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Abstract. Boundary conditions in quasiclassical theory of superconductivity are of
crucial importance for describing proximity effects in heterostructures between different
materials. Although they have been derived for the ballistic case in full generality,
corresponding boundary conditions for the diffusive limit, described by Usadel theory,
have been lacking for interfaces involving strongly spin-polarized materials, such as e.g.
half-metallic ferromagnets. Given the current intense research in the emerging field of
superconducting spintronics, the formulation of appropriate boundary conditions for
the Usadel theory of diffusive superconductors in contact with strongly spin-polarized
ferromagnets for arbitrary transmission probability and arbitrary spin-dependent
interface scattering phases has been a burning open question. Here we close this
gap and derive the full boundary conditions for quasiclassical Green functions in the
diffusive limit, valid for any value of spin polarization, transmission probability, and
spin mixing angles (spin-dependent scattering phase shifts). It allows also for complex
spin textures across the interface and for channel off-diagonal scattering (a necessary
ingredient when the numbers of channels on the two sides of the interface differ). As
an example we derive expressions for the proximity effect in diffusive systems involving
half-metallic ferromagnets. In a superconductor/half-metal/superconductor Josephson
junction we find ¢¢ junction behavior under certain interface conditions.
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1. Introduction

Hybrid structures containing superconducting (S) and ferromagnetic (F) materials
became a focus of nanoelectronic research because of their relevance for spintronics
applications as well as their potential impact on fundamental research [I], 2]. Examples
of successful developments include the discoveries of the m-junction [3, 4] in S/F/S
Josephson devices [5 [6], of odd-frequency superconductivity [7] in S/F heterostructures
[8, 9], and of the indirect Josephson effect in S/half-metal/S junctions [10, 1I]. Other
recent topics of interest include the study of Majorana fermions at interfaces between
superconductors and topological insulators [12] and at edges in superfluid *He 13} [14],
and the appearance of pure spin supercurrents in topological superconductors [15], and
in S/FI-F-FI devices as a result of geometric phases [16].

The central subject in many of these studies is to understand how in the case
of a superconductor coupled to a ferromagnetic material superconducting correlations
penetrate into the ferromagnet, and how magnetic correlations penetrate into the
superconductor [17, 18] 19 20, 21, 22]. A powerful method to treat such problems is the
quasiclassical theory of superconductivity developed by Larkin and Ovchinnikov and by
Eilenberger [23| 24]. Within this theory [25] 26, 27, 28, 29] the quasiparticle motion is
treated on a classical level, whereas the particle-hole and the spin degrees of freedom
are treated quantum mechanically. The transport equation, which is a first order matrix
differential equation for the quasiclassical propagator, must be supplemented by physical
boundary conditions in order to obtain a unique solution.

Whereas for the full microscopic Green functions, the Gor’kov Green functions
[30], such boundary conditions can be readily formulated (e.g. in terms of interface
scattering matrices or in terms of transfer matrices), this is a considerably more difficult
task for quasiclassical Green functions. In quasiclassical theory only the information
about the envelope functions of Bloch waves is retained, information about the phases
of the waves is however missing. Such envelope amplitudes can show jumps at interfaces,
and one complex task is to calculate these jumps without knowing the full microscopic
Green functions near the interface. Correspondingly, there is a long history of deriving
boundary conditions for quasiclassical propagators, both for the Eilenberger equations,
and their diffusive limit, the Usadel equations [31].

For ballistic transport, described by the Eilenberger equations, such boundary
conditions have been first formulated for spin-inactive interfaces in pioneering work
by Shelankov and by Zaitsev [32] [33], who showed the non-trivial fact that these jumps
can be calculated using only the envelope functions. More general formulations were
proposed subsequently [34, [35, B0, [37], including a formulation in terms of interface
scattering matrices by Millis, Rainer and Sauls [37]. All these formulations were
implicit in terms of non-linear matrix equations, and problems arose in numerical
implementations due to spurious (unphysical) additional solutions which must be
eliminated. Progress was made with the help of Shelankov’s projector formalism
[38], allowing for explicit formulations of boundary conditions in both equilibrium
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[39, 40}, 41] and non-equilibrium [40] situations. Further generalizations included spin-
active interfaces, formulated for equilibrium [42] and for non-equilibrium [43], and
interfaces with diffusive scattering characteristics [44]. An alternative formulation in
terms of quantum mechanical t-matrices [45] proved also fruitful [46], 47, 10, 19, 48], 49].
The latest formulation, in terms of interface scattering matrices, is able to include non-
equilibrium phenomena, interfaces and materials with weak or strong spin polarization,
multi-band systems, as well as disordered systems [50].

For the diffusive limit a set of second order matrix differential equations has been
derived by Usadel [31]. In contrast to the ballistic case, where boundary conditions have
been formulated for a wide set of applications, boundary conditions for the diffusive
limit have been formulated so far only in certain limiting cases. The first formulation
is by Kupriyanov and Lukichev, appropriate for the tunneling limit [5I]. This was
generalized to arbitrary transmission by Nazarov [52]. A major advance was done by
Cottet et al in formulating boundary conditions for Usadel equations appropriate for
spin-polarized interfaces [53]. These boundary conditions are valid in the limit of small
transmission, spin polarization, and spin-dependent scattering phase shifts (this term is
often used interchangeably with “spin-mixing angles”). Subsequent formulations allowed
for arbitrary spin polarization, although being restricted to small transmission and
spin-dependent scattering [54, 55, 56]. In Ref. [56] the authors present “heuristically”
deduced boundary conditions, which coincide with the ones used in Refs. [54, [55].

Here we present not only the full derivation of the specific boundary conditions
used in Refs. [54] 55, 56], but go further and give a full solution of the problem. With
this, the long-standing problem of how to generalize Nazarov’s formula for arbitrary
transmission probability [52] to the case of spin-polarized systems with arbitrary spin
polarization and arbitrary spin dependent scattering phases is solved. Our boundary
conditions are general enough to allow for non-equilibrium situations within Keldysh
formalism, as well as for complex interface spin textures. We reproduce as limiting
cases all previously known formulations.

2. Transport Equations

The central quantity in quasiclassical theory of superconductivity [23, 24] is the
quasiclassical Green function (“propagator”) g(pg, R, F,t). It describes quasiparticles
with energy E (measured from the Fermi level) and momentum pp moving along
classical trajectories with direction given by the Fermi velocity vp(pr) in external
potentials and self-consistent fields that are modulated by the slow spatial (R) and
time () coordinates [25] 26], 27]. The quasiclassical Green function is a functional of self-
energies Y(pp, R, E, t), which in general include molecular fields, the superconducting
order parameter A(pp,R,t), impurity scattering, and the external potentials. The
quantum mechanical degrees of freedom of the quasiparticles show up in the matrix
structure of the quasiclassical propagator and the self energies. It is convenient to
formulate the theory using 2x2 matrices in Keldysh space [57] (denoted by a “check”
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accent), the elements of which in turn are 2x2 Nambu-Gor’kov matrices [30, [58] in
particle-hole (denoted by a “hat” accent) space. The structure of the propagators and
self energies in Keldysh-space is [59)

~R R K
§ g"v g 3 DR
= Z: A 1
g ( 0 g ) , ( 0 $A ) , (1)
kel kel

with the particle-hole space structure

gR,A — ( 9~R7A fR7A gK — glf fK (2)
fR’A gR,A ) _fK _gK
ph ph
for Green functions, and
. ER,A AR,A R EK AK
A —
B _< AR,A ER,A ) ) B _< _AK _EK ) (3)
ph ph

for self energies. For spin-degenerate trajectories (i.e. in systems with weak or no
spin-polarization) the elements of the 2x2 Nambu-Gor’kov matrices are 2x2 matrices
in spin space, e.g. g = g2 with a,b € {1,]}, and similarly for others. In strongly
spin-polarized ferromagnets the elements of the 2x2 Nambu-Gor’kov matrices are spin-
scalar (due to very fast spin-dephasing in a strong exchange field), and the system must
be described within the preferred quantization direction given by the internal exchange
field. The terms “weak” and “strong” refer to the spin-splitting of the energy bands
being comparable to the superconducting gap or to the band width, respectively. In
writing Eqs. (I)-(3) we used general symmetries, which are accounted for by the “tilde”
operation,

X(pr, R, E,t) = X(—pr, R, —E,1)". (4)

The quasiclassical Green functions satisfy the Filenberger-Larkin-Ovchinnikov
transport equation and normalization condition

2

<

(B = 5.9], +1hvp - VG =0, gog=—n (5)

The non-commutative product o combines matrix multiplication with a convolution over
the internal variables, and 73 = 731 is a Pauli matrix in particle-hole space. Here and
below, [A,B], = Ao B — Bo A.

The functional dependence of the quasiclassical propagator on the self energies
is given in the form of self-consistency conditions. For instance, for a weak-coupling,
s-wave order parameter the condition reads

A(R.1) = A / OB K (b R, L), (6)

E. 47Tl

where X is the strength of the pairing interaction, and ( )p, denotes averaging over
the Fermi surface. The cut-off energy FE. is to be eliminated in favor of the transition
temperature in the usual manner.
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When the quasiclassical Green function has been determined, physical quantities
of interest can be calculated. For example, the current density at position R and time
t reads (with e < 0)

iR t)=e / %Tﬂvp(vﬁggf((pﬂ R,E,1))p, (7)
where N is the density of states per spin at the Fermi surface and vy the Fermi velocity
The symbol Tr denotes a trace over the 2x2 particle-hole space as well as over 2x2 spin
space in the case of spin-degenerate trajectories.

The fundamental quantity for diffusive transport is the Usadel Green function,
[31] which is the momentum average of the quasiclassical Green function G(R, E,t) =
(G(pr, R, E,1))p,. Tt is a functional of momentum averaged self energies (R, E,t) =
(X(pr; R, E,t))p,. The structures of G and ¥ are the same as in Eqgs. — (with G

replacing g). Eq. is replaced by

X(R,E,t) = X(R,—E,t)". (8)
The Usadel Green function obeys the following transport equation and normalization
condition, [31]

Bl -5, 6], + Y (Govid) =0, Gol= L ()

)
ik

Here, the summation is over j, k € {z,y, z}. Y is the self energy contribution reduced
by the non-magnetic isotropic impurity scattering self energy. The current density can
be obtained using the relation valid for the diffusive limit

Dy - .
(Vp; Ppr ~ Y LG o V6. (10)

17
k

For isotropic systems, D, = Dd;;. The current density for diffusive systems is given by

, ~ dF e s
)i = —eZDik/ @TYNFTQ)[GV]{G]K (11)
L —00

A vector potential enters in a gauge invariant manner by replacing the spatial derivative
operators in all expressions by (see e.g. [60])
A A N e A
VX = 6X = VX —1 [h—%gAi, X} . (12)
c

For heterostructures, the above equations must be supplemented with boundary
conditions at the interfaces. A practical formulation of boundary conditions for diffusive
systems valid for arbitrary transmission and spin polarization is the goal of this paper.

3. Boundary Conditions

3.1. Interface Scattering Matriz

We formulate boundary conditions at an interface in terms of the normal state interface
scattering matrix S [61] 62, [63], connecting incoming with outgoing Bloch waves on
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either side of the interface with each other. We use the notation

A Sll S12
S=1{ % - : 13
( S21 _822 >aa ( )

where 1 and 2 refer to the two sides of the interface, e.g. side a and opposite side a.
The components Sij are matrices in particle-hole space as well as in scattering channel
space (e.g. scattering channels for ballistic transport would be parameterized by the
Fermi momenta of incoming and outgoing Bloch waves). Each element in 2x2 particle
hole space is in turn a matrix in combined spin and channel space, i.e. the number
of incoming directions (assumed to be equal to the number of outgoing directions due
to particle conservation) gives the dimension in channel space. The dimension in spin
space is for spin-degenerate channels 2 and for spin-scalar channels 1.

If time-reversal symmetry is preserved, Kramers degeneracy requires that each
element of the scattering matrix has a 2x2 spin (or more general: pseudo-spin) structure
(as it connects doubly degenerate scattering channels on either side of the interface).
For spin-polarized interfaces (e.g. ferromagnetic or with Rashba spin-orbit coupling) the
scattering matrix is not spin-degenerate. However if the splitting of the spin-degeneracy
is on the energy scale of the superconducting gap, it can be neglected within the precision
of quasiclassical theory of superconductivity. On the other hand, if the lifting of the
spin-degeneracy of energy bands is comparable to the Fermi energy, the degeneracy of
the scattering channels must be lifted as well in order to achieve consistency within
quasiclassical theory. For definiteness, we denote the dependence on the scattering
channels by indices n,n’:

A

[Saslnn, (14)

even for the ballistic case for which [Sag]m/ = Saﬁ(p Fns Kpn).

As shown in Appendix (Appendix Al), the scattering matrix for an interface can be
written in polar decomposition in full generality as

& _ VI—CCT C S 0 (15)
B Ct —Vvi-cic )] \o § )

with unitary matrices & and S, and a transmission matrix C. All are matrices in
particle-hole space, scattering channel space, and possibly (pseudo-)spin space. The
above decomposition divides the scattering matrix into a Hermitian part and a unitary
part. From this decomposition, we can define the auxiliary scattering matrix

A S 0
— 9 1

which retains all the phase information during reflection on both sides of the interface,
and has zero transmission components. The decomposition is uniquely defined when
there are no zero-reflection singular values (we will assume here that always a small
non-zero reflection takes place for each transmission channel; perfectly transmitting
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channels can always be treated separately as the corresponding boundary conditions
are trivial). For the matrix C' we introduce the parameterization

C=(1+uh) " 2t (17)

which is uniquely defined when all singular values of ¢ are in the interval [0, 1] (which
is required in order to ensure non-negative reflection singular values). We define for
notational simplification “hopping amplitude” matrices

TTiy = té, Ty = 1S, (18)
as well as unitary matrices

S =8, S=_8. (19)
In terms of those, obviously the relation

Toa = Sa(Taa)'Sa (20)

holds, where (o, @) € {(1,2),(2,1)}, and the labels 1 and 2 refer to the respective
sides of the interface. Here, and below, the Hermitian conjugate operation involves a
transposition in channel indices. The particle-hole structures of the surface scattering
matrix and the hopping amplitude are given by,

A Sa 0 ~ Taa 0
_ A o 21
SOL ( O (Sa),i_ ) 9 Taa < O <%&Q>T ) Y ( )
ph ph

[S’a]nn’ = [Soc];m’a [%a&]nn’ = [Ta&];m’a (22)

where n and 7' denote conjugated channels, e.g. defined by prw = —kg,y and
kpsn = —pry. Finally, the Keldysh structure of these quantities is

. Sk Se 0

a = @ N = @ ~ s 2

(V)= (0 8 )
kel kel

R0 T
voa;_v - o ~ = o ~ 24
! ( 0 (Téa)T> ( 0 TO@) ( )
kel kel

(the additional Hermitian conjugate in these equations is due to the fact that advanced

with

Green functions have the roles of “incoming” and “outgoing” momentum directions
interchanged compared to retarded Green functions; this is similar to the additional
Hermitian conjugate appearing for hole components in particle-hole space). Thus, the
Keldysh matrix structure for S, and 7,4 is trivial (proportional to unit matrix). The
full scattering matrix is diagonal in particle-hole and in Keldysh space, with reflection
components

Saa = (1 + 1 Faafia) ™t (1 = m%FaaTia) Sa; (25)
and with transmission components

Sag = (1 + 17asTia) ! 217 0s. (26)
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Figure 1. (a): Illustration of notation used in this paper. (b) and (c): Structure of

boundary condition with transfer matrices M in (b), and with scattering matrices S

in (c¢) (yellow). “Drone” amplitudes in the propagators (orange fields) connect in (b)

incoming (7) and outgoing (0) momentum directions, and in (c¢) the two sides, o and

@, of the interface. To obtain quasiclassical boundary conditions, Drone amplitudes in

(b) and (c¢) must be eliminated. In this paper we use formulation (¢). To connect to
00 — o

the notation in the main text, g\, = ¢*, 9% = g', 925 = ¢°, and g2% =

Note that 7,5 connects incoming with outgoing Bloch waves per definition (as the
scattering matrix does).

We will formulate the theory such that all equations are valid on either side of the
interface. This allows us to drop the indices o, & for simplicity of notation by randomly
choosing one side of the interface, and denoting quantities on the other side of the
interface by underline. In particular, we will use

Ql

S = Som S = as 7v_o¢6¢ = 7v_7 T a = (27)
gaEga Q&Eg7 GQEG, G@EQ, (28)

and so forth [see figure (a)]. Also, from Eq. we have 7 = S718.

[2¢

3.2. General Boundary Conditions for diffusive systems

One main problem with boundary conditions for quasiclassical propagators is illustrated
in figure (1] (b) and (c). In a previous treatments [37, 52, 53] the starting point was a
transfer matrix description, see figure (1| (b), which however required the elimination of
so-called “Drone amplitudes”, which are propagators that mix incoming with outgoing
directions. Here, we will employ a scattering matrix description, see figure (1| (¢), which,
on the other hand, requires a similar elimination of Drone amplitudes, this time being
propagators mixing the two sides of the interface. However, for an impenetrable interface
this latter problem does not arise, a fact we will exploit.

The strategy to derive the needed boundary conditions is to apply a three-step
procedure. In the first step, the problem of an impenetrable interface with the auxiliary
scattering matrix defined in Eq. is solved on each side of the interface [10]. For
this step, the ballistic solutions for the envelope functions for the Gor’kov propagators
close to the interfaces should be expressed by the solutions G of the Usadel equation.
In a second step, these ballistic solutions (auxiliary propagators) are used in order to
find the full ballistic solutions for finite transmission by utilizing a t-matrix technique
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[46], 10, 19, 48]. In the third, and final, step the matrix current will be derived from the
ballistic solutions, which then enters the boundary conditions for the Usadel equations.
We will present explicit solutions for all three steps, such that the procedure describes
effectively boundary conditions for the solutions of Usadel equations on either side of
the interface.

We use for the auxiliary propagator the notation g3, gg, gg and gé, where the upper
index denotes the direction of the Fermi velocity. Incoming momenta (index i) are those
with a Fermi velocity pointing towards the interface, and outgoing momenta (index o)
are those with a Fermi velocity pointing away from the interface.

3.2.1.  Solution for impenetrable interface: We solve first for auxiliary propagators
fulfilling the impenetrable boundary condition

=259 5" (29)
implying matrix multiplication in the combined [Keldysh] x [particle-hole] X [combined
scattering-channel and spin] space.

For diffusive banks, it is necessary to connect the ballistic propagators g,° with the
isotropic solutions of the Usadel equation, G. The required equations can be obtained
from Refs. [52, 53], and read in our notation

(G —ml)o(gs+1rl) =0, (g —1ml)o(G+1rl)=0 (30)
(G 4+rl)o (g — i) =0, (§g+1ml)o (G —rl) =0. (31)
From this one obtains the identity % {gé"’, G}o = —721 for the anticommutator {...}.

This allows to solve after some straightforward algebra for gé’o, using Eq. , and
using the abbreviations

. ) Vg ~ 1 . -
I T o "n_ _— T .
G 5.2 (S'GS -G), G 53 (SGS'" - G), (32)
(both are matrices depending via S on the scattering channel index) leading to [53]
go—wml=(1-GoGN "o (G —1rl), (33)
g4 ml=01-GoG") o (G +1rl), (34)

which, using identities like G' o ' = —35 {G', G}, (with {A, B}, = Ao B+ Bo A),
alternatively can be written also as

o+l = (G +rl)o(1 -G oG)7, (35)
g —ml=(G—mml)o(1-G"oG)™". (36)
Introducing these solutions into Eqgs. - shows readily that the latter are fulfilled.
We note that the relation g5° o g5° = —n?l follows from G o G = —7%1 and

SSt = STS = 1. Egs. —, or alternatively —, together with Eq.
determine uniquely gé’o in terms of the diffusive Green functions G. We can rewrite the
difference g§ — g¢ in a more explicit manner, using the abbreviations 5 =GoG and
8" = G" o G, leading to

do—ge=0-0)"o[(G—1rl)0d" = o (G—1rl)]o(1-05")"". (37)
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3.2.2. Solution for finite transmission: The second step follows Refs. [0 [19]. Once
the auxiliary propagators are obtained, the full propagators can be obtained directly,
without further solving the transport equation, in the following way. We solve t-matrixz
equations resulting from the transmission parameters 7, for incoming and outgoing
directions, which according to a procedure analogous to the one discussed in Ref. [45] [46]
take the form,

=i goio(l+giol), ©*=7g lo(l+goi). (38)

Using the symmetry Eq. , the transfer matrices for incoming and outgoing directions
can be related through

i°=81 8" (39)
Using the short notation

R=Tg T, n=1g% (40)
we solve formally Eq. for £°:

= (1-3"03") ogi” (41)

The full propagators, fulfilling the desired boundary conditions at the interface, can
now be easily calculated. For incoming and outgoing directions they are obtained from
[10], 48]

J =g+ (gé + 17T1) of'o (gé — 17T1) , (42)

3° =35+ (95 — 1) ot 0 (g +171) . (43)
Obviously, they fulfill g"°0g"® = —721. Using identities like gSo(gg+1m1) = 1wlo(gg+im1)
etc, we obtain the alternative to Egs. — expressions

g = g0+ (9o + ) o [F', golo = g6 — [F', Golo © (g — 1), (44)

9° = g6 + (95 — 1) o [£%, gclo = g5 — [£°, G5lo o (95 + 1 1). (45)
Equations —, or alternatively, —, in conjunction with Egs. —, solve

the problem of finding the ballistic solutions for finite transmission. We are now ready
for the last step, to relate these solutions to the matrix current which enters in the
expression for boundary conditions for G and G.

3.2.3. Matriz current and boundary conditions for diffusive propagators: Following
Ref. [48], after some straightforward algebra we obtain

[#.98)e = (1= g7 0 35) " 137, g3, (1 = 35 0 37) - (46)
Using the symmetry relations above, we find
g' =5 [g0+ (95 +1ml) 00 (g5 —1r1)] S, (47)

which allows to derive the following relation

T =g —8S§'St = —2m[f°, 53], (48)
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For calculating the charge current density in a given structure, it is sufficient to know
7', because the matrices S and ST drop out of the trace as they commute with the 73
matrix in particle-hole space.

Finally we relate the obtained propagators §*° to the matrix current following in
Refs. [52, 53]. We define the quantity

I=§—-§=1+1" (49)

If
NaYi

with
1" = 8§38t — ¢ (50)
We remind the reader here that Z has a matrix structure in Keldysh space, in
particle-hole space, and in combined scattering-channel and spin space. In terms of

7 the boundary condition results then from the matrix current conservation in the
isotropization regions [52]

Gy — =——Go—G, (51)
n=1

where z is the coordinate along the interface normal (from side « away from the
interface), m is a scattering channel index (N channels), 0 = e*NpD refers to the
conductivity per spin on side « of the interface, A is the surface area of the contact, and
G, is the quantum of conductance, G, = % The number of spin scattering channels is
expressed in terms of the projection of the Fermi surfaces on the contact plane, Ap .,
by N = Ap,A/(2r)?. For isotropic Fermi surfaces A, = wk#. In general,

1L Pk
Z;..._/ARZ e (52)

4. Special Cases

4.1. Spin-scalar and channel-diagonal case

The transition to the diffusive Green functions is trivial for the case of S = 1, as then
gh = g8 = G. If we start from Eq. in conjunction with , we obtain in the
case of a spin-scalar and channel-diagonal matrix 7,,, with the notation G = —17G and
D, = 472|702/ (1 + 72| 700|?)? for all diagonal elements 7,

23 Lon 4D, |G, G]
1 _Z4+Dn({Q,G}—2)

(53)

n

This reproduces Nazarov’s boundary condition [52], 48].

4.2. Case for interface between superconductor and ferromagnetic insulator

For the case of zero transmission, 7 = 0, we can find a closed solution if we assume

that we can find a spin-diagonal basis for all reflection channels. For a channel-diagonal

. . . 5 ; iOnp . . . . -
scattering matrix we write Sy, = ee' 2 * with & = diag {md, md*}, where m? = 1
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(leading to #2 = 1). In this case we have §*° = g°. We use Eq. , which
straightforwardly leads to

. -1
2> Lo o oasind, .. osin?Z
= zn: [1 - (GEG — k) + 5 (GEGFRE — 1)

. o Un 2.
X < —1sind, [k, G| 4 sin T[RG/{, G]
. 59, -1
x [1 GG - R) + T (RGRG - 1>] (54)

(where we remind that G* = 1). Note that ¢, drops out, only the spin mixing angle
¥, matters. Eq. generalizes the results of Ref. [53] to arbitrary spin-dependent
reflection phases. Further below we will give a physical interpretation of the leading
order terms arising in an expansion for small 9,,.

4.3. Ezact series expansions

We now provide explicit series expansions for all quantities which will be useful for
deriving formulas for various limiting cases. We start with writing the scattering matrix
as § = eX with hermitian K due to unitarity of S, i.e. K = KT. Then we use an
expansion formula for Lie brackets in order to obtain the series expansion

Arala —1K & 1K Oo(_l)m " m
SiGS=e KGeKzz()W[K,G] (55)

with the definitions [f( m G’} = [K, [K m-1 é” and [K 9 G*} — (. With this we obtain
from Eq.

1 1 = (—)™ V * 1 1 =N V V
G Z( V" 1gmd], G =352 [Knc], (56)
m=1 :

- 272 m! 2

m=1
which are very useful if K has a small pre-factor. Note also the identity Go [ff , G’} oG =
2 [K , G] Furthermore, from Eqgs. — we find

go =G+ (G+rl)o Z(G/ oG (57)
1=1

3 =G+ (G-l o Z(G" o G). (58)
=1

From Eq. , and using Egs. , , we derive
[©.95), = D (@00 50)" o a7, 3. o (@ 0 9", (59)
k,n=0
[F,a0], = D (aiodn)* o [dh,ab], o (30" (60)

k,n=0
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which is useful if the transmission amplitudes 7 entering into gj’” are small. Finally, we

obtain from Egs. and

o0

7'=-om(igi),, 2= —[Kmq]. (61)
m=1
Here, §' is obtained from
g+l = (G +rl) o Z(G/ oG)lo (1+ [T, 9)].) - (62)

4.4. Boundary condition for spin-polarized surface to third order in spin-mizing angles

We first treat the case when £%° = 0, for example the case where one side of the junction
is a ferromagnetic insulator. Then

7o ml%[méhfj%[m@mi)o(afoay]. (63)
m= m,l=1
To third order we have Z = T + 73 + 76) and the derivation in leads to
. o . 1 ro oo
IW=1[K,G], IV = —5- [KGEK, G, (64)
IO =~ [K1G] - 5 [K.Go [K2G] 0] (65)
For the special case of channel diagonal K,, = %”/% with (%)? = 1, which follows also

from directly expanding Eq. , we reproduce the results from Ref. [53] (G = —i?TG),

(1) 7(2) 2
Pl (S [ 6], 2l o 2ali g Gl (o0

1T 4
=(3) 3
255, I _ ¥, (% (%, G — [£Gio G, c}o> | (67)

17T 16

Note that the first order term ~ [, G] accounts for the effective exchange field induced
inside the superconductor by the spin-mixing, whereas the term ~ [#G#&, G] produces
a pair breaking effect similar to that of paramagnetic impurities [64]. This second term
occurs only at second order in ¥J,, because it requires multiple scattering at the S/FI
interface, which together with random scattering in the diffusive superconductor leads
to a magnetic disorder effect.

4.5. Boundary condition for spin-polarized interface to second order in spin-mixing
angles and transmission probability

We now allow for finite transmission, and concentrate on the matrix current to second
order in the quantities X, K, and g7°. We need to take care of the scattering phases
during transmission events. For this, we define

(NI

= 525,54, (68)

L1
>~ Q2
7-0§ )

NG

F=S5

[=¢
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We note that Eq. , or ¥ = S!S, results into
o = 7). (69)

Thus, the 7y and 7, are the appropriate transmission amplitudes, with transmission
spin-mixing phases removed. We further define

Gl = T()QT(;[. (70)
We expand 7 up to first order in K and K,
7=+ 5 (Koo + oK)+ (7)

and obtain Z = ZW + Z® from a systematic expansion to second order in K, K, and

G4, as shown in [Appendix E| leading to one of the main results of this paper

I0 = —om[Gy,G]. +1[K.G], (72)
I = —om[GioGoCh G, — o [KGK. G,
+1[G1oGR + KG oG+ 7Go [K.C] 7.6 . (73)

These relations generalize the results of Ref. [53] for the case of arbitrary spin
polarization, and are valid even when K, K and 7 have different spin quantization
axes, i.e. cannot be diagonalized simultaneously.

Using the notation G = —17G and 277 = T, we can rewrite the result in leading
order in the quantities &, K, and the transmission probability (~ T77) as

271

17

_[FGT -2k, G].. (74)
and for the next to leading order

7(2) . e e e e . e
2II7T = L [TGT0GoT G TG + [KGEK G,

+%[TQTT0GK+KGoTQTT+TQo [K,G]T",G], (75)

These equations are still fully general with respect to the magnetic (spin) structure,and
allow for channel off-diagonal scattering as well as different numbers of channels on the
two sides of the interface. Note that 7', K, and K are matrices in channel space, whereas
G and G are proportional to the unit matrix in channel space. Whereas K, and K are
square matrices, 7' in general can be a rectangular matrix (when the number of channels
on the two sides of the interface differ).

4.6. Boundary conditions for channel-independent spin quantization direction

As an application, we assume next that each of the quantities K, K, and 7 can be
spin-diagonalized simultaneously for all channels, with spin quantization directions 7/,
n/, and m for K, K, or 7, respectively. We also use that G and G are proportional
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to the unit matrix in channel space, as they are isotropic [53], and we assume that the
number of channels on both sides of the interface are equal. We define

Tom 1+ Ty m - G = Tnh (76)
1 L - .1 L, o
Pnn’ 1+ §i9nn’ m &= Knn’7 fll' 1+ iﬁll’ m, 0 = Kll’? (77)
oid X = 0_: O o — g o/ ) o/ >/ 2
g=ol, az( ﬁ*> JE=m- 0o, =m0 F=m -5 (78)
0 o
ph
with m? = (m)? = (m)? = 1, ie. &2 = (&)? = (¥)? = 1, and introduce the
transmission probability 7,; and the spin polarization P,; as
Tt (1 + Pumé) = Tu[T]'". (79)

We write for T ,; and T, ,;, allowing for some spin-scalar phases 1,,,

Tg,nl = % {1 + 1— 7372”} 6211&”1’ T%,nl — % {1 — /1 _ 7372”} ezlwnz_ (80)

We will average over all spin-scalar phases v,,; of the transmission amplitudes as there
are usually many scattering channels in an area comparable with the superconducting
coherence length squared. This filters out all the terms in Egs. - where these
scalar scattering phases cancel.

For a magnetic system, in linear order in 7,,; and %,  we obtain

17T

= ngm [(TO,nl1 + Tl,nlR)Q(Tg,nli + Ti,nl'r{) - lﬁnnr{/? G] ) (81)

where G, = €*/h is the conductance quantum. After multiplying out we obtain the set
of boundary conditions

o) — [gog+ GMR {/%,Q} + glkgﬁs — 1g¢/z;/’ G]O (82)

& =G, Tu (1 " \/1—77%) (83)
G =G5 (1-1-72) (84)

gMR - ngnlﬁlpnla g¢ - QQanﬁnn (85)

For k = £’ and the assumption of a channel-diagonal scattering matrix (n = [) this also

with

provides the derivation of the boundary conditions used for Ref. [54]. We now proceed
to the second order terms:

L AMIEG] (s6)
M) =G (GoGi +iHGoG)+G! Go [i,G]
M), =G, (#Gko G + K'G o kGF) + Gy kG o [, G] &
MY = MR ({, G} 0 GF + K'G o {k,Q}) + GV {&,G o [£,G]}
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where I, denotes a cumbersome expression in fourth order of the transmission

amplitudes, which we do not write down here explicitly (see [Appendix F|). We have
used the abbreviations

1 /
1 /

1 1
g)E/IR = quzmﬁnnﬁlﬂ)ﬂl? gg = §ng:nn’l93m’ (89)

and G2, Gl GM* are defined as G2, G, and GM® with ¥, replaced by ¥;,. Note that
Onne and Py do not appear in these expressions, in accordance with the intuitive notion
that scalar scattering phases should drop out in the quasiclassical limit, which operates
with envelope functions only.

The case for only channel-conserving scattering (channel-diagonal problem) follows
by taking in Eqgs. — only the terms with n = [. All other formulas —
remain unchanged. This case is treated in Ref. [53] to linear order in P,,, and our
formulas reduce to these results for the considered limit. Note that for this case all
spin-scalar phases cancel automatically and no averaging procedure over these phases

is necessary.

5. Application for diffusive superconductor/half metal heterostructure

The problem of a superconductor in proximity contact with a half metal has been
studied within the frameworks of Eilenberger equations [19, [10] 1], 48], 50, [65] 66 [67],
Bogoliubov-de Gennes equations [68, [69] [70, [71], recursive Green function methods
[72], circuit theory [73], within a magnon assisted tunneling model [74], and in the
quantum limit [75]. Various experiments on superconductor/half-metallic ferromagnet
devices have been reported, both for layered systems involving high-temperature
superconductors [76, [77, [78, [79] and in diffusive structures involving conventional
superconductors [80, 8], [82] [83],[84] 85]. An important consequence of the new boundary
conditions in Eq. is that half-metals can now be incorporated in the Usadel equation,
appropriate to describe the second class of experiments mentioned above, whereas
there previously existed no suitable boundary conditions to do so. Consider first a
superconductor/half-metal bilayer with the interface located at x = 0 (see Fig. .
The superconductor is assumed to have a thickness well exceeding the
superconducting coherence length. Our expansion parameters are the spin-dependent
reflection phase shifts at the superconducting side of the interface, ¥, and the tunneling
probabilies 7,;. For calculating triplet components in the half-metal it is sufficient to
expand the solution for the Green function in the superconductor up to linear order,
and the solution for the Green function in the half-metal up to quadratic order. The
zeroth order term in the superconductor is pure spin-singlet, and the first order term
pure spin-triplet. Thus, up to first order we can assume a bulk singlet order parameter,
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X
Superconductor \j /‘\ Half-metal
|
|

Figure 2. A superconductor/half-metal bilayer with a magnetically inhomogeneous
barrier region. The magnetization direction associated with the spin-dependent phase-
shifts occurring on the superconducting side (described by the matrix ') does not
in general align with the magnetization direction associated with the transmission of
quasiparticles across the barrier (described by the matrix &).

not affected by the interface scattering. For future reference, we define the quantities
c = cosh(v) = —1£, s = sinh(v) = 1‘AI with v = atanh(|A|/E), Q = /|A]? — E?, and

Q
denote the SC phase as . We find for the triplet component in the superconductor

¢csee
qLg.

with L, = 0sc.A/Gp a length parameter determined by the normal state conductivity
osc in the superconductor, the contact area A, ¢ = /2Q/hDsc, 1(’5 = G%/Gy, and Dg¢
is the diffusion constant in the superconductor.

fo =1y e~ (@' - o, (90)

In the half-metal, only spin-1 particles have a non-zero density of states at the Fermi
level. In the spirit of quasiclassical theory of superconductivity, a strong exchange field
is incorporated not in the transport equation, but directly in the band structure which
is integrated out at the quasiclassical level [106] [67], leaving only parameters like diffusion
constant, and normal state density of states at the Fermi level for each itinerant spin
band. For transport in a half-metallic ferromagnet, this means one must just include
one spin-band with diffusion constant Dy in the Usadel equation. Thus, only the
elements g4+ and fy4 exist in the Green function G of the half-metal. As we expand in
the tunneling probability, we can use the linearized Usadel equation,

hDn0; fir + 2E fr = 0. (91)

Since there is only one anomalous Green function in the half-metal, we omit the
spin indices for brevity of notation and define f = f4. The general solution is
f = Ae*® + Be™** with {A, B} being complex coefficients to be determined from
the boundary conditions, and k = \/21E/hDyy. At the vacuum edge of the half-metal
(x = d), we have 0, f = 0. At the interface between the superconductor and half-metal,
the boundary conditions for f from the half-metallic side is obtained from Eqs. (82)-
with P,; = 1. Note that for P, = 1, we have gg = Q}( = gg;m = gK as well as
G0 = G! = GMR, We find that in order to obtain a non-vanishing proximity effect, it
is necessary that the magnetization direction associated with transmission across the
barrier (%) and spin-dependent phase-shifts picked up on the superconducting side of the
interface (k') are different. We set & = &, since the barrier magnetization determining
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the transmission properties is expected to be dominated by the half-metal magnetization
which points in the z-direction. The boundary condition for f at x = 0 reads:

LingOn f = 21ygcse®(my —1my), 79 = 7y +7°/4Léc (92)

with L = oumA/Go, and the constant vy contains two terms: v, = 2G, /G® which is
proportional to ), ¥, T, and a second term proportional to ), ¥;;. Moreover, m, and
m,, are the normalized components of a possible misaligned barrier moment compared
to the magnetization of the half-metal. We have taken this into account by writing:

~! O—SC O O_y 0 UZ O
/j—mx(o am)—irmy(() a;>+mz<0 o (93)

Inserting the general solution of f into the boundary conditions, one arrives at the final
result for the proximity-induced superconducting correlations f in the half-metal:

= 2 cosh[ik(z — d)] ~yycs
sinh(1kd)  kL$y
This is the first time the Usadel equation has been used to describe the proximity effect

e (my —1m,). (94)

in a superconductor/half-metal structure. Several observations can be made from the
above expression. For small F the energy factors ¢ oc E in the numerator and k? < E
in the denominator cancel, such that the proximity-effect, if present, happens even at
E = 0. The proximity-effect is seen to be non-zero only if spin-dependent scattering
phases at the superconducting side of the interface are present, and at the same time
their quantization axis k' is misaligned with that of the transmission ampltitudes, k.
The reason for this is that phase-shifts on the half metallic side are irrelevant on the
quasiclassical level, because they are spin-scalar (only spin-1 particles have a finite
density of states there). On the other hand, the phase-shifts ¥,,,, on the superconducting
side have two consequences: they are responsible for an m = 0 component on that side
of the interface, and they affect also transmission amplitudes. As a consequence, during
transmission the quantization axis s’ can be rotated into the m = =41 spin triplet
components which are allowed to exist in the half-metal if spin-flip processes exist at
the interface (e.g. due to some misaligned interface moments). This is exactly the reason
for why f also depends on m, and m, whereas it is independent on the barrier moment
m,: only a barrier moment with a component perpendicular to the magnetization of
the half-metal can create spin-flip processes which rotate the m = 0 into the m = £1
components, and thus f also vanishes if m, = m, = 0.

Another important observation that can be made from the above expression is that
a misaligned barrier moment effectively renormalizes the superconducting phase. Using
spherical coordinates, we may write m, —1m, = sin ©e~'¥ where ¢ is the azimuthal angle
describing the orientation of the barrier moment in the xy-plane. Thus, the effective
phase becomes 6§ — 6 — ¢. To see what consequence this has in terms of measurable
quantities, we proceed to consider a Josephson junction with a half-metal by replacing
the vacuum boundary condition at x = d with another superconductor. Solving for the
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anomalous Green function f in the same way as above, we may compute the supercurrent
flowing through the system via the formula (see Eq. ):

eNHMDHMA /Oo
8 _eo

I= dETr{75(Gmu0,Gmm)* }. (95)

Here, Npv is the normal-state density of states at the Fermi level in the half-metal,
while A is the interface cross section, and Tr denotes a trace over 2x Nambu-Gor’kov
space. After some calculations, one arrives at the result:

I = Iofyéfyg sin O, sin Ogsin(0gr — 0, + v — ¢r), (96)

where [j is a lengthy expression depending on parameters such as the width d of the
half-metal and the temperature 7. To be general, we have allowed the spin-dependent
phase-shifts for each superconductor and the barrier moment at each interface to be
different, indicated by the notation 'L’ and 'R’ for left and right. We find that I,
is negative, giving rise to a w-Josephson junction behavior for the case of p; = @g.
Expression is consistent with the ballistic case result of Refs. [I1], 50, 86] and
shows how a finite supercurrent will appear in a ring geometry even in the absence
of any superconducting phase difference 0z — 6, = 0 if the barrier moments are
misaligned in the plane perpendicular to the junction, ¢; — pr # 0. A similar effect
was also reported via circuit theory for a diffusive system [73], however not due to
spin-dependent scattering phase shifts but due to some “leakage terms”. Within our
formalism, we thus obtain a so-called ¢y Josephson junction behavior [87) [88], [89, 90, OT]
with ¢g = (7 + ¢ — ¢r)mod(27).

The above framework can be readily generalized to cover strongly polarized
ferromagnets building on the same idea as Ref. [16]. For a sufficiently large spin-
splitting, the - and |-conduction bands can be treated separately in the bulk with a
separate Usadel equation for fy+ and f|;. These would then only couple via interface
scattering and the strong exchange field would only enter by having different normal-
state density of states Ny, N| and diffusion coefficients Dy, D, of the spin-bands in each
separate Usadel equation.

6. Conclusions

We have derived new sets of boundary conditions for Usadel theory of superconductivity,
appropriate for spin-polarized interfaces. We present a general solution of the problem
appropriate for arbitrary transmission, spin-polarization, and spin-dependent scattering
phases. The explicit equations for the most general set of boundary conditions are
given in Egs. —, —, and —. With the solution of this long-
standing problem we anticipate a multitude of practical implementations in future to
tackle superconducting systems that involve strongly spin-polarized materials. We have
applied the general set of equations to various special cases important for practical
use. We derived boundary conditions for an interface between a superconductor and a
ferromagnetic insulator valid for arbitrary spin dependent scattering phases, Eq. .
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This extends previous work of Ref. [53], which was restricted to small scattering phases.
Using an exact series expansion of the general set of boundary conditions, Eqs. —,
we have obtained a perturbation series for the boundary conditions appropriate for such
an interface, which allows for channel off-diagonal scattering and channel-dependent spin
quantization axes, Eqs. —. For the tunneling limit, we have presented a new set of
boundary conditions appropriate for arbitrary spin polarization, non-trivial spin texture
across the interface, and allowing for channel off-diagonal scattering, Eqgs. —.
Neither of these three ranges of validity has been covered previously. As an application
we then proceed to give a theoretical foundation of the boundary conditions used in
Refs. [54, 55, 6], Egs. —, which we have generalized for channel off-diagonal
scattering and non-trivial spin texture across the interface. One central result of the
application of our formalism is the extension of these relations to second order, including
the important mixing terms between transmission and spin-dependent scattering phases.
These terms, Eqs. (86)-(89) generalize the corresponding terms from Ref. [53] to
arbitrary spin polarization, possible nontrivial spin-texture across the interface, and
channel off-diagonal scattering. We have demonstrated the application of the new
set of boundary conditions by treating a diffusive superconductor /half-metal proximity
junction and a diffusive superconductor/half-metal /superconductor Josephson junction.
In the latter case we found a realization of a ¢y junction. We are confident that our
boundary conditions will advance the field of superconducting spintronics considerably.
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Appendix A. Singular Value Decomposition of Scattering Matrix

We perform a singular value decomposition of the reflection and transmission matrices
(with dimensions n x n for Si1, m x m for Sos, n x m for Siy, and m x n for Ss)

S— ( Su S) - ( uav WTZ) . (A1)
So1 —S9 - WTZt —URVT -

Here U,V,W, Z, U, ‘7, W, Z are unitary matrices, and the R, T, ]i’, T contain the real and
non-negative singular values in the main diagonal and are zero otherwise. l.e., 7T =TT
and T = TT, R" = R and R = R. We assume that the singular values are sorted from
smallest to largest in R and R, and from largest to smallest in 7" and T. We introduce
the unitary matrices ® = WU, ¥ = ZTV d = WTU, and U = Z'V. In terms of those,
unitarity of the matrix S requires that (we denote for simplicity the unit matrices 1,,x,
and 1,,x,, with the same symbol 1; the dimension is clear from the context)

(1-R?) =o'TTT®d = WiITITW (A.2)

(1—-R?) =®'TTIé = UITiTw. (A.3)
We see that 1 — R? and 1 — R? contain the eigenvalues of the Hermitian matrices on
the right hand sides of the equations, which requires that these eigenvalues coincide
with the values in the diagonal matrices 777, TTT, T’TT, and T1T, respectively. Thus,
with the sorting arrangement done above, the relations (1 — R?) = TTT = TT and
(1 — R?) = TT' = T'T hold. Because all singular values of T are real, this means that
T=T,R=VI-TTT =\1-TT, R=+1-T'T =+/1—=TT*, and RTT = TR,
RT = T'R. Furthermore, the unitary matrices ® and ¥ commute with R and the
unitary matrices ® and ¥ commute with R. In particular, those matrices are block

diagonal, with block sizes given by the degeneracy of the singular values in R and f{,
respectively. The remaining unitarity requirements, using the above findings, reduce to

OUH(TR) = (TR)U P! (A.4)
Ul (RT) = (RT)DU'. (A.5)
That means that for the blocks corresponding to non-zero reflection singular values the

above two equations lead to the one condition P17V = WITH. If there are no zero
reflection singular values then, remembering that ® commutes with R and ¥ with R,

. Udt 0 R T oVt 0
g — 2 : e . A.
( 0 U\IJT><TT —R)( 0 \WT> (4.6)

The blocks with zero reflection singular values can be treated separately, and it is easily
seen that the singular value decomposition of the scattering matrix has the general form

g_ (U0 VI—TTT T Vo0
“\Nou ) Tt —V1=TfT ) \ o V|

e} ax

(A7)

with unitary matrices U, U , V, and V. The decomposition is not unique.
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Appendix B. Polar Decomposition of Scattering Matrix

An important feature of the above representation is that the center matrix is Hermitian.
If we only require this property of the central part, but not necessarily diagonality of
the m x n matrix T, then we can find an entire class of transformations that keep this
property. We define RDR' = T with unitary matrices ‘R and R. Then

§_ [UR 0 V1= DDf D
Lo ur ) Di —-V1-D'D |

RV 0
X ( 0 Bivt ) ) (B.1)

where D is now an n X m matrix that is not necessarily diagonal anymore. Consider

X

now some special cases. First, we chose R = V1, R = V. Then
§_ uvt o Varyeledl C’
Lo uvt ol —Vi-citer )

with ¢/ = VTV! gives a polar decomposition of the reflection parts of the scattering

(B.2)

(e}

matrix S. Similarly,

[ V1i-cCCt C uvt o (B.3)
B Cf —vi=cic )] \ o uvt | '

with C' = UTUT = UVIC' UV, We can also chose a decomposition in the form

§_ < uvt o ) ( V1 —cromt o ) .

v

(07 (87

0 1 C’”T /1= C//TC’//

1 0
X < 0 Lt ) (B.4)

with C” = VTU!, or other decompositions.

These decompositions are unique when there are no zero reflection singular values.
This means, that under the conditions of no zero-reflection channels V' and UV are
uniquely defined, as the matrices C' and D are. The unique unitary matrices YV' and
UV' are the surface scattering matrices, that occur in the limit of zero transmission.

Appendix C. Parameterization of scattering matrix

We now turn to a useful parameterization of the transmission matrix C'. We note that
with the definition

C=(1+uh) "2 (C.1)

<\/1—ccf C ) _ < szf _;Z) ©2)

we obtain

el —V1-CiC



General Boundary Conditions for Quasiclassical Theory in the Diffusive Limit 23

with
P= (14uh) (1 - (C.3)
F= (1417 (1 - 1t) (C.4)
d= 1+ "2t (C.5)

To connect with the main text, we have t = 77. Furthermore, if ¢t = ufv' is a singular
decomposition for ¢, then C' = wu[(1 + 6?)7120]v" is a singular decomposition of C.
Conversely, if C' = uév! is a singular decomposition for C, then ¢ = u[(1—+/1 — §2) /8o’
is a singular decomposition for t. If 0 < 6§ < 1 then 0 < § < 1 and vice versa. Thus, the
parameterization in terms of ¢ is equivalent to that in terms of C'.

Appendix D. Expansion to third order of expression (|63))

To third order we obtain from Eq.

W =1[K,q] (D.1)
7o % (K2G] +1[K, (G +rl) o (&)Y 0 (] (D.2)
0= — L [K3¢] - % (K2 (G4m0 (@)Y oG]
+1[K, (G +1rl) o (G)? o G]
+1[K, (G +1rl) o (G oG o (G)Y oG] (D.3)
and
/ 1 e / 1 o s
(@)Y =55 [K,G], () =-5[K3G]. (D-4)
This can be simplified further noting G'o (G")") = —(G")M o G and 27%(G")M o (G")) =
—{(G)P,G}, (G +wl) o G = (G + rl), 272 [K 7 (G"V] = —1[K "1 G,

4r? [K, (G’)(2)} =— [f( 3 G], yielding Eq. of the main text.

Appendix E. Expansion of matrix current for finite transmission

From section we obtain the following expressions to second order in the spin
dependent reflection phases and in the transmission probability:

I0 = —om [, 53]V +1[K,G] (E.1)

10 = —om i, 3] ? +1 [, (5) V] - L [K 26 (E2)
with

.5)" = [nGr, 6] (B.3)

. = 6.6 ®s
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+GioGo [Gl,é]o—i- [Gl,é]OOGOG’l
w2 (1E0) 6+ [m £ w.¢] ). (2:5)
and
(G = (G + ) o ([G1,G], + ()W o ) (E.6)
(@) = (G +171) o (¢ 0 & )
90" = (G =)o (@Yo G (E.8)

with (G")M = —(G")" from Eq. (D.4). Collecting everything together, we obtain the
result shown in Egs. — of the main text.

Appendix F. Term of second order in transmission probability

For completeness we present here the expression of order 72:

I,=GGoGoG +G} iGioGoikGi

+ g (g Go /iG/i—i—/%QkoGog) }LVIRI{FLG}OGO{I{G}
bGP (GoGo{r G} +{kG}oGoG)
+ G (kGk o G o {k, G} + {&, G} o G 0 EGF) (F.1)
with
1
gy =-g, Z Print Tat Tory (1 +4/1 =P ) <1 +/1 =P > (F.2)
8 nin’l’
1 / /
gi = égq nl;/pnln’l’%lﬁz’l’ (1 - 1 - ,Pgl ) (1 - 1= P’?L/l’ > (FS)
T = _gq Z Print Trt T (1 +4/1 - ) ( V1 o ) (F.4)
nin'l’
o1
i\/IR = ggq Z Print? Trd Trrtt Pra Py (F5)
nin’l’
mix — lgq Z pnln/l/%l'ﬁl/l/]?n/l/ 1 + 1— PTQLZ (F6)
! 8 nin'l’
mix’ __ 1 2
= ggq 7;/ Printt Tnd Trry Py (1 —\/1=Py ) (F.7)
with Py = Opw + O — dpp Oy, arising from averaging over the typical phase factor

e Wni=¥n Ty =¥nr) of spin-scalar transmission phases. The channel-diagonal case
follows from setting n =1 =n' =1' and p,pp, = 1.

References

[1] Eschrig M 2011 Physics Today 64 43-49

[2] Linder J and Robinson J W A 2015 Nature Physics 11 307

(3] Bulaevskii L N, Kuzii V V and Sobyanin A A 1977 Pis’'ma Zh. Eksp. Teor. Fiz. 25, 314; (1977
JETP Lett. 25, 290]



General Boundary Conditions for Quasiclassical Theory in the Diffusive Limit 25

[4] Buzdin A T, Bulaevskii L N and Panyukov S V 1982 Pis’'ma Zh. Eksp. Teor. Fiz. 35, 147 [1982
JETP Lett. 35, 17§]

[5] Ryazanov V V, Oboznov V A, Rusanov A Yu, Veretennikov A V, Golubov A A and Aarts J 2001
Phys. Rev. Lett 86, 2427

[6] Kontos T, Aprili M, Lesueur J, Genét G, Stephanidis B and Boursier R 2002 Phys. Rev. Lett 89,
137007

[7] Berezinskii V L 1974 Pis'ma Zh. Eksp. Teor. Fiz. 20 628 [1974 JETP Lett. 20, 287]

[8] Bergeret S F, Volkov A F and Efetov K B 2001 Phys. Rev. Lett. 86 4096

]

Grein R, Eschrig M, Metalidis G and Schén G 2009 Phys. Rev. Lett. 102, 227005

Izyumov Yu A, Proshin Yu N and Khusainov M G 2002 Usp. Fiz. Nauk 172 113

Golubov A A, Kupriyanov Y M and II'ichev E 2004 Rev. Mod. Phys. 76 411

Eschrig M, Kopu J, Konstandin A, Cuevas J C, Fogelstrém M and Schén G 2004 Adv. Solid State
Phys. 44 533-545

| Buzdin A T 2005 Rev. Mod. Phys. 77 935-76
] Bergeret F S, Volkov A F and Efetov K B 2005 Rev. Mod. Phys. 77 1321-73

2] Lyuksyutov I F and Pokrovsky V L 2007 Adv. Phys. 54 67-136
]
]

|
]
]
]
]
5] Vorontsov A B, Vekhter I and Eschrig M 2008 Phys. Rev. Lett. 101 127003
]
]
]
]

Eilenberger G 1968 Z. Phys. 214, 195
Larkin A T and Ovchinnikov Y N (1968) Zh. Eksp. Teor. Fiz. 55 2262 [1969 Sov. Phys. JETP 59
1015

[25] Serene J W and Rainer D 1983 Phys. Rep. 101 221

[26] Rammer J and Smith H 1986 Rev. Mod. Phys. 58, 323-359

7] Belzig W, Wilhelm F K, Bruder C, Schon G and Zaikin A D 1999 Superlattices Microstruct. 25

1251 [Corrigendum: 1999 35 157]
[28] Eschrig M, Sauls J A , Burkhardt H and Rainer D 2001 Proc. of the NATO Adv. Study Institute,
Vol 86, ed. Drechsler S L and Mishonov T, pp. 413-446 (Kluwer Academic, Norwell, MA).

] Kopnin N 2009 Theory of Nonequilibrium Superconductivity (Oxford University Press)

| Gor’kov L P 1958 Zh. Eksp. Teor. Fiz. 34, 735 [1958 Sov. Phys. JETP 7, 505]

1] Usadel K D 1977 Phys. Rev. Lett. 25, 507

] Shelankov A L 1984 Fiz. Tverd. Tela Leningrad 26, 1615 [1984 Sov. Phys. Solid State 26, 981]

| Zaitsev A V 1984 Zh. Eksp. Teor. Fiz. 86, 1742 [1984 Sov. Phys. JETP 59, 1015]

| Ashauer B, Kieselmann G and Rainer D 1986 J. Low Temp. Phys. 63, 349; Kieselmann G 1987

Phys. Rev. B 35 6762

[35] Zhang W, Kurkijarvi J and Thuneberg E V 1987 Phys. Rev. B 36, 1987-1995

[36] Nagai K and Hara J 1988 J. Low Temp. Phys. 71, 351; Ashida M, Aoyama S, Hara J and Nagai
K 1989 Phys. Rev. B 40, 8673

[37] Millis A, Rainer D and Sauls J A 1988 Phys. Rev. B 38, 4504

[38] Shelankov A L 1980 Zh. Eksp. Teor. Fiz. 78, 2359 [1980 Phys. JETP 51, 1186; Shelankov A L
1985 J. Low. Temp. Phys. 60, 29-44

[39] Yip S-K 1997 J. Low Temp. Phys. 109, 547-576; Lu C-K and Yip S-K 2009 Phys. Rev. B 80
024504

[40] Eschrig M 2000 Phys. Rev. B 61, 9061

[41] Shelankov A and Ozana M 2000 Phys. Rev. B 61, 7077; Ozana M and Shelankov A 2001 J. Low
Temp. Phys. 124, 223

[42] Fogelstrom M 2000 Phys. Rev. B 62, 11812



General Boundary Conditions for Quasiclassical Theory in the Diffusive Limit 26

Zhao E, Lofwander T and Sauls J A 2004 Phys. Rev. B 70, 134510

Liick T, Schwab P, Eckern U and Shelankov A 2003 Phys. Rev. B 68 174524

Cuevas J-C, Martin-Rodero A and Levy Yeyati A 1996 Phys. Rev. B 54 7366

Cuevas J-C and Fogelstrom M 2001 Phys. Rev. B 64, 104502

Huertas-Hernando D, Nazarov Yu V and Belzig W 2002 Phys. Rev. Lett. 88, 047003

J. Kopu, M. Eschrig, J. C. Cuevas, and M. Fogelstrom, Phys. Rev. B 69, 094501 (2004).

Graser S and Dahm T 2007 Phys. Rev. B 75 014507

Eschrig M 2009 Phys. Rev. B 80, 134511

Kupriyanov M Yu and Lukichev V F 1988 Zh. Eksp. Teor. Fiz. 94 139 [1988 Sov. Phys. JETP 67,
1163]
Nazarov Y V 1999 Superlattices Microstruct. 25 1221; Nazarov Y V 2005 Handbook of Theoretical
and Computational Nanotechnology chapter 95 (Valencia, CA: American Scientific Publishers)
Cottet A, Huertas-Hernando D, Belzig W and Nazarov Y V 2009 Phys. Rev. B 80 184511 [Erratum:
2011 Phys. Rev. B 83, 139901(E)]

Machon P, Eschrig M and Belzig W 2013 Phys. Rev. Lett. 110 047002

Machon P, Eschrig M and Belzig W 2014 New Journal of Physics 16, 073002

Bergeret F' S, Verso A and Volkov A F 2012 Phys. Rev. B 86 214516

Keldysh L 'V 1964 Zh. Eksp. Teor. Fiz. 47, 1515 [1965 Sov. Phys. JETP 20, 1018]

Nambu Y 1960 Phys. Rev. 117, 648

For the definitions of all Green functions in this paper we use a basis of fermion field operators in
Nambu o spin-space as ¥(r,t) = [{4(r, 1), 9, (r, 1), %1 (r, )T, 9 (v, 8)T]T .

Tanaka K and Eschrig M 2009 Supercond. Sci. Technol. 22 014001

Lambert C J 1991 J. Phys. Cond. Mat. 3, 6579

Takane Y and Ebisawa H 1992 J. Phys. Soc. Jpn. 61, 3466

Beenakker C W J 1992 Phys. Rev. B 46, 12841

Abrikosov A A and Gor’kov L P 1960 Zh. Exp. Teor. Fiz. 39, 1781 [1961 Sov. Phys. JETP 12,
1243]

Galaktionov A V, Kalenkov M S and Zaikin A D 2008 Phys. Rev. B 77, 094520

Lofwander T, Grein R and Eschrig M 2010 Phys. Rev. Lett. 105 207001

Grein R, Lofwander T, Metalidis G and Eschrig M 2010 Phys. Rev. B 81 094508;

Halterman K and Valls O T 2009 Phys. Rev. B 80, 104502.

Linder J, Cuoco M, and Sudbg A 2010 Phys. Rev. B 81, 174526.

Kupferschmidt and Brouwer P. W 2011 Phys. Rev. B 83, 014512.

Wilken F B and Brouwer P W 2012 Phys. Rev. B 85, 134531

Asano Y, Tanaka Y and Golubov A A 2007 Phys. Rev. Lett. 98, 107002

Braude V and Nazarov Yu V 2007 Phys. Rev. Lett. 98, 077003

Takahashi S, Hikino S, Mori M, Martinek J and Maekawa S 2007 Phys. Rev. Lett. 99, 057003

Béri B, Kupferschmidt J N, Beenakker C W J and Brouwer P W 2009 Phys. Rev. B 79, 024517

Sefrioui Z, Arias D, Pena V, Villegas J E, Varela M, Prieto P, Leén C, Martinez J L. and Santamaria
J 2003 Phys. Rev. B 67, 214511

Penia V, Sefrioui Z, Arias D, Leon C, Santamaria J, Varela M, Pennycook S J and Martinez J L
2004 Phys. Rev. B 69, 224502

Kalcheim Y, Millo O, Egilmez M, Robinson J W A and Blamire M G 2012 Phys. Rev. B 85,
104504

Visani C, Sefrioui Z, Tornos J, Leon C, Briatico J, Bibes M, Barthélémy A, Santamaria J and
Villegas J E 2012 Nature Physics 8, 539

Keizer R S, Goennenwein S T B, Klapwijk T M, Miao G, Xiao G and Gupta A 2006 Nature
(London) 439, 825

Anwar M S, Czeschka F, Hesselberth M, Porcu M and Aarts J 2010 Phys. Rev. B 82, 100501(R)

Sprungmann D, Westerhold K, Zabel H, Weides M and Kohlstedt H 2010 Phys. Rev. B 82,
060505(R)



General Boundary Conditions for Quasiclassical Theory in the Diffusive Limit 27

[83] Anwar M S and Aarts J 2011 Superconductor Science and Technology 24, 024016

[84] Anwar M S, Veldhorst M, Brinkman A and Aarts J 2012 Applied Physics Letters 100, 052602

[85] Yates K A, Anwar M S, Aarts J, Conde O, Eschrig M, Lofwander T and Cohen L F 2013 Europhys.
Lett. 103 67005

[86] Eschrig M, Lofwander T, Champel T, Cuevas J C, Kopu J and Schon G 2007 Journal of Low
Temperature Physics 147, 457

[87] Josephson B D 1962 Phys. Lett. 1 251

[88] Geshkenbein V B and Larkin A T 1986 Pis’'ma Zh. Eksp. Teor. Fiz. 43, 306 [1986 JETP Lett. 43,
395]

[89] Krive I V, Gorelik L Y, Shekhter R I and Jonson M 2004 Fiz. Nizk. Temp. 30, 535 [2004 Low
Temp. Phys. 30, 398]

[90] Buzdin A 2008 Phys. Rev. Lett. 101, 107005

[91] Reynoso A A, Usaj G, Balseiro C A, Feinberg D and Avignon M 2008 Phys. Rev. Lett. 101,
107001



	1 Introduction
	2 Transport Equations
	3 Boundary Conditions 
	3.1 Interface Scattering Matrix
	3.2 General Boundary Conditions for diffusive systems
	3.2.1 Solution for impenetrable interface:
	3.2.2 Solution for finite transmission:
	3.2.3 Matrix current and boundary conditions for diffusive propagators:


	4 Special Cases
	4.1 Spin-scalar and channel-diagonal case
	4.2 Case for interface between superconductor and ferromagnetic insulator
	4.3 Exact series expansions
	4.4 Boundary condition for spin-polarized surface to third order in spin-mixing angles
	4.5 Boundary condition for spin-polarized interface to second order in spin-mixing angles and transmission probability
	4.6 Boundary conditions for channel-independent spin quantization direction

	5 Application for diffusive superconductor/half metal heterostructure
	6 Conclusions
	Appendix A Singular Value Decomposition of Scattering Matrix
	Appendix B Polar Decomposition of Scattering Matrix
	Appendix C Parameterization of scattering matrix
	Appendix D Expansion to third order of expression (??)
	Appendix E Expansion of matrix current for finite transmission
	Appendix F Term of second order in transmission probability

