obtain exact solutions for the metric functions.

In a recent paper we imposed the proportionality condition,widely used in literature. Demand-
ing that the expansion is proportion to a component of the shear tensor, namely

ϑ = N3σ3
3 . (3.24)

The motivation behind assuming this condition is explainedwith reference to Thorne [33]. The
observations of the velocity-red-shift relation for extragalactic sources suggest that Hubble ex-
pansion of the universe is isotropic today within≈ 30 per cent [34, 35]. To put more precisely,
red-shift studies place the limit

σ
H

≤ 0.3, (3.25)



10 Saha B.

on the ratio of shearσ to Hubble constantH in the neighborhood of our Galaxy today. Collins et
al. [36] have pointed out that for spatially homogeneous metric, the normal congruence to the ho-
mogeneous hypersurfaces satisfies the condition:σ

θ = const. Under this proportionality condition
it was also found that the energy-momentum distribution of the model is strictly isotropic, which
is absolutely true for our case.

Further on account of (3.2) we finally find

a1 =
[ 1

X0X1
V
] 1

3− 1
2N3 , a2 = X0

[ 1
X0X1

V
] 1

3− 1
2N3 , a3 = X1

[ 1
X0X1

V
] 1

3+
1

N3 . (3.26)

As it is obvious from (3.26) the isotropization of the spacetime can take place only for large value
of N3.

The equation forV can be found from the Einstein Equation (2.6) which after some manipula-
tion looks

V̈ = X̄V1/3−2/N3 +
3κ
2

[

mspS+2
(

F(K)−KFK
)]

V, (3.27)

with X̄ = 2m2X2/N3+2/3
0 X2/N3−1/3

1 . In order to solve (3.27) we have to know the relation between
K andV. Recalling thatK takes one of the following expressions{I , J, I + J, I − J}, with D =
2SFKKI andG = 2PFKKJ let us first find those relations for differentK.

In case ofK = I , i.e. G = 0 from (3.10a) we find

Ṡ0 = 0, (3.28)

with the solution

K = I = S2 =
V2

0

V2 , ⇒ S=
V0

V
, V0 = const. (3.29)

In this case spinor field can be either massive or massless.
In the cases whereK takes any of the following expressions{J, I +J, I −J} that givesKJ =±1,

we consider a massless spinor field.

In case ofK = J, Φ = D = 0. Then from (3.10b) we have

Ṗ0 = 0, (3.30)

with the solution

K = J = P2 =
V2

0

V2 , ⇒ P=
V0

V
, V0 = const. (3.31)

In case ofK = I +J the equations (3.10a) and (3.10b) can be rewritten as

Ṡ0+2PFKA0
0 = 0, (3.32a)

Ṗ0−2SFKA0
0 = 0, (3.32b)

which can be rearranged as

S0Ṡ0+P0Ṗ0 =
1
2

d
dt

(

S2
0+P2

0

)

=
1
2

d
dt

(

V2K
)

= 0, (3.33)

with the solution

K = I +J = S2+P2 =
V2

0

V2 , V0 = const. (3.34)
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It should be noticed that in this case one can use the following parametrization forSandP:

S=
√

K sinθ =
V0

V
sinθ , P=

√
K cosθ =

V0

V
cosθ . (3.35)

Here we like to note that for the case in concern one can consider the massive spinor field as
well. In that case we have

Ṡ0+2PFKA0
0 = 0, (3.36a)

Ṗ0−mspA
0
0−2SFKA0

0 = 0, (3.36b)

which can be rearranged as

S0Ṡ0+P0Ṗ0 =
1
2

d
dt

(

S2
0+P2

0

)

=
1
2

d
dt

(

V2K
)

= mspP0A0
0. (3.37)

From (3.11a) follows

(A0
0)

2 = l2
1 −V2(S2+P2)= l2

1 −V2K. (3.38)

Further settingS=
√

K sinθ andP=
√

K cosθ Eq. (3.37) can be written as

d
(

V2K
)

√

(V2K)
(

l2
1 − (V2K)

)

= 2mspcosθdt, (3.39)

with the solution

K =
l2
1

2V2

(

1+sin
(

2mspcosθ t
))

. (3.40)

As one sees for massless spinor field from (3.40) followsK = l2
1/2V2, which is equivalent to (3.34)

for V2
0 = l2

1/2. Moreover, given the fact that sin
(

2mspcosθ t
)

∈ [−1, 1] for the massive spinor field
K comes out to be a time varying quantity that has the rangeK ∈ [0, l2

1/V
2]. In our purpose we

consider here only the massless spinor field.

Finally, for K = I −J the equations (3.10a) and (3.10b) can be rewritten as

Ṡ0−2PFKA0
0 = 0, (3.41a)

Ṗ0−2SFKA0
0 = 0, (3.41b)

which can be rearranged as

S0Ṡ0−P0Ṗ0 =
d
dt

(

S2
0−P2

0

)

=
d
dt

(

V2K
)

= 0, (3.42)

with the solution

K = I −J = S2−P2 =
V2

0

V2 , V0 = const. (3.43)

In this case one can use the following parametrization forSandP:

S=
√

K coshθ =
V0

V
coshθ , P=

√
K sinhθ =

V0

V
sinhθ . (3.44)

Thus we see thatK is a function ofV. For the cases considered here we established that
K =V2

0 /V
2. So one can easily consider the case whenK = I =S2. In that case it is possible to study

both massive and massless spinor field to clarify the role of spinor mass. Further insertingF(K)
into (3.27) one finds the expression forV. One can further study the behavior ofV numerically
for differentF. But before that let us first see what happens to the result obtained if the additional
conditions are taken into account.
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IV. INFLUENCE OF ADDITIONAL CONDITIONS ON THE SOLUTIONS

Thus, until this point we have only used the Einstein system of equations without the addi-
tional conditions (3.13). In what follows we turn to them andsee how these conditions effect our
solutions.

From (3.13a) and (3.13b) one dully finds

A2 = 0, and A1 = 0. (4.1)

In view of (4.1) the relations (3.13d) and (3.13e) fulfill even without imposing restrictions on the
metric functions. On account of (3.12e) from (3.13c) one finds

A0 = 0. (4.2)

The equalities (4.1) and (4.2) can be rewritten in terms of spinor field components as follows:

ψ∗
1ψ2−ψ∗

2ψ1+ψ∗
3ψ4−ψ∗

4ψ3 = 0, (4.3a)
ψ∗

1ψ2+ψ∗
2ψ1+ψ∗

3ψ4+ψ∗
4ψ3 = 0, (4.3b)

ψ∗
1ψ3+ψ∗

2ψ4+ψ∗
3ψ1+ψ∗

4ψ2 = 0. (4.3c)

On the other hand, in view of (4.1) and (4.2) from the equality

vµAµ = 0=⇒ v3A3 = 0, (4.4)

we have either
A3 = 0=⇒ ψ∗

1ψ1−ψ∗
2ψ2+ψ∗

3ψ3−ψ∗
4ψ4 = 0, (4.5)

or
v3 = 0=⇒ ψ∗

1ψ3−ψ∗
2ψ4+ψ∗

3ψ1−ψ∗
4ψ2 = 0. (4.6)

In case ofA3 = 0 we findAµ = 0. Then taking into account thatIA = AµAµ = −(S2+P2) we
ultimately find [23]

S2+P2 = 0=⇒ S= 0 and P= 0. (4.7)

Thus we see that in the case considered here the initially massive, nonlinear spinor field becomes
linear and massless as a result of special geometry of the Bianchi type-VI0 spacetime, which is
equivalent to solving the corresponding Einstein equationin vacuum.

In this case for volume scaleV we find

V̈ = X̄V1/3−2/N3, (4.8)

with the solution in quadrature

dV
Φ0

= t + t0, Φ0 =

√

6N3X̄
4N3−6

V(4N3−6)/3N3 +C0, (4.9)

with t0 andC0 are being some arbitrary constants.
In Fig. 1 we have plotted the evolution of volume scale. For simplicity we have setm= 1,

X0 = 1, X1 = 1, C0 = 10 andN3 = 3. The initial value of volume scale is taken to beV(0) = 0.1
andV̇(0) is calculated using (4.9).

As far as spinor field is concerned the MatrixA in (3.5) in this case becomes trivial and the
components of the spinor field can be written as

ψi =
ci√
V
, i = 1, 2, 3, 4, (4.10)
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FIG. 1. Evolution of the Universe in absence of spinor field (Vacuum solution).

.

with ci ’s being the constant of integration obeying

c∗1c1+c∗2c2−c∗3c3−c∗4c4 = 0, (4.11a)
c∗1c3+c∗2c4−c∗3c1−c∗4c2 = 0. (4.11b)

The second possibility is to consider (4.6) withA3 6= 0. In this case the nonlinear term as well
as the massive term do not vanish. In what follows, we will consider the case forK = I , setting

F = ∑
k

λkI
nk = ∑

k

λkS
2nk. (4.12)

As far as other cases are concerned we can revive them settingspinor massmsp= 0.
Then inserting (4.12) into (3.27) and taking into account that in this caseS=V0/V we find

V̈ = Φ1(V), Φ1 = X̄V1/3−2/N3 +
3κ
2

[

mspV0+2∑
k

λk(1−nk)V
2nk
0 V1−2nk

]

, (4.13)

with the solution in quadrature

dV
Φ2

= t + t0, Φ2 =

√

√

√

√

6N3X̄
4N3−6

V(4N3−6)/3N3 +3κ

[

mspV0V +∑
k

λkV
2nk
0 V2(1−nk)

]

+C1, (4.14)

with t0 andC1 are being some arbitrary constants.
It can be shown that the metric functions and the components of the spinor field as well as the

invariants constructed form them are inverse function ofV of some degree, hence at any spacetime
point whereV = 0 it is a singularity. So we assume that at the beginningV was small but non-zero.
From (4.13) we see that at initial stage the nonlinear term prevails if nk = n1 such thatn1 > 1/2
andn1 > 1/3+1/N3, whereas for the nonlinearity to become dominant for large value ofV one
should havenk = n2 such thatn2 < 1/2 andn2 < 1/3+1/N3.
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In Figs. 2 and 3 we have plotted the evolution of volume scale for positive and negative coupling
constantsλ1 andλ2, respectively. For simplicity we setm= 1, X0 = 1, X1 = 1, N3 = 3, msp= 1,
V0 = 1, κ = 1,C1 = 10,n1 = 3,n2 = 1/4 andN3 = 3. In case of positive coupling constantsλ1 = 1
and λ2 = 1 the model describes an expanding Universe, while for negative coupling constants
λ1 = −0.5 andλ2 = −0.5 we have a cyclic Universe that expands to some maximum and then
contracts to minimum only to expand again. The initial valueof volume scale is taken to be
V(0) = 0.1 andV̇(0) is calculated using (4.14).

FIG. 2. Evolution of the Universe filled with massive spinor field with a positive self-coupling constants
λ1 = 1 andλ2 = 1.

.

FIG. 3. Evolution of the Universe filled with massive spinor field with a negative self-coupling constants
λ1 =−0.5 andλ2 =−0.5.

.

Let us also see what happens to deceleration parameter for positive coupling constants. Using
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the definition

q=−VV̈

V̇2
=−VΦ1

Φ2
2

(4.15)

it can be shown that in this case our Universe is expanding with acceleration. Taking into account
the discussion about the value ofnk we can rewrite

q=−
X̄V4/3−2/N3 + 3κ

2

[

mspV0V +2λ1(1−n1)V
2n1
0 V2(1−n1)+2λ2(1−n2)V

2n2
0 V2(1−n2)

]

6N3X̄
4N3−6V4/3−2/N3 +3κ

[

mspV0V +λ1V
2n1
0 V2(1−n1)+λ2V

2n2
0 V2(1−n2)

]

+C1

.

(4.16)
As it was mentioned earlier, at larget, hence for largeV prevails the term withnk = n2 < 1/2.
Taking this into account we find

lim
V→∞

q−→−(1−n2)< 0. (4.17)

FIG. 4. Evolution of the deceleration parameter for the Universe filled with massive spinor field with a
positive self-coupling constantsλ1 = 1 andλ2 = 1.

.

In Fig. 4 we have illustrated the evolution of the the deceleration parameter. As we see that the
spinor field nonlinearity leads to the late time acceleratedexpansion of the Universe.

V. CONCLUSION

Within the scope of Bianchi type-VI0 spacetime we study the role of spinor field on the evolu-
tion of the Universe. In this case we consider the spinor fieldthat depends only on timet. Even in
this case the spinor field possesses non-zero non-diagonal components of energy-momentum ten-
sor thanks to its specific relation with gravitational field.This fact plays vital role on the evolution
of the Universe. Due to the specific behavior of the spinor field we have two different scenarios.
In one case the bilinear forms constructed from it becomes trivial, thus giving rise to a massless
and linear spinor field Lagrangian. This case is equivalent to the vacuum solution of the Bianchi
type-VI0 spacetime. The second case allows non-vanishing massive and nonlinear terms and de-
pending on the sign of coupling constants gives rise to expanding mode of expansion or the one



16 Saha B.

that after obtaining some maximum value contracts and ends in big crunch generating spacetime
singularity. This result once again shows the sensitivity of spinor field to the gravitational one.
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[26] J. Ibáñez, R.J. van der Hoogen and A.A. ColeyPhys. Rev. D1995.51, 928 (1995)
[27] J. Socorro and E.R. MedinaPhys. Rev. D61, 087702 (2000)
[28] R. Bali, A. Pradhan and H. AmirhashchiInt. J. Theor. Phys.47, 2594 (2008)
[29] J.A. BelinchonClassical and Quantum Gravity26, 175003 (2009)
[30] B. SahaInt. J. Theor. Phys.51, 1812 (2012)
[31] B. SahaPhysics of Particles and Nuclei45, 349 (2014)
[32] T.W.B. KibbleJ. Math. Phys.2, 212 (1961)
[33] K.S. ThorneThe Astrophys. J.148, 51 (1967)
[34] R. Kantowski and R.K. SachsJ. Math. Phys.7, 443 (1966)
[35] J. Kristian and R.K. SachsAstrophys. J.143, 379 (1966)
[36] C. B. Collins, E.N. Glass and D.A. WilkinsonGen. Rel. Grav.12, 805 (1980)

http://lanl.arxiv.org/abs/1301.5163

	Nonlinear Spinor Fields in Bianchi type-VI0 spacetime
	Abstract
	I Introduction
	II Basic equation
	A Gravitational field
	B Spinor field
	C Field equations
	D Energy momentum tensor of the spinor field

	III Solution to the field equations
	A Solution to the spinor field equation
	B Solution to the gravitational field equation

	IV Influence of Additional conditions on the solutions
	V Conclusion
	 References


