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GROMOV-WITTEN INVARIANTS FOR VARIETIES WITH C*
ACTION

ANCA MUSTATA, ANDREI MUSTATA

ABSTRACT. For any smooth projective variety with a C* action, we reduce the
problem of computing its Gromov-Witten invariants to the similar problem for its
fixed locus. Starting from the stacky version of variation of GIT for our variety, we
construct the building blocks for the fixed loci of the moduli space of stable maps.
We use this construction to compute their contribution to the virtual fundamental
class.

1. INTRODUCTION

For any compact manifold with a one parameter group action, the Atiyah-Bott
Localization Theorem allows one to recover an equivariant cohomology class from
its pullbacks to the fixed loci. In the algebraic context a similar result was estab-
lished by D.Edidin and W.Graham in [EG]. Starting from the first computations
of Gromov-Witten invariants, localization proved to be a powerful tool in Gromov-
Witten theory. Not long after the introduction of a rigorous algebraic-geometric
definition for virtual fundamental classes by K.Behrend and B.Fantechi (see [BF]),
T.Graber and R.Panharipande ([GP]) proved the virtual localization formula for mod-
uli spaces with a (C*)* equivariant perfect obstruction theory. The main example of
such moduli spaces at the time was the moduli space of stable maps for smooth
projective varieties with a torus action.

However until now, this method has been applied only for varieties with strong
torus action, i.e. with only finitely many orbits in dimensions 0 and 1. In this paper
we develop a general procedure by which localization can be applied to compute
equivariant Gromov-Witten invariants for a more general class of smooth projective
varieties X with C* actions.

Virtual localization reduces the virtual fundamental class [M (X, 8)]'" to a sum
in the expected equivariant Chow group

[FF]UiT’

(Mo (X, B)]"" =1, (N

where the summands correspond to the components Fr of the fixed point locus of
M.(X,B). The classes [Fr]"" and e“ (Np") are obtained from the fized and moving
parts of the obstruction theory restricted to Fr.

Following the procedure developed in the case of target varieties with strong torus
action, the components of the fixed point locus in the moduli space of stable maps can
be indexed by decorated graphs. Each vertex v in such a graph contributes a moduli
space M, . (X,,,), where X, is a component of the fixed locus of X. Each edge
(u,v) corresponds to invariant curves whose image stretches between the fixed loci
X, and X,. Thus an edge contributes a certain fixed component of a moduli space of

stable maps in genus zero, with two marked points. We will denote such components
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by M, >. The component of Mg,n(X ,B)¢" associated to a decorated graph I is then
a finite quotient of a fibre product of spaces mentioned above.

The virtual fundamental class of such a product splits into a product of contribu-
tions from the constituent moduli spaces, with additional special contributions of the
cotangent classes ¢ at the nodes. Thus computing the Gromov-Witten invariants of
the X via localization requires two types of inputs:

(1) The Gromov-Witten invariants of the fixed point loci in X, with descendants;
(2) The contributions from the spaces M, 5.

Assuming the former known, we focus on the later. We will show how to calculate
this contribution in terms of the following data:

e The components of the fixed locus in X, their normal bundles and their de-
composition induced by the C*—action;

e The Bialynicki-Birula decompositions of X given by the torus action;

e A stacky version of the variation of GIT for X, as well as for its Bialynicki-
Birula strata.

Of all the spaces M, 5, the most prominent is a component (or union of components)
of the fixed point locus in the moduli space of stable maps with the homology class
of the action map t — t - x for generic x € X. To explain how we constructed this
particular M,, 5, we start by considering the natural Deligne-Mumford stack structures
of the GIT quotients of X, and their weighted blow-ups corresponding to variation
of GIT. Taking fiber products we obtain an entire hierarchy of spaces, and M, -
is the inverse limit of the induced inverse system. Each of the spaces in the system
represents a moduli problem, and the universal families of all these moduli spaces duly
form a hierarchy of their own. Furthermore, each universal family comes with its own
evaluation map into a suitable target space birational to X. The universal family
over M, o is the inverse limit of the inverse system generated by these target spaces
and the birational morphisms between them. The three networks thus obtained are
connected into a network of triples, each triple consisting of a moduli space, universal
family and evaluation map. This intricate structure allows us to compare the moving
parts of the obstruction theories for these moduli spaces.

Furthermore, each of the three networks is organized hierarchically, with the struc-
ture of the weighted blow-ups at the basis readily decipherable in terms of the
Bialynicki-Birula strata in X, their normal bundles and the weights induced by the
C*—action. This allows us to compute the moving part of the virtual fundamental
class for the main space M, 2. The fixed part also results from the inverse system
structure based on the formula proven in [M] (Theorem 6.3).

The remaining spaces M, 2 can be divided into two categories. Some are obtained
from the stacky points of the stacky GIT quotients mentioned earlier. More precisely,
certain components of the inertia stacks of the above stacky quotients also form their
own inverse systems, whose inverse limits are some of the desired spaces M, 2. A
second category of spaces parametrizes maps whose class is not a multiple of the
generic orbit. Such stable maps stretch between components of the fixed locus of X
other than the source and sink. In this case we employ stacky quotients of Bialinycki-
Birula strata, which are pulled back through the networks of maps constructed above
and intersected to yield the second category of spaces M, ».

The paper is organized as follows: In section 2 we set up some basic tools and
notations required in indexing the components of the fixed locus of the moduli space
of stable maps, and outline the main factors in the equivariant computation of the
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virtual fundamental class. In section 3 we describe the main component M, ». We set
up the three networks of spaces, expressing each as canonical components of the fixed
locus of certain moduli spaces of weighted stable maps. We also record the structure
of the most important weighted blow-up morphisms in some detail. The fourth section
is dedicated to computations of relevant classes in equivariant K-theory.

2. THE FIXED LOCUS OF THE MODULI SPACE OF STABLE MAPS

Let X be a smooth projective variety with an algebraic C*—action such that for a
generic point z € X, the stabilizer Stab(x) is trivial.

The C*- action on X induces a natural C*- action on the moduli space of stable
maps M.,(X, 3). Our first goal is to describe the fixed point locus M (X, 3)C". We
will present a way of indexing (unions of) components of M, (X, 3)*" by suitably
chosen graphs. We will start by defining the main building blocks.

We consider a C*—equivariant embedding ¢ : X < [[, P" and projections m; :
[I, P — P" giving ample line bundles £; := (m;0.)*Opni (1), such that the classes
c1(L;) with i € {1,...,n} form a basis for H"(X).

For the C*—action

C*xP* — P" given by
(t, (20 et 2ny]) = [t%20 1. itz

we define the moment map p; : P — R by

>t

wi([z0 0ot 2ny]) == W

We note that p; maps the C*~fixed locus of P™ onto the set of weights {ay, ..., an, }.

Remark 2.1. For each p € P, the function v : C* — R given by v(t) = p;(t - p) is
constant on circles S*(r) = {t € C*; |t| = r} while yg+ is non-decreasing and

%ir%,ui(t -p) = min {a;; j €{1,...,n;} and z; # 0} =: m(p),
5
tli)m pi(t-p) = max{a;; j€{l,..,n;} and 2z # 0} = M(p),

so that the closure O, of the orbit O, = C*p satisfies ;(O,) = [m(p), M (p)].
Furthermore, the map C* — P™ given by t — t - p extends uniquely to a map
fp : Pt — P™ satisfying

deg fy<[P'] = deg fp(Opni (1)) = M(p) — m(p).
Putting together the properties of u; above we obtain the following

Lemma 2.2. Consider the map p™ : [[~, P" — R™ given by u™ = ({1, .., fm),
and the isomorphism Z™ — (HYY( X))V (" Ho(X,Z) given by the dual of the basis
{er(Ly); i€ {1,....,n}} of HYY(X) associated to the embedding v+ X — [, P™.

For each © € X, let xy := limy_ot - & and o = limy_,o t -z and let Stab (x)
denote the stabilizer of x.

a) The components of the fized locus of X under the C*— action are mapped by
w™ o [1e, P — R™ into points on the lattice Z™, with coordinates given by
the weights of the C*—action on the P"-s.
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b) The map C* — X given by t — t - x extends uniquely to a | Stab(x)|: 1 map
fo: PV —= X of class f..|P'] represented as a vector

for P = 1™ (200) — ™ (o) € Z,
while the closure of the orbit O, satisfies
() — i (x0)
10:] = | Stab(z)|

Proof. Via the projections m; : [[}—, P™ — P™, the proof is reduced to the observa-
tions on p; in Remark 2.1. U

We define a partial order on R™ as follows: u < v <= u; < v; for all i € {1,...,n}.
Based on the following observations, we can construct an oriented graph with vertices
in Z™ as follows:

Definition 2.3. The oriented graph associated to a C*-action on X:
We define a set of vertices V C Z™ as the image through p™ of the fixed point
locus of X. For each u € V, we denote by
Xy={reX;p"(z)=vandt -z =z forall t e C'}.
We define a set of edges € C V x V as follows: a pair (u,v) € £ if and only if

e u < v, and
e there is a C*—orbit O, C X such that u = u™(zp) and v = p"(rs) -

Definition 2.4. The invariant curve classes associated to the graph (V,¢):
Let Q denote the set of pairs (¢, ) with ¢ € VU E and B € Hy(X,Z) defined by the
following conditions:
(i) If c € V, then 8 € jo.Ha(X,, Z) where j. : X, — X.
(ii) If ¢ = (u,v) € €, then B = k[O,] where the orbit O, = {t - x|t € C*} satisfies
u,v € pm(0,), and k € N.

By Lemma 2.2, we have 3 = k[O,] = \Ska(x)\(U —u) € Q.

Notation 2.5. For each w € €0, we will denote its second component by 5,. We will
also denote by X, the fixed locus X, whenever w = (u, ) € €.

Notation 2.6. For each w = (u, ) € Q)(V x Hy(X,Z)) and non-negative integer
n, we denote

Mom(Xu,ﬁ), ifn>3, or §#0,
X, otherwise.

Moa(x) = {

Definition 2.7. For each w = ((u,v),3) € Q(€ x Ha(X,Z)), we define M, 5(X)
to be the substack of M 2(X, 3)C" parametrizing isomorphism classes of stable maps
with marked points [(C, ¢, (S0, Seo))] fixed by C* which in addition satisfy the following
properties:
(1) C =i, C; is a connected chain of P'-s (possibly of length one). The marked
points sg, S lie in the first and last components of the chain, respectively, and
u™ o p(sg) = u, while @ o p(s40) = v.
(2) The map ¢ is flow-preserving: Given the marked points sg, soo = S5 and the
nodes {s;} = C;(Cj41 for j € {1,...,s — 1}, their images x; := p(s;) satisfy

T; = %i_{%t ~xand x4 = tli)rgot - x for generic x € ¢(C}).
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(3) ¢+[C] = B and the restriction of ¢ on each component C; has class

s m m m
(P*[C]] - ,U/m(xoo) o ,um(xO) (:u (x]> 2 ($J—1)) S Z :
With the notations above, each of the irreducible components p(C;) is invariant
under the C*~action on X, the points z; = ¢(s;) are exactly all the fixed points of
the C*-action on Im .
Note that u’"(xoo)ﬁ—um(:co) = (Ufu) € Q due to Lemma 2.2 and Definition 2.4.
Condition (3) is chosen so as to insure that the spaces thus constructed are the
smallest building blocks suitable for assembling subspaces of the fixed point loci, e.g.

M, ([T, P™) is a connected component of My o(][],P™, 3)C .

We will group components of the fixed locus My, (X, 3)C in a way that is naturally
compatible with the decomposition into components of Mg, ([T, P™, 3)%". We index
such (unions of) components by triples (T, 7, m) defined as follows:

Definition 2.8. A minimal triple (T, 7,m) is defined by the following properties:

(1) T is a tree, with V(T') and E(T) the sets of vertices and edges, respectively.
For each vertex v € V(T'), we denote by d(v) the degree of v, i.e. the number
of edges incident to v.

(2) m: V(T) U E(T) — Zo is such that n =3 v m(v) + 3 c gy mie).
(3) 7: V(T)U E(T) — € is a map whose composition with the pI‘OJeCthn Q—
YV U € is a morphism of graphs, and satisfying

ﬁ - Z BT(U + Z BT(G
veV(T) ecE(T)
(4) For each chain {vy, v}, {ve,v3}, ..., {vs_1,v5} in T such that d(v;) = 2 for
1<j<s,if
7(v1) = (u1, B1), 7(v) = (ug, Bi) and 7(v;) = (u;,0) for 1 < j <'s,

then for all possible elements ((u1,us),3) € §2, there exists an index j €
{1,...,s — 1} such that

57({vjvvj+1}) A (Uj+1 - Uj)-
Uy

Ug —

As before, we note that ((uy,us), 3)

Definition 2.9. For each triple (7', 7,m) as above we associate a moduli space F(7,m)
defined as the fibre product of stable map spaces given by the following fibre square
diagram:

Firrm) [oev iy Mr@)dwy+me) X eemm) Mrte)mie)+2

l lnies eV,

d(v d(v
A HUEV H ( )XT(U) - HUGV(T) Hiil) XT(U) X Hez{m,m}EE(T) (XT(Ul) X XT(U2))7

where S is constructed by selecting the first d(v) marked points from each of the
factors of the product

H M(]d +m(v( T(v)>57(v))

veV (T
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and the last 2 marked points in each factor of Hee B(T) M (e),2, and ev; are the corre-

sponding evaluation maps.
Note that >_ ¢y d(v) = 2|E(T)| and the factors of the product

H (Xr(on) X Xr(u))

e{vi,v2}€E(T)

are, up to a permutation, the same as those in HveV(T) Hfivl) X+(v) so that the lower
arrow A is the diagonal map followed by the permutation above.

Proposition 2.10. The fized point locus My, (X, ) is a disjoint union of spaces
Firrm)/A,em)y, where the moduli spaces Fip;m are indexed by all triples (T, 7,m)
as in Deﬁmt@on 2.9, and A(r,-m) is a finite group (the automorphism group associated

to the data (T, 7,m)).

We will dedicate the next section to a constructive proof of the representability of
the functor M,, 2, and implicitly Fi7 ;). We will focus on the main case when omega
corresponds to the class of the action map t — ¢-x for x € X generic. The remaining
cases will derive from here.

2.1. Maps from curves in higher genus. For moduli spaces of stable maps in
general genus ¢, Definitions 2.8 and 2.9 and Proposition 2.10 can be modified ac-
cordingly to work with subspaces F(r. ) of M, (X,5)". In this context I' is a
graph and the function v : E(I') V(') — © X Z>( has an additional coordinate g,
indexing the genus of a curve component, such that g is obtained by summing the
values of g, for all the vertices and edges of I', together with the number of loops of
the graph I'. While every v € V(I') has an associated moduli space of stable maps
va) m()+d) (Xs@)s Byw)) With gy@) > 0, in the case of e € E(I'), the associated
space M7(6 )m(e)+2 parametrlzes maps with domains of genus 0. The focus of this
article is on the contribution of these last spaces to the Gromov-Witten invariant
calculations.

2.2. Gromov-Witten invariants. The virtual localization formula proved by Graber
and Pandharipande in [GP] presents the virtual fundamental class [M, (X, 8)]"" as
a sum in the Chow ring AS" (M, (X, 8)) ® Q[t, 1):
]vir
VX, B =103
(NF(F ~, m))
where ¢ denotes the top equivariant Chern class.

For each Fir ), the class [F(p,%m)]”" and N}éf;wm) are defined as follows: Given

a perfect obstruction theory (E*,¢) for M, ,(X,3) with an equivariant lift of the
C*-action,

e The virtual class [Firm))"" is calculated from the fixed part of the restriction
(Efr A my» @(0,7,m)) Of the obstruction theory (E®,¢) to Fir ,m). This is itself a
perfect obstruction theory (|GP]).

e The wirtual normal bundle N vir o is a two—term complex defined as the
moving part of Ey .y m)-

Furthermore one can write an explicit formula for each the terms % by
F(r,y,m)

applying the formula for the virtual class of the boundary strata from [B2]. Let
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Vo(T) C V(T) denote the degree 2 vertices v of tree T, with adjacent edges e! and

eZ, and such that 3,,) = 0. Then ec[fgv,m?)}vl
F(r,~,m)

(AT Lev iy [Ma).aw+m)]"" e [Mae,2]™"
HeEE(T) 6((:* (N]i\}/}:(e)a) HUEVQ(T) (we},,v + we%,v) H’UEV(T)\VQ (T),veecE(T) (we,v + 'lvbv,i)

Here 7 is a marked point for M, ;) d(v)+m(v)» chosen so that v and i have the same images
through their respective evaluation maps. Then 7., and 1, ; denote the top equivari-
ant Chern classes of the line bundles on M, )2 and M, a(w)+m(v), respectively, given
by cotangent directions along the universal curve, restricted to the marked point cor-
responding to v, and the i-th marked point, respectively. As before, [Mﬁ,(e)g]”" and
(M (o), d(0)+m(w) """ denote the fixed part of the virtual class, respectively the virtual
class of the corresponding moduli spaces.

For each w = ((u,v), 3) € Q we define ¢, n, : H*(Xu)[t,t7'] = H*(X,)[t,t7'] by

[sz]'vir )
e“ (N3l )

j can be written as

Cw,ning (@) = evg,(ev] (@)Y by N

Here ny,ny € Z>o. Computation of equivariant Gromov-Witten invariants with de-
scendants for X can now be reduced to the computations of Gromov-Witten invariants
with descendents for the fixed locus of X, together with calculating c,, ,,, n,. In this
paper we will show how to compute ¢, ,,, n, by describing both [M,, »]*" and N}{/}: -

3. A CONSTRUCTION OF THE MAIN SUBSPACE M,,, OF Mo (X, 3)" .

Consider a C*— equivariant embedding of X into PV constructed by choosing a
linearization on a very ample line bundle on X. By a slight abuse of notation, we
will denote by p both the moment map p : PY — R and its restriction to X. We
can choose the linearization so that u(PY) = [0,d]. (Changing the linearization
modifies the moment map by a translation on R.) We may assume without loss of
generality that u(X) = [0,d]. Indeed, if p(X) = [¢,4'] with 0 < i or ¢/ < d, then the
decomposition into strata induced by the C*—action on P"” would insure that X is
embedded in a projective subspace invariant under the C*—action, and hence we may
replace P™ with this subspace in our discussion.

Notation 3.1. Let I denote the image through y of the fixed point locus of PV. For
eachi€ I, let P,={x e€P"; y(r)=iandt-xz =z forallt € C*} and X; = P,N X.

3.1. Fixed loci in moduli spaces of weighted stable maps. Let us consider
the case when f is the class of the action map ¢t — t - x for generic x € X. The
oriented graph (V, £) associated to the C*—action (Definition 2.3) has a minimal and
maximal vertices ug and u.,, connected to all other vertices by oriented paths. With
the notations from the previous section, the images of the moment maps for [, P™
and PV are connected by a projection R™ — R, which sends g to 0 and us, to d.

Our goal is to provide a concrete construction for the moduli space M, »(X) intro-
duced in Definition 2.7, in the main case when w = ((ug, uso), ). The ambient space
for this construction will be a moduli space of weighted stable maps. The term of
weighted stable maps was coined in [AG] and [BM], where it referred to stable maps
with weights on the marked points. We will be using this term in the more general
sense where it refers to stable rational maps with weights on the marked points and
the map (see for example [MM1]).
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We will start by defining special fixed loci in moduli spaces of weighted stable maps.
We will show that the simplest of these correspond to the GIT quotients of X by C*,
and we will use the birational maps between them to construct M, »(X) as an inverse
limit of this family of spaces.

We recall the definition of the moduli spaces of weighted stable maps as in [MM1]:

Definition 3.2. For a rational number a > 0 and an n-tuple A = (a4, ...,a,) € Q"
such that 0 < a; <1 and 22:1 a; + da > 2, we define the moduli space of weighted

stable maps Mg 4(P",d, a) to parametrize isomorphism classes of tuples
[(m: C = B.{sj}i<jcn. L, €)]

where 7 : C' — B is a family of smooth (or at most nodal) rational curves, s; are
sections of m mapping to smooth points of the fibres, £ is a line bundle on C' of degree
d on each fiber Cj, and e : Og *1 5 £ is a morphism of fiber bundles (specified up to
isomorphisms of the target) such that:
(1) weis(D2)-, ajs;) @ L is relatively ample over B,
(2) G := Coker e, restricted over each fiber C, is a skyscraper sheaf supported
only on smooth points, and
(3) for any s € C, and for any J C {1,...,n} (possibly empty) such that s = s;(b)
for all j € J, the following condition holds

Zaj +adim G, < 1.

1€J

For a more intuitive description of a weighted stable map, we note that the rational
map ¢ : C' --» PV determined by e, when restricted to each fibre Cj, extends naturally
to a well-defined map ¢y, : C, — PV of degree deg o, < d. Whenever deg o, < d, the
curve (', contains some special base-locus points (the support of G, = Coker ¢;), such
that

(3.1) deg pp + Z dimG, =d.
peSUPD ()

Each point p € Supp (G,) comes with a positive multiplicity m, := dim G,. Condition
(1) determines the minimum possible degrees of ¢, on ending components (”tails”)
of C} in terms of a and the weights of the marked points on the given components.
Condition (2) determines the exact cases when the special sections s; can intersect
and the maximum possible multiplicity m,, of the intersection point. Conditions (1)
and (2) are complementary: for a given subset of marked sections, the maximum
possible multiplicity at the intersection is 1 less than the minimum possible degree
on an ending component.

There is a natural map M ,(PY,d) — Mo (P, d, a). We denote by Mg _4(X, 3, a)
the image of My, (X, ) under this map.

Notation 3.3. Consider a real number a satisfying 0 < a < 5. For each pair of

elements 7,47’ € I with i < ¢/, we will be using the set of weights on two marked points

A7) = (1 —ia,1 — (d —)a).

We note that due to the chosen weights, a point in Mo 4, (P, d, a) parametrizes
a chain C' of P'-s whose starting and ending components Cy and C,, contain the
marked points sy and s, respectively, together with a map ¢ : C' — P" non-constant
on each component, and multiplicities mg = dim Gy and m,, = dim G, such that

(3.2) deg@ic, +mo > 1 > my, degpic. + Moo > d — 1 > M.
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The C*- action on X and the equivariant embedding into PV also induce a natural
C*- action on My 4(X, 3,a). Indeed, a linearization on the very ample line bundle
on X gives an action on the bundle (’)g“, and hence on a weighted stable map.
Note that any two linearizations determine the same action on a weighted stable
map. Indeed, two different linearizations associated to the same action on PV differ
by multiplication by a scalar on (’)g *1 and hence on L.

Definition 3.4. We denote the elements of [ by 0 = iy < i1 < ... < i = d.
For each pair of indices j,j’ € {0,1,...,k} we denote by M; »(PY) the substack of

M, A(ij,z’j/)(]P)N ,d,a)®" representing classes of weighted stable maps
[C — B, (80, Soo); ,C, 6]
fixed by C* such that each fibre C, = |J;_, C} is a connected chain of P'-s in addition
satisfying the following conditions:
(1) The weighted stable map ¢, determined on each fibre C}, by e is flow-preserving:

the images z; := @u(s;) of the marked points sg, S = s, and the nodes
{s1} = C/(C)_1 satisty z; = lim;_yot - x and ;41 = lim;_, ¢ -  for generic
x € pp(Ch).

(2) The map ¢, is action-class-preserving: deg v.[Ci] = u(xi41) — pu(x;) for each
component Cj.
We define M(; j1)(X) := M »(PY) KMo, a1y, (BN dsa) MO,A(ij:ij’)(X7B7 a).
Let U; /(X)) denote the universal family over M; ;jn(X).

In the case of spaces M, ;;1y, condition (2) is superfluous as in this case a weighted
stable map ¢ : C — X maps C' = P! to just one orbit in X.

Lemma 3.5. Let i; < ij41 be two consecutive elements of I.
For each closed point b in M ;+1)(X), the fibre over b of m @ U +1)(X) —
M; j+1)(X) is isomorphic to P* and the corresponding weighted stable map ¢y satisfies

Im 1o @y D [ij,i541].
Proof. Let (C, (50, 8x), £, €) be a weighted stable map such that C' is the fibre of the
universal family over a closed point b in Mo 4(i;;,,)(X, 3,a), and let ¢ : C — X
be the well-defined map on C' induced by e. Assume that [(C, (s, 5x0), £, €)] is fixed
by the C*-action induced from the action on X. Thus for each ¢t € C* there exists

an automorphism ¢; of C' and an isomorphism ¢; : £ — ¢;£ making the following
diagram commutative:

ONt! ‘> L2 Oc(d)
(3.3) lt. lg
GO % gir = 0c(d).
It follows that Im ¢ is C*-equivariant, and hence ¢(Supp(Coker €)) is a finite subset

of the fixed point locus of X. Thus Supp(Cokere) C {s¢, S }. Indeed:

e No component of C' is mapped by ¢ to the fixed point locus of X, due to
condition (2) in Definition 3.4. (Note that condition (1) in Definition 3.2,
together with the choice of weights insure that no component of C' is contracted
to a point by ¢.) Thus each component can have at most two points mapped
to the fixed point locus of X. Nodes are such points.
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e No nodes can be in Supp(Coker e) by the definition of weighted stable maps.
e ¢(sg) and (s ) are fixed points.

Consider now a component C; = P! of C'. Locally around the point 0 € P!, the
diagram above is of the form

Cl" —Clee e ————— 2%
l l defined on basis elements by l l
ClE" —Clele e, —= 2% = (172) e,

where ¢; € C must be a constant to insure diagram commutativity and r € Z is
determined by the isomorphism g;. It follows that a; = ra; for all indices ¢ for which
C; % 0.

With these data we have deg ¢.[C)] = M —m where M = max {«;; ¢; # 0} and
m = min {a;; ¢; # 0}. On the other hand the points x; := ¢(0) and z;4; = ¢(00)
satisfy p(z;) = min {a;; ¢; # 0}, p(z141) = max {a;; ¢; # 0}. Thus condition (2) in
Definition 3.4 implies 7 = 1, hence also p(x;) = dim G,, and d — p(z41) = dim G, ,.

We are now ready to prove that C = P! and

poo(C) = [pop(so) 0 @(Se)] 2 [ij, j41]-

Indeed, with the notations from Definition 3.4, in the cases [ = 0 and | =
inequalities (3.2) imply p(xo) < i; and p(zo) > 741 as well as

wlx) = p(zo) + degic, > i; and
plar) = p(re) +deggic, <iji.

As i; and i;,; are consecutive elements in I, it follows that p(xq) > 9,41 and p(z,) <
;. But the map ¢ is flow-preserving and i; < i;41, so it must be that » = 1 so that
Ty = QO(SOO), Ty = 90(3()) and C = ]P)l,

O

Recall the following

Theorem 3.6. (Theorem 8.3 in [MFK] for the GIT quotient associated to a point
in the chamber (ij,1;11).) Let i; < ij11 be two consecutive points in I. Then there
exists a linearization on the chosen very ample line bundle on X such that the sets of
semistable and stable points are given by

XGijon = X1 =z € X (i5,7511) C p(O0s)}-

Thus the previous Lemma we have proven that any weighted stable map ¢ parametrized

by a point in M ;11)(X) satisties p(C) C X¢ ).

Theorem 3.7. Ifi; < ij41 are consecutive elements of I, then M ; ;11)(X) is isomor-

phic to the stacky quotient [ X7} Giat) /C*] associated to the GIT quotient X{j ;)\ //C*.

Proof. Step 1. We build a map [X(5.41)/C] = M j41)(X). To construct a family of

weighted stable maps over [X? Giatn) /C*], we first compactify X{; j+1) by adding zero

(J.j+1)
and infinity sections as follows: We consider the actions of C* on A! of weights 1 and

-1, respectively:
C*x A' - A' and C* x A' = A,
(t,u) = tu and (¢, u) — t ‘u.
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We define 7 Gj+1) to be the stack obtained by gluing the two stacky quotients
(X5 X Al)/(C*] along X? = [(X¢ x C*)/C*]. The natural map 7 :

(.3 +1) (J.3+1) (G,3+1)
X (] +1) = (X / C*] admits two sections sg and s, induced by the zero-section

[X75400)/C] = [(X§ 11y X A1)/C*] in the two patches above.

The inclusion X? — X gives a rational map ¢ : F(J j+1) ——» X associated to

(4,5+1)
a morphism of vector bundles e : ON*! — £ over X% ;11). The line bundle £ is the
pull-back of Opn~ (1) and is of degree d, the degree of the action map ¢t — ¢ - = for z
generic. Condition (1) in Definition 3.2 is satisfied due to the inequality i; < i;41.
The support of Coker e is included in Im s¢|J Im s, (Condition (2)).

When restricted over each fibre C, = P! of 7, the rational map ¢ is of the form
t — t- 2 and extends to a map ¢, = f, : P! — X, so that Lemma 2.1 and equation
3.1 together imply

(3.4) dim Coker e, ) 4+ dim Coker e, ) + pt(2) — p1(0) = d,

where o = ©p(50(D)), Too = ¥b(Se0(b)) and therefore Im p o @ = [p(zo), (Ts0)].
We claim that

(3.5) dim Coker ez, = p(zo) and dim Coker e, ) = d — p(Zo0)-

Consider fibres Cj, = P! of m such that Coker ey, ;) # 0. The generic fibres among
these satisfy Cokere, ) = 0 and p(rs) = d, and hence dim Coker e,,3) = (o)
by equation 3.4. Similarly, the generic fibres among those where Coker e, ) # 0
satisfy Coker ez = 0 and dim Coker e, ) = d — (%) Since dim Cokere,  and
dim Coker e,__ are upper semi-continuous, 1t follows that for any fibre C, we have

dim Coker ez > (o) and dim Coker e,y > d — p()-

In conjunction with equation 3.4, this yields equations 3.5.
Finally, we recall the condition (i;,i;41) C p(O,) for z € X7

Gt On the other
hand, for x € Im ¢, u(O,) = (u(zo), t(T)) and hence

(o) < ij <ijr1 < p(Teo).

Together with equation 3.5, this suffices to check Condition (3) from Definition 3.2.
We have proven the existence of a map [X(; ;. ,)/C*] = M; ;41)(X), which is part
of a fibre square

X5 G.541) Ui j+1)(X)

| |

[ (,j+1) /C ] —>M(]j+1)(X)

Step 2. The rational map U ;+1)(X) --» X corresponds to a well defined map
u(j,j-l-l)(X) \ ( Im So U Im Soo) — ij,j-l—l) which extends to u(j,j-l-l)(X) — Xs(j’j+1),
the inverse of the map ¢ above.

Indeed, consider a family of weighted stable maps [C' — B, (50, $0), £, €] given by
amap B — M ;+1(X), and let ¢ : C' --» X be the corresponding rational map.
Let ¢ € Cy be a point where ¢ is not defined. The restriction ¢¢, extends to a map
vy : Cp = X. Since [C' — B, (80, $x0), L, €] is fixed by C*, it follows that the C*—orbit
Ouyie) € Im gy, and ¢} '(Oyyq) € Supp Cokere,. But Cokere, is a skyscraper
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sheaf, so ¢y(¢) must be a fixed point. Hence U(; 11y (X) \ (Im soJ Im s5) = X is

well defined, and the image is in X Girgt1) by Lemma 3.5.

The map Ujj+1)(X) \ (Im so U Im soc) — X, ;1) is an isomorphism of C*~ bun-
dles which extends canonically to an isomorphism of P'-bundles. By naturality, this
is the inverse of the map ¢ constructed above. 0

Remark 3.8. By applying the arguments of Lemma 3.5 more generally for j < j',
we can characterize a closed point [p : C' = X, 59, 55| in M(; j»)(X) as follows: C is
a chain of P'-s, on each of which ¢ is the action map t — t - x for some x € X, and
such that, via the moment map pu,

o 1(p(s0)) < 15 and p(p(soo)) = iyr;
e all the nodes of C' are mapped between ; and ;.

Corollary 3.9. M ;11)(PY) is a closed and open substack of Mo agi, i, )PV, d,a)"".

Lj+1
Proof. The proof above implies that M; ji1)(X) = [X?(;;11)/C*] is indeed a closed
substack of MO,A(ij,iﬁl)(X,ﬁ,a). Furthermore, we know MO,A(%%H)(PN,d, a) is a
smooth stack and hence MQ Ay i +1)(IP’N ,d,a)®" is smooth, its connected components
are irreducible. It remains to note that for a generic point p in M; ;41)(PY), all points
in an open neighbourhood of p in M, Al 5 +1)(IP’N ,d,a)®" represent weighted stable

maps which also satisfy conditions (1)-(2) in Definition 3.4.
U

Notation 3.10. For each element i; € I, we denote by X; := u~*(i;)© the corre-
sponding component of the fixed point locus of X, and

- R . . + . - i . .
X, ={reX; tli)rgot r € X;} and X = {z € X; 11_1>r01t e X;}.
The natural maps 7; : X, — X; and 7r;-r : X;r — X, obtained by taking limits
x — limy_,ot -2 and x — limy_,» t - , are affine bundles over X;.
It is known that the normal bundles satisfy N Xrix = 75 "Ny, x+ and N XFx =

j
the projection N Xolx X equivariant, and a second one induced from the action
J

i ,)x-- The C* action on X induces two actions on Ny~ y: one which makes
J J

on Ny x+: The first action allows N x;|x to descend to a bundle [N X)X /C*] over

[(X;\ X;)/C*]. In the second case, C* acts on each fibre, leading to a decomposition
of the bundle by eigenvalues (weights). This decomposition descends to [N Xo|x /C*].

J
Similarly for N XFx
Next we describe morphisms between spaces M; ;/(X) as weighted blow-ups.
The local structure of a weighted blow-up Z — Z of smooth Deligne-Mumford
stacks has been described in detail in [MM2], section 2, and we will employ the
notations introduced there. In particular we recall the associated affine fibration

A= Spec (EBnZOIn/In+1) —Y

for a weighted blow-up 77 along the locally embedded smooth stack Y, and the
filtration {Z,},>; of the ideal of Y in Z. Then the exceptional divisor Y = P*(A), a
weighted projective fibration over Y.
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Theorem 3.11. Assume that i; < ij41 < ;49 are three consecutive elements of I.
Then the maps

M j42)(X)

T

M 1) (X) Mj1,542)(X)
are weighted blow-ups. The blow-up loci are

Y~ = [(X]_+1 \ Xj+1)/(C*] — M(j,j+1) (X) and

(4,+1)
Yiyen = [\ Xpu) /] o M o) (),

and the exceptional divisor Ej i) = Y, ) Xx }/'(;F+1j+2)
fibration over Y ..,y (as defined in [MM2]):

Ejr2) = [(Ag+ \ Y, (] j+1) )/C*]a

where A j+1) i an affine bundle over Y
section Ny -

(j,3+1) [AG.j+1)

the action on .
Y(j j+1)|A(j7j+1)

The coarse moduli spaces of M;;12)(X) is the fiber product over the following
variation of GIT diagram

(J J+1) //C* (]—i—l §+2) //C*

\ /

(X(Sj,j—irl) U Xj+1 U X(sj+1,j+2))//C*-

Proof. The map M j12)(X) — M ;+1)(X) is obtained by restricting the map be-
tween moduli spaces of weighted stable maps p : M07A(ij7ij+2) (X,5) — MO,A(ij,ij+1) (X, 5)
to those components of the fixed point loci satisfying conditions (1)-(2) in Definition
3.4. Indeed, these conditions are compatible with p so p(M(; ;42)(X)) = M(;,j11)(X).

Consider first the target P". We let ag = %, Qoo = ”52 and a = 1. The boundary
divisor of Mg _a(;, i,,2)(P", d, a) having nontrivial intersection with M(j7j+2) (P™) is the
image of the embedding

L MO,(CLOJ)(Pn, ij+17 CL) Xpn MO,(I,aoo)(]va d— ij+17 CL) — MO,A(ij,ij+2)(Pn7 d, a).

15 a weighted projective

D) such that the normal bundle of its zero

is obtained by descent from 7 ]+1NX]‘+1\XJ7L+1 and the weights of

are induced from the C*—action on X.

We denote the non-trivial intersection of Im ¢ with M(; j10)(X) by E(j 2. Its im-
age in M(j7j+1)(X) is thus ij—l—l = M(MH)(X)ﬂM()’(aO’l)(IPm,in,a). Here the
embedding

MO,(ao,l) (]Pma 7;]'-‘,-17 Cl) — MO,A(' (]P)na d> a)

ij5ij+1)
is given as follows: a tuple (C, {so, S }, £, €) representing a point in M (qo.1)(P", 441, @)
gives a tuple (C,{so, S}, L ® O(d — i;41),€') where €' is the composition of e with

L — L® O(d—ij41), and the last morphism has a zero with multiplicity d — ;44

at Seo. If (C, {50, 50}, L ® O(d —ij11),€') represents a point in M; ;11)(X), then by

equation (3.5),

[0 p(Se) =d—dimCokeres < d—(d—1ij41) =141
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On the other hand, [i;,%;41] € Im po ¢ by Theorem 3.7, hence ¢(s«) € X;+1 and
Im ¢ € X7, (as C = P'). Furthermore, combining this with the proof of Theorem
3.7, we obtain

Vi = (X5 \ X54)/C7.

Similarly, we obtain that the image of E; jio) in M1, 42)(X) is

Y e = Miraa (X) [ Mo, (B",d = ij41,0) = [X},,/C7]

and E(j jio) = Yty XX Y(;.FH’].H). Hence

Bz = [(X50\ Xj)/C7 X, (X5 \ Xj1)/C
(X550 \ X)) X0 (XG0 \ XG10)/C7]/C.
X Xxn (X0 \ Xj31) /€ = [(X71 \ Xj41)/C*] is an affine bundle obtained as

J

pull-back of X, | — X, thus the normal bundle of its zero section is 7}, (A P X{H)’

I

and the weights of the C* action on X, xx,,, [X;,/C*] are those induced on
Ny, by the action on X. O

J+1‘X;+1

Theorem 3.12. Assume that i; < ij41 < tj12 < 143 are four consecutive elements
of I. Then the following is a Cartesian diagram:

M j13)(X)
M j42)(X) Mijy1,4+3)(X)
Mj1,j42)(X).

Proof. We noted earlier the existence of morphisms M;;(X) — Mj 1(X) whenever
j < j" and k > k’. They are obtained by restriction from the birational morphisms
between the moduli spaces of weighted stable maps. Thus there exists a canonical
map a : M j3)(X) = M2 (X) X, i) M+1,543)(X). To construct its
inverse, consider an object in M(; j+2)(X) X v 40y (X) M(j+1,5+3) (X ) (B) over a scheme
L 7 Lage)
— L(j11,j+3)) together with a pair of

B. To it there correspond tuples (C(; i2), {50, 50} €(jj+2) : OZ{;

. n+1
and (Cj+1,j+3), {80, Soc}s €(j+1,5+3) (’)C(jﬂ’j%)
isomorphism (o,7):

Clj+2) Clj+1,j+3) and OCGH ao) L(j+1,j+2)
- o + * yn+1 atet st
Covrirn — Clhriire) g chﬂm) =0 L1 1)
such that

e The rational map ¢~ contracts the locus Dy where the line bundle

d—ij+1 Ujt2 p
wc(j,j+2)|B( d] So + ]7800) ® £(j,j+2)
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fails to be ample, and similarly, ¢* the locus D., where

d— ij—l—l ij+2
wc(j+1,j+3)\B(T$0 + TSOO) (%) ﬁ‘(lj+17j+3)
fails to be ample,

oL ) is obtained by descent from L;j12)®@Oc¢; ., (ij41Dy), and L7,

41,542 (41,542
‘C(j+l,j+3) ® OC(j+1,j+3) ((d - z.j-i-2)l)o<>)>
e The second diagram is commutative.

We construct a flat family C over B by gluing C{; j12)\ Im so and Cj41,543)\ Im s

along the open subschemes

) from

C(;+1,j+2) \ ( Im Seo U Im 80) . C(—ij_'+1,j+2) \ ( Im Soo U Im SQ),

via the restriction of o. By construction C' inherits the subschemes Dy and D, from
C\jj+2) and C(j41,j43) respectively, so their contractions give maps p* and p~ fitting
into a commutative diagram

Cljjra) Clj+1,j+3)

C(j+1,j+2)-

(as can be checked on the two patches).
As well, the restrictions of e(; j12) and egy1 43y on Cjj+2)\ Im 5o and Cjp1 543\
Im sq can be glued via the pullbacks of & on C';,, ;15\ (Im sec U Im sp) to form

a morphism e : O&™ — L of bundles over C. We have thus obtained a tuple
(C, {0,800}, : Ot — L) in M ;13(X)(B). Indeed, the conditions in Definition
3.4 are all inherited from the patches. To check that the stability properties in
Definition 3.2 are also inherited from those on C; j12y and Cj11 543), it is enough to
note that:

e The sections 59 and s, in C' are inherited from C{; j2) and C(j41 j+3), respectively.
e On each fibre C}, over b € B, the component Cy;, containing sq¢(b) is also inherited
from Cj j19) so L = Lj j1o) over Cyy. Similarly £ = L(j41 43) over the component
Coop containing s (b).

e By construction £ ® O¢(ij41D0) descends to L1 +3) via p~ and the composition

Og+1 e_) E — E (029 Oc(ij+1D0)
descends to e(j41,j43). Thus for the points b such that Cy;, C Dy we have
deg ‘CCO,b = ij+1 = dll’Il Coker e(j+1,j+3),so(b))

and similarly, deg Lo, = d —ij10 = dim Coker e; j12) 5., (5)) Whenever Cp C Do
The canonical contractions p™ and p~ insure that the map M; ;12)(X) x Mji1 42 (X)
Mj1,543)(X) = M j4+3)(X) thus constructed is the inverse of a.
O

Corollary 3.13. For all the elements 0 = ig < 11 < iy < i3 < ... < i = d of I, we
obtain a net of Cartesian diagrams:
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/\

Mo 1) Mgy (X
/ \ / \
Mo je—2)(X M k1)
/ \ / \ / \
Mo e—3)( My p—2)( Mz, —1)(X Mz 1) (X)

Proof. We note that the weights (0, d) = (1,1) so M) (X) is indeed a closed sub-
stack of M2(X, 8)C". Conditions (1)-(2) in Definition 3.4 are open in Mg (X, 8)*.
Indeed, consider any family = : C' — B with sections sq and s,, and stable map
¢ : C' = X, invariant under the (C*-action, and consider a fibre (), satisfying proper-
ties (1)-(2) in Definition 3.4. The nodes sg, 1, ..., S, = Soo 0f C' are mapped to points
x; in the fixed point loci X, for some j € {0,1,...,k}. Let Z denote the set of indices
7 with this property.

Since the components of the fixed locus of X are closed and finitely many, there
exists a neighborhood B’ of b, such that all the nodes in the fibres of C\p — B’ are
mapped into the same components X;-s with j € Z. (We used the continuity of ¢
and properness of 7.) Since X;7/C* and X /C* are compact and Im gobﬂin # 0,
then B’ can be chosen such that whenever Cy (X; # 0 for some b € B’, then
Cy N X, # 0 and Cy X, # 0. Thus the preservation of flow is an open condition.
As well, since there are finitely many ways to split a fibre according to the components
of the fixed locus of X where the nodes are mapped and according to the degrees of
the components, it follows that fixing the degree of ¢ on components of the fibres
intersecting given components of the fixed point locus of X gives an open condition
as well.

O

For each j,j" € {0,1,..., k}, the universal family (; ;(X) over M; ;(X) admits
a rational evaluation map ev; ;) into X defined everywhere except on the images of

the sections sg and s... The next step will be to replace X by a more suitable target
X4

Notation 3.14. We will work inside the weighted stable map spaces with three
marked points Mo a¢.ir,a:(P", d, a), where 0 < a < Tlﬂ and A(7,7', Ai) represents
the triple of weights

Uso(i) =1 —=(d—i—1)a, ap(i'):=1— (' —1)a, and a;(Ai):=(Ai—1)a,
for -1 <i< v <d+1and Ai > —i.

In particular, Mo a(-1,4+1,4+2) (P", d, a) = Py := POFDED=1 Vg the “linear sigma
model” representing trivial families of P!-s with degree d rational maps into P". We
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note that P’} admits a natural C*—action induced by the action with weights (0, 1) of
C* on the source P!
Of special interest to us will be the cases when Ai =4 — i and 0 <i < <d.

Lemma 3.15. Each of the moduli spaces Mo a i iv—i(P",d,a) with 0 < i < i <d
parametrizes families of P'-s with at least two disjoint sections and as such admits a
natural C*—action induced from the source.

Proof. Let (1 : C — B,{s0,51,5x},¢ : O™ — L) be a family of A(i, i, — i)-
weighted stable maps. We first note that all the fibres C} of the family 7 : C' — B
are C, = P!. Indeed, suppose Cj is reducible and let C” be a "tail” of (3, namely a
component such that C, \ C’ is an open subset of C}, with exactly one point on the
boundary. As a; (i — i) + da < 1, condition (1) in Definition 3.2 implies that C’ must
contain so(b) or so.(b). If Cy and C, are the components of C}, containing sq(b) and
Soo(b) respectively, then we are in one of these three cases:

(i) s1(b) is in neither Cy nor Cy. Then the choice of weights and condition (1)
in Definition 3.2 imply deg £i¢, > ¢ and degLic,, > d — i, but d —i + 7' >
d = deg L, which is impossible.
(ii) s1(b) € Co. Then deg Lic, + degLic,, > i+ (d — i) = d = deg L, which is
impossible.
(iii) 51(b) € Cs. Then deg L, + deg Lic,, > 7' + (d —i') = d = deg L, which is
impossible.

Hence Cy = Cy. Condition (3) in Definition 3.2 insures that s¢(b) and s« (b) are
always distinct. Hence C' = P(1,O¢( Im sp)) which admits a natural C*—action with
weights (0, 1) on the fibres of . O

Remark 3.16. We note that for a; := (i’ — i — 1)a, all values ag and a., with

l—(d—i)a<an<1l—(d—i—1)aand 1—7da<ag<1-—(7—1)a,

define the same moduli space MO, WG i—iy) (P d, a).

Lemma 3.17. For positive integers 0 < i < i’ <i” <" < d, there is a commutative

diagram of rational maps and morphisms as illustrated below, such that the lowest
square is Cartesian. All the spaces in the diagram below admit two C*—actions induced
from the target X and source respectively, and the natural maps between them are C*—
equivariant:
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MO .A( 111 ZW—Z) (Pn d a)

~ v
—_ 7 n . N n
MO,A(i,i//+%,i//7i+i) (P s d; CL) MO,A(%”*%,’i“/,i”/f’i/+%) (]P) s d, a)
/ i ” \
MO,A(i,i”,i”—i) (an d7 CL) ]L[O VA T //+ Z”*Z/+l1) P” d (L) MO,A(i’,Z”/ gt )(]P)n7 d, CL)
) / \ o
J— . .
MO,A(i’—%,i”,i”—i’-‘,—i) (P ) da a 0 VA Z//_,’_ =il 41 )(]P) s d, a)

e

A 3" il —i’)(Pnada a)

Proof. We first note the existence of a birational morphism
MO,A(Z’,Z’”-{-%,Z’”—Z’%—%)(]Pm> d, CI,) — MO,A(i,i”,i”—i) (]Pm, d, a).

(Indeed, even if not all the weights defining the first space are larger than the cor-
responding weights of A(7,7”,i" — i), they are all larger than other triples in the
same chamber as specified in Remark 3.16.) The restriction of the map above to the
exceptional locus is

Mo, ao iy (P @) Xpn Mo (1., (7 —i)am i) (P" d — ", @) = Mo (ao(imy.1)(P", 7", a),
representing weighted stable maps of splitting type:
S1

S0 Soo S0 51 = So

degi deg Moo = d — i"

(We note that the fractionary parts of the weights play no significant role in the
moduli problem for the exceptional divisor and can be omitted here.)
Indeed, redoing the casework from the proof of Lemma 3.15 in the case of the
mOduli Space MO,A(i,i"-I—%J”—i-i—%) (]P)n, d, (I):
o If 51(b) € Cw, then
-// 1 -/ ]‘
deg Lic, >0 — 3 and deg Lic,, >d—1" — T

yielding £, = ¢ and deg Lic,, = d — " as in the exceptional divisor above.
e Whereas if s1(b) € Cj, then
1 1
deg L, > 1 +iand degLic,, >d—1i— 1
which is impossible.

The blow-up locus M, (ao(i),1) (P, 7", a) represents objects in M, A —i) (P, d, a)
for which s; = s, and dim Coker e;, = d — i”. This locus is fixed by the C*—action
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defined in Lemma 3.15 and so there is an induced C*~action on the weighted blow-up
MO,A(i,i"—i—%,i"—i-{-%)(Pn’ d, a).

The two other SW—oriented arrows are blow-downs whose exceptional loci represent
the same splitting type as above. Similarly, the SE-oriented arrows are blow-downs
which over the exceptional locus represent contractions of the following splitting type
within their moduli spaces:

S
VW 51 = S0 : So
deg 7’ deg(d — ') — < deg(d—i

mop =1

As the images of the sections sy and s., are always disjoint, then so are the two
different blow-up loci in My, A i —in (P, d, a), and so the result of these two suc-
cessive blow-ups M A =L Lty %)(IP’", d,a) is the Cartesian product of the two
individual blow-ups along those two loci. As noted earlier, the blow-up loci are fixed
by the C*—action induced from the source and so MQ A(i/,z'//,z'”—i/)(P", d, a) also inherits
such a C*—action making all the morphisms in the diagram equivariant.

The NE-oriented rational map with target M A, —i) (P, d, a) can be under-
stood as obtained by successively blow-ing up the loci for which i < my < " (and
their strict transforms), in decreasing order of my, following by blow-downs of all
exceptional divisors which had resolved the cases mg > ¢”. Similarly for the NW-—
oriented maps and d —i’ < m., < d—1i. These loci are invariant under the C*—actions
so the rational maps are equivariant where defined. The same arguments are valid
for the remaining dotted arrows in the diagram. U

Definition 3.18. The two C*—actions induced from source and target respectively on
the moduli spaces in Lemma 3.17 together form an action of C* x C* on these spaces.
Consider the inverse diagonal action of C* given by the embedding C* — C* x C*
where t — (t,t71).

For each pair of positive integers (j, ) with 0 < j < 7/ < k and their corresponding
wall elements i;,i € I in the image of the moment map of X, we define X
to be the subspace of (M, A(ij,ij“ij,_ij)(IP’", d,a))®" whose points parametrize C*-fixed
weighted stable maps to X which are both flow-preserving and action-class-preserving,
in the sense of Definition 3.4. Similarly to the embedding

X1 = MoaGy iy iy—ipy (P, dya),
we also define the following:
(P, d,a)"

X(j,jur%) — M 0,A(ij,ijr+5 i —ij+7)
C*
P" d,a)” , and

X(j—%,j’) = Mo,A(z’j—%,z'j/,ij/—z'ﬁi)(

n c*
X(j—%,j’-ﬁ-%) = M07A(ij—%,ij,%,ij,—ijﬁ)(IP ydya)”
Corollary 3.19. Let j, 7" be two integers with 0 < j < j+1<j —1<j <k and
consider the following walls in I:

1= 'éj, i/ = ij+1, i/, = ij’—l and im = ij/.

The diagram in Lemma 3.17 restricted to the flow-preserving, action-class-preserving
part of the fized locus yields the following four Cartesian squares:
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X5
X(j,'//; \sz,a )
/
X(jgr-1) \ X(é:"é) (5+1,3")
N
X(jg1-1) \X(H{;)
e
\X(JHJ -1

Proof. The conditions of flow and action-class preservations are compatible with the
maps in Lemma 3.17 leading to the diagram above. We check that all the arrows in
this diagram represent well defined morphism.

Indeed, the points where MQA(M,,JF%J,,_H%)(IP”, d,a) --+» Mo s m—iy(P",d, a) is
not well defined correspond to the condition z'” < mg < ¢ on the moduli problem.
This locus intersects X, ;i 1 trivially since " = i;,_y and ¢ = i; are consecutive
walls. Hence X; ;i 1 —> X(M) is everywhere well-defined, and similarly for all the
other maps in the dlagram.

We denote by Z(M,_%) and Z]Jr R0
maps to X(; ;. Note that Z(j,y’—%) and Z(J+§J y correspond to conditions mg = ;1
and me = d — ;41 respectively, which cannot be satisfied simultaneously since
tj—1 > ;41. Hence the upper square in the diagram is Cartesian, as X(j+%,j,_%)

) the images of the exceptional loci of the two

can be thought of as constructed by gluing X; ,/_ 1 and X(]Jr gn along Xjn \
(Z -1 U 241 41 »). Similar arguments show that all the other squares in the dia-

gram are Cartesian.
O

Lemma 3.20. There is a C*-equivariant map Xox) — X such that X is the
weighted blow-up of X along the source and the sink components of the fized locus.

Proof. For each point x € X, the action-map ¢, : C* — X, given by t — ¢ -z,
can be represented by a point in ;. We can define this explicitly as follows: Let
dy, ..., d, be the weights of the C* action on P" for which the embedding X <« P" is

C*—equivariant. Then we have an equivariant map
X =P = P
[(xi)ie{o,...,n}} — [(yf;)iG{O,...,n},lE{O,...,n}}

where 3! = { zi i 1= di’
! 0 otherwise.

We think of P as a space of weighted stable maps with 3 marked points M 4(P", d, a)
with 0 < a < 2—1d and 0 < a; < 1 —da as well as a; +a; > 1 for all 4,1 € {0,00,1}.
Then with the embedding above, P" is the flow and action-class—preserving part of
the fixed locus of IP7, for the inverse-diagonal action introduced earlier, and X plays
the similar role for M 4(X, 3, a).
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In the choice of weights for P}, we can choose a; small enough to justify the
existence of a C*—equivariant birational morphism

M.A(O,d,d) (Pnu d7 a) — PZ;

Restricting to M A(0,d,4) (X, B,a), and then to the flow and action-class preserving
parts of the fixed locus, we obtain a commutative diagram

X(O,k) —_— X

|

P?O,k) —P"

of C*-equivariant morphisms. The action of C* on the moduli spaces is X ) and
P?O,k) is induced from the target, which in this case is the same as the one induced
from the source of the weighted stable maps.

The morphism IP’?M) — P" can be described very explicitly in coordinates as the
weighted blow-up of P" along the source and the sink of P, and similarly for X ) —
X. Indeed, the two exceptional divisors in X ) parametrize orbits in X with s; =
sp € Xo and 51 = s, € X respectively, while the map Xz — X is exactly
the evaluation map at s;. Thus the exceptional divisors are exactly the weighted
projective fibrations

(X5 \ X0)/C] = X and [(X\ Xoo)/CT] = Xoo.
O

From now on, unless explicitly stated otherwise, all spaces of weighted stable maps
and their subspaces will be considered with the C*—action induced from the action
on the source.

Proposition 3.21. Let j,j' be positive integers such that 0 < j < j' < k and let
U in(X) denote the universal family over M; (X)), with evaluation map

evgn  Ugn(X) --+ X

well defined everywhere except on the images of sy and So. The following properties
hold for X; j:

a) There is a well defined, C*—equivariant map ¢y : Uy in(X) = X -

b) There is a C*—equivariant birational map X ) --» X defined everywhere out-
side the source and sink of X(; ;. Where defined, this map is an isomorphism
on its 1mage.

c¢) Via the above isomorphism, the restriction of p; jry to Uy i \( Im solJ Im ss)
is identified with ev ;.

Proof. a) For any positive real number a such that 0 < a < é we have
Z/{(J’]/) (X) % M.Aa(ij,ij/)(]P)n7 d’ a’)
where A%(i;,1;) can be chosen to be any triple (ag, s, a1) satisfying
ao € (1 —a(i; +1),1 —aij], aw € (1 —a(d —iy +1),1 —a(d —ij)], 0 <ay < 1—da,
while for 0 < a < % we have X(; ) — MAUJ.J;J;_Z-J.)(P", d,a) with

ap € (1 - aij/,l - a(ij/ - 1)],&00 S (1 - CL(d - ij - 1), 11— CL(d - ij)],al = a(ij/ - ij - 1)
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As i; +1 < iy and by choice a < 55, the weights in A%(i;,4;/) are larger than those

in A(ij, 75, — ij), justifying the ex1stence of a birational morphism

M gagiy i) (B dya) = Mg, o i) (P", d, ).

Restriction to the flow and action-class—preserving part of the fixed point locus in the
moduli spaces of target X leads to a morphism ¢; j»y : Ui (X) = X ).

At the level of moduli problems, the morphism ¢; ;» : Ll(j,j/)(X) — X, con-
sists in contracting each chain of P!-s with marked point s; down to the component
containing s;, while adding the degrees of the contracted components to the new
multiplicities of sy and s..

b) The components of the fixed point locus of X, ; are the following:

e The source and sink, defined by the conditions sqg = s; and s; = s, respec-
tively.

e The remaining loci, parametrizing P'-s together with contractions to a fixed
point of X, with mg =i and my = d — i for some i € I.

We have already illustrated the existence of a chain of birational maps between
X, and X (g1, so that the composition X(; j;y -+ X(o) is defined everywhere ex-
cept some subspaces of the source and sink. Indeed, in the diagram at Corollary 3.19,
all rational maps which invert the NE and NW-oriented arrows have this property.

Finally, Lemma 3.20 shows that X is the weighted blow-up of X along the
source and the sink components of the fixed locus.

c) Outside of the source and sink, we can identify each point b of X, ;) with
s1(b) € X. Indeed, this map can be inverted by identifying s;(b) with its action-map
t — t-s1(b). With this identification, the map ¢; jy described in part (a) of the proof
is identified with ev(; ) on U ;n \ (Im solJ Im s.). O

Remark 3.22. Let (X(; ;)0 and (X(;;1)e denote the source and sink of X; ;.
Via the birational map X(;;) --» X, we can identify the open subspace Xiin \

(X(3.7)0 U(X(551)00) with XE, oy = (Up<y Xi7) N(Ujs; Xi7)- Then X5 = X jn
is a compactification of this compatible with the C*— actlon constructed hke in the
first part of the proof of Theorem 3.7. Indeed, the source and sink of X(;;y are
birational to the source and sink in X(y), and hence divisors (see Lemma 3.20).
Hence (X(j;1)5 — (X(jjn)o is an affine fibration with A' fibres, and similarly for

(X))o = (X(j,j'>)oo

Next we describe the maps between the target spaces X; ;) in terms of the C*—
action on X.

Notation 3.23. We denote by X—;,r the closure of X;C in X(jj4+1)- As an alternate
definition,

X5 = () x AY\ (X x {0})) /C7],

up to isomorphisms the unique compactification of X;C to a projective fibration over
Xjr. Indeed, X\ X C (X(jjr41)), which is an affine fibration with one-dimensional

fibres over (X(jj11))oo, and so X3\ X is an A'-fibration over its image in (X(; j141)) s

This image thus forms the divisor at infinity of X;? — X

Recall the notation Y, _; .y = = [(X; — X;)/C].
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Theorem 3.24. a) The exceptional locus of the two birational morphisms
Xan  Xgjah) = X+

s B = Y(J_.,_1 i1 XX, X—;? The restrictions of the two morphisms to the exceptional

locus give the top two maps in the Cartesian diagram

XX,X—»i—

fj\
—1,5") \ _+

Both p;, and q_;? are weighted projective fibrations over X .
b) Both morphisms Xj jry +— Xty — X+ are weighted blow-ups along

Y(’ 1,5")

&

X+

j/

the smooth loci Y(J_.,_1 ) and X;?, respectively, with the weights induced from the C*—

action. All spaces are smooth Deligne-Mumford stacks.
¢) Let F denote the conormal bundle of E in X

— X j+1)- The associated affine fibration over the blow-up locus X

IRARSY and let m denote the mor-

phism X(j’jur
defined as A = Spec(B,>omF"), satisfies the property

A® OX—;(—l) = Spec(Pp>omF" ® OX—;(—n)) =X, xx, X,
with the natural C*—action induced from the action on X. The normal bundle of the
zero section in A is g}, ./\/')}_ x © O%=(1).
j/
Szmzlarly, sz —Y Gi—1,4n) 8 the affine fibration associated to the weighted blow-up

~ - +
B ® O (;,713 )(_1) = }/(j'—l,j’) XXj/ (X]/ @ OX;)
The normal bundle of the zero section in B is pj_,*(NX x ®0x,)® (9 (1).

3’ =13")
Proof. a) Following the proof of Lemma 3.17, the image of the exceptional locus of
X(H 1y = X(j,j/+1) represents objects in X(; ;1) for which dim Coker ey, = i;. Via
the 1dent1ﬁcat10ns in Remark 3.22, removing the sink from this locus yields X ’
the locus is exactly X7 - a weighted projective fibration over X .

On the other hand, the image of the exceptional locus of X; -/ 1 5 — X(j ;1) repre-
sents objects in X(; ;) for which s; = s, and dim Coker e, = d — i;;. This can be
identified with the sublocus of M j.41)(X) parametrizing orbits in X - We know
My jr+1)(X) = [ X0 jr41)/C7] by Theorem 3.7 and by the same arguments, the blow-
up locus is identified with [(X}, \ X;/)/C*], which is a weighted projective fibration
over Xj.

The shared exceptional locus for X ji) <= X; i, 1) = X541y 15 thus

(X5 \ X7)/C] xx, X
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This is a weighted projective fibration over the loci [(X}, \ X/)/C*] and X—;,r; all three
are smooth Deligne-Mumford stacks.

b) Recall the embedding X, j41) — (MO,A(Z-],,Z-J_,H,Z-J_,H_Z-J. (P, d,a))® . For simplic-
(P, d,a))® of the
locus made by stable map spaces with mgy > 4;,. Similarly, let M denote the preim-
age of M in M()’A(ZM L it (IP’" d,a)®". Then as remarked in Corollary 3.19,

X(j,j’-i—l) <~ M and X(j,j’+§ — M

We know that M — M is a C*—equivariant weighted blow-up and the blow-up
locus parametrizes weighted stable maps for which my = 4;;. Thus in terms of the

ity, we will denote by M the complement in Mg 4,

’l]/+1,’l]/+1—23

C*—action, the blow-up locus can be described as M ;7, where

e M, denotes the C*~fixed point locus parametrizing weighted stable maps for
which mg = ¢; and ms = d — s, the source being contracted to a fixed point
of P".

o M :={ce M; lim_ ot -ce My}

) M—;,r = M U{lim; o0 t - ¢; ¢ € My}

Indeed, for a weighted stable map ¢ = [(C, {s0, S0, 51}, € : Ot — L)], we have
t-c = [(C,{50, 800t - 51}, 1 OFY — L)]. If ¢ is in the blow-up locus, then at
lim; ot - ¢, the source contains a component Cpy; of degree 0 with sg, s; € Cpy; (note
that sy # s1 due to the stability conditions). As well, my = i; and the stability
conditions imply s., € Cy; and me = d —ij. On the other hand, lim,_,, t - ¢ satisfies
S1 = Soo and so is a point in the sink of M.

Let 7 denote the ideal sheaf of M. The C*~action on M induces a natural splitting
Z=7T"@®Z . Here Z" is the ideal of M ;,r in M, and it admits a natural increasing
filtration {Z;},~¢. Each term Z; can be described explicitly, in an étale neighborhood
of M; by C*-invariant quasi-affine schemes, as generated by the sections on which
C* acts with weights > [.

Consider the equivariant embedding j : X(; 41y = M, so that, with the identifi-
cations from part (a), j7'Z% is the ideal of X3 in X(;;141). The ideal j~'Z* comes
with a natural increasing filtration {j71Z;},5 compatlble with the C*-action. The

construction of a smooth Deligne-Mumford stack structure X; j.,1y for the weighted
blow-up given by this filtration depends on the two technical conditions from [MM2],
Lemma 2.5, which for {j7'Z;};~0 reduce to checking

@) =in )i

We may localize outside the sink and reduce the condition above to j=(Z; \ Zj41) =
J7HZ) \ 57 Y(Zy41) for each index [ > 1, which indeed holds as I+

weights of the C*-action, and this grading is preserved when restrljctmg to X, J+)-

(Gg'+d) 88 they are both embedded in M,
they are both mapped birationally onto X; j/41) and the maps restrict over the ex-

Finally, we can identify X(J j/+1) with X

ceptional locus to £ := Y[,y Xx,, X5 = X3
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c¢) Recall the weighted blow-up diagram
Spec(®n>0F") Spec(®pn>omF")

(36) T T

- + ¥
E=Yj;_ . %x, X, X;

where the second line represents the restriction over the exceptional locus. ([MM2],
Lemma 2.8).

Let F:= Y i—1n) XXy X;C, and let U be the space obtained by removing the sink
from X; ;. From the description of the weighted blow-up 7 in the proof of part (b)
as induced by the weights of the C*—action, we can identify the restriction to U of
the above diagram with the weighted blow-up diagram

w — + — +
BlXj/Xj’ Xxj, Xj’ Xj’ Xxj, Xj’

| |

- + +
F Y, 1] XXJ, X]/ X]/
(conform [MM2], Lemma 2.8).

Here Bly X, xx, X = = Spec(@n>09;,0(n)), where O(1) is canonically defined
on [(X} —X ) / C*] the Welghted projective fibration over X/, and g, is the restriction
of g, to F.

As a consequence, the normal bundle N X4y, CAn be written as

d'+g
(3.7) Neix,,,,, =97 O(=1) ® O(~mD),

where D = E — F and as such O(—D) = f;;"O;+(—1). Moreover, restriction over
3

the fibres of g_;C gives m = 1.
After dualizing and push-forward of the above equation by f;; we obtain:

= filol 0 @ £7055(0) = fig5 0(1) @ 05 (1)
4 1. 0(1) ® Og=(1),

while Spec(&,>0p;,O(n))) = X, This leads to the property of the affine fibration A

stated in part (c) of the theorem. Furthermore, the normal bundle of the zero section

in X7 is Ny, x (consistent with [MM2], Lemma 2.10. for the given filtration), hence
J

E‘X(J i+%)

I

the formula for the normal bundle of the zero section in A.
Similarly,

g (ghome f;

*

~

X(j,j'+%)

() = 0@ 1O

=~ 0(1) ;g O (1).

PRV
95 Ny

The weighted projective fibration X—;? = P“’(X;,r &) OX;,) corresponds to the affine
fibration Spec(@nzoq;?*OX7 (n)) = X;? ® Ox;. The normal bundle of the zero section
J

in this affine bundle is N- ; Lix D @) X, Hence the properties of the fibration B stated
J
in part (c) of the theorem.
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Corollary 3.25. With the notations introduced earlier, we have

U151 (X) = X1, and

U157+ (X) = X1 jray XX Xo-t01) = Xt g4
Proof. At the level of moduli problems of weighted stable maps, the morphism
PG, UG (X) = X
corresponds to contracting those components of the domain curves which do not
contain the section s;. However, in the case of both spaces U;/—1 ;) (X) and Xj_y jn
the curves parametrized are P'-s, hence Ugj—1 j1(X) = X(jr—1,51).
On the other hand the morphism

P —1,5'+1) :u(j’—l,j’+1)(X) - X(j’—l,j’+1)

is a composition of two weighted blow-ups with blow-up loci X—;? and X—]_, Blowing up

X(jr—1,j+1) along X—;C yields X(j,_%J

X1,y 11y The two blow-up loci intersect transversely along X;. Hence

/41y While blowing up Xj:—1 j.+1) along X, yields
Utyr—15+0(X) = X1 gty XXy X-tan) = X ey

We obtained a family of birational morphisms
X(ow)

.
NG
X’(o/,k:a) " ’\</:—> \Xﬁ{ " X3r-9 R (2.k-1) \X@{j%) o

) 72)
which we would like to compare to that of Corollary 3.13.

Notation 3.26. For every j,j'. 0,1’ such that 0 < 7 < [ < I' < j/ < k we will
emplgy the following notations for /the natural morphisms between moduli spaces:
myp Mg gn(X) = May(X), wi U (X) = Uy (X),
PG UG (X) = M (X), @G = Ugn(X) = X
7,7, 1, U, we will denote “z],’z]// : X, (X) = Xqy. For simplicity of notations, in cases
when there is no danger of confusion we may omit the indices of the morphisms,
preserving only the those of the domain and target spaces.

For suitable choices of
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Theorem 3.27. For a pair of positive integers (j,j') such that 0 < j < j' < k,
consider the triangle formed by all the spaces X1y above such that
0<j<I<l<j <k

We denote by 1(j,7') the inverse family generated by all the morphisms between these
spaces found in the triangle above, their compositions and fibred products.
There are natural isomorphisms as follows:

a) U jrn)(X) = U (X) Xxgy i Xty
b) The universal family Uy, ;+(X) over M, ;n(X) is isomorphic with the inverse
limit of the inverse family 1(j, 7).
Proof. We first claim that U; j41)(X) is naturally isomorphic to

g+ lxg JrJ'+1x . )
(3.8) my G U1 (X) ij:’/]:ﬂfu(juqu(x) mj’—l,j’+1u(J'—1J'+1)(X)'

Indeed, within each fibre over a point b in M; jr41)(X), both maps
g+ Lk
U (X) = mig U n (X) and
'+ 1% '+ 1%
m;/‘y_—ij/_i_lu(j/_l’j/_i_l) (X) — m;fy_—ll:j/u(j/_Lj/) (X)

contract exactly those irreducible components C., which contain s (b) and such that
Coo \ Soo(b) is mapped into X;i. The maps
5+ 1%
Ui (X) =m0 UGy (X) and
5+ 1% 5+ 1%
myh " Uy (X)) = mly TU G (X)
contract exactly those (unions of) components C' which do not contain s (b) and
whose image in X is sent by the moment map to [0, 7;_1]. Thus (; jr4+1)(X) can be ob-
tained by gluing the complements of the contraction loci of the spaces m§:§:+1*1/{(j7j/) (X)

jvjl"’_l* ] ] ] ]7]/-"_1*
j/—1,j'+1u(j’—1,j’+1)(X) along their image in mg UG-,y (X).
5,3 1%

Furthermore, by definition, the pullback mJ’ | 77\ U1 j11)(X) is naturally iso-
morphic to
g+ 1k
(39) m;/J_ij,U(j/_Lj/) (X) ij/,1’j1+1*u(j,71 j’)(X) Z/{(j/—l,j’-i-l) (X),

3’ =14

and m

and on the other hand
(3.10)  ml T MU oy (X) = Uy (X) Xuayr ) M0 3% U e,y (X))
follows directly from the isomorphism

Mgy (X) = M0 (X) Xa 00 M-, (X)

(see Corollary 3.13). Putting together (3.8), (3.9), and (3.10) we obtain a natural
isomorphism

(3.11) Ui +1)(X) = Ui (X) Xuq, 00 U141 (X)),
By Corollary 3.25, we have Uj_1 ;) (X) = X(jr_1 ;) and
Utr—15+0)(X) = X1y XX Xt = Xyl
Hence equation (3.11) becomes:
U g+1)(X) = U0 (X) Xx 0y 0 Xty
which proves part (a).
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To prove that the universal family U; ;/(X) over M; ;(X) is isomorphic with the
inverse limit of the inverse family 7(j, j'), we first show that there exist natural maps
U in(X) = X to all the spaces in the family I(j,j"). Indeed, the weight choices
for U 1 (X)

ap=1—aij, aeo =1—a(d—1;),0<a; <1—da

are larger than the respectlve weights for X_1 1) — M a6, (P, d,a)

whenever 0 < j <[>0 < j <k:

Lip+iip—i+1)

ap:=1—(iy —3)a, a =1—(d— iy — 2)a, a1 = (iy — i — 3)a,

which confirms the existence of a morphism U jr41)(X) — X 1 -1y for the given

ranges of [,1’. Furthermore, each space in the family 7(j, j’) is the targer of a map in
the inverse system, with domain of the form X, 1ol for suitable [, " as above.

To finalize part (b), we apply induction on j' > j: In the case when j" = j 4+ 1, we
know U(; j+1)(X) = X(jj+1)- We now assume that U(; j»(X) does satisfy the universal
property of the inverse limit of the inverse family [ (] j'), and prove the same for
U(;5+1)(X) and the inverse family I(j, 7' +1). Indeed, any scheme having compatible
morphisms into all the spaces Xy of I(j, 7 + 1) will, in particular, have a natural
morphism to U, j(X) (by the induction hypothesis), and to X(j,_%,jur%), and hence,
by part (a), to Uy j+1)(X). The naturality insures that U(;;11)(X) is indeed the
inverse limit of the family.

O

4. COMPUTATIONS IN EQUIVARIANT K—THEORY

Let 3 be the class of the map P! — X given by ¢t — ¢ -z for x generic in X. In the
previous section we have described in detail the fixed locus Mg x)(X) = M,, 2, where
w = ((ug, Uso), B), and ug, us are the source and sink of the graph associated to the
action. We will now discuss the contribution of the fixed locus M9 = M) (X) to
the computation of the virtual fundamental class of Mo(X,3). This contribution
consists in two components: a fixed part [M,,5]""" and a moving part contribution
e(c*(N}(/}:a). The fixed part of the virtual fundamental class can be recovered as a
special case of Theorem 6.3 in [M]:

Consider the Cartesian diagram

Moy (X) [1525 M ja2)(X)

| &

A TT5Zg My (X) — TT52e Moy (X) X Mjoj42)(X)

Here A is the diagonal map and p = (m%ﬁ, m]’f{? +9);- In this context,
(Mo, (30)]"" = p*([A)).
This is indeed a cycle in Mg x)(X) as Mo (X) = p~*( Im A).

For the remainder of this section we will focus on the moving part.
The virtual normal bundle N}(ZO o (X) satisfies

(N3t 0] = X0 (B*D(oy< (€0 (Tx))),
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in the equivariant K-theory of M) (X). The equivariant K-groups come with a
grading given by the C*-action, and for any complex N*®, the term x.o(/N*®) represents
the positive degree part of x(N*®). The formula above follows directly from [B2], [GP]
together with [M]. In general one should also consider the contribution from the
relative cotangent complex of m : My o(X, 5) — My 2, where My 5 is the Artin stack
of rational curves. However the relative cotangent complex above does not contribute
to the moving part for M) (X) because, given any map parametrized by a point
in Mo (X), the deformations of the domain curve that keep sy and s, fixed are
C*-equivariant.

Our strategy for computing x.z0(R*po,x)«(ev*(Tx))) will be the following: we will
write the class of ev*(7Tx) in the equivariant K-theory of U ) (X) as a sum of classes
supported on the fixed point locus of U k) (X) together with classes which are mainly
pulled-back from M) (X) or some substrata of M) (X). These last classes will
not contribute to x.0(R*po.k)«(ev*(Tx))) as their push-forward via p) will have
trivial C*-action.

Proposition 4.1. Recall that @q = U, l/ — X ts the natural ”evaluation map”
and for j <1 <l <j', we denoted by Uz v U n(X) = Ugy(X) the natural maps
between the universal famzlzes over myy = M j1y(X) — M (X).
Let g”, = Q) ° u“ Forany (7 +1) <1 <1U' <7, the following equation holds
in the equivariant K-groups of U in(X):
95 (T ) = L9 (T )] = (00000 (T o)) = 92 (T )]s
where Tx,,, s the tangent bundle to X ;).

Proof. We will identify the component X, of the fixed locus in X with its preimage
in X(;;). Using the stratification given by the C*-action on X;; we denoted

X]_+1 {x € X(j;) such that tliglo tr € X1}

There is an open set of X;; containing Y_H on which the natural birational map
between Xy and Xy is an 1somorphlsm On the other hand g( Lo * (Txn)

and g (TX( ) are isomorphic outside gﬂ 1)(X i11), and also in a neighborhood U
1) E—
around g; z (X)),

5% _ g’
i+ (TX(j+1,l)>|U - g(j-i-l)l’(TX(ﬁlJ’))‘U
and L, o
77 _ SJI*
9;i (TX(j,z))\U = Y51 (TX(N’))‘U
U

The following proposition will be our main tool in comparing classes of tangent
bundles and their pull-backs:

Proposition 4.2. Let Z denote a smooth Deligne-Mumford stack and let Y be a
smooth substack. For a suitable increasing filtration of the ideal sheaf of Y in X, we
denote by f : Z — Z the weighted blow-up of Z along Y (as defined in [MM2], section
2.1). Let Ny|z = ®,Qu be the decomposition of the normal bundle after the weights
associated to the weighted blow-up, where w denotes the weight of Q..

We will denote by g : E —'Y the restriction of f to the exceptional divisor and by
1: B — Z the embedding of the exceptional divisor into Z.
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The following equation holds in the K-theory on with rational coefficients:
[Tz) = 1f*(T2)] = 1= Y [97(Qu) ® Os(—jE))).
w 0<j<w

Moreover, if C* acts on Z and the embedding of Y in Z 1is equivariant, then weighted
blow-up map is equivariant then the same formula holds in the equivariant K-theory
with rational coefficients.

Proof. The proposition follows directly from Proposition 2.12 and Theorem 2.13 from
[MM2] after translating from the Chow classes to classes in K-theory, and using the

short exact sequences on Z:
0—-0(-(+1)FE)— O(—jE) — Op(—jE) = 0
for 0 < j < w. U

We apply the the above proposition in the context given by the following commu-
tative diagram of weighted blow-ups

Xiiao
d+3 (7:7+2) A A
///iiiia////? Yj.5+2

©
G, (7,5+2)

JJ+§ +
V5,541
wlit2

(i+3.5+2)

U5t1,5+2

J+§J+2

Yj+1,5+2
JJ+2

J+1
X(j+1) X(J+l j

l% / -~

/V\/

X(j+1,j+2)

|

H ,J+2%
U 1) (X) == mf T UG 1) (X) 5 Uy (X) —— m) 5T U 40y (X) —— Ui o) (X)

q
lp(y‘,ﬂl) \ P(j,5+2) P(j+1,j+2)l
nﬂ4+2 JJ+2

\

41,542

G+l
M(j,j+1)(X) A M(j,j+2) (X)

With the identification U ;42 ~ X(j11 518), we can write @(j12) @ Uyjr) —
X(j,j+2) as the composition of 2 weighted blow-ups. As well, using U; j+1) ~ X(j j+1),

note that u’ 7 factorizes through m” (jﬁ; (U j+1)), where U o) — m37 T (U )

is the standard blow-up of a codimension 2 stratum and m]’;ﬁ*(u(j,jﬂ)) — U j11)

is a weighted blow-up.

Xj41 is a component of the fixed locus in X(; 19, included in the two blow-up
loci X, and X7 . Let NXjﬂlXLl = @@y ;4 and NXJ‘HIX{H = ©uQ, 4, denote
the positive and negative parts of the normal bundle of X; ; in X(; ;o) with their
weight decompositions. The two exceptional divisors T yand T +1 in U; j+2) intersect
after IP’w(NX ) xx, P¥(Nx ). We will denote by i}, i, and ), the

\X+ iUX
embeddings of TJH, T; ., and TJJrl N 17, respectively in U j42), and by @w@; 1
and @w@;jﬂ the pullbacks of the normal bundles of X rand X to T pand T
respectively. L _

For every 0 < j < k —2 we will denote by T+, T and Tj the pseudo-divisors given

by the pull-backs to Uk (X) of T;7, T;” and T;” + T, via U?]kﬂ

A4tﬁ+Lj+2)()()
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The complex
(Ou(o g (X) = Uy j+2ou(3 j+2)(X) (T )) OT*
is supported on ff. Similarly we define Of* and Oz. Let D; := T;’ N fj_ and

0,k —
Op; = (Ouggyx) ® Ol (x k o J+2OM<JJ+2>( (1) @ +20uq 0 (T57)). We
will denote by Qim : EBU?]-T-ZSD(] ]+2)(Qw) & (’)Dj.

Proposition 4.3. With the notations from above, we have:
a) The following relation holds on U; j42)(X):

[T“(j,j+2>(X)] - [‘P?j J+2) TX(j j+2)] -

= Z»;rﬂ* g+1 Z Z 1_UJ+1®O ngJfH)])

w 0<I<w
+ ij_—i-l* ]—i—l Z Z w]-‘rl ® O ]—i—l)])
w 0<l<w
* j,J+2% 2%
b) [(p(j,j+2)TX(j,j+2)] - [u; ;il TX(j j+1)] = [O(SOO)] o [u; ;il O(SOO)] -

- ]+1* Z Z Z J+1®O(mTJtrl ZTJ_H)D

w 0<l<w 1<m<w-—I
- i?+1*(z Z Z [Q;,j-i-l ® (’)(mT]_H ZTJJSA)])
w 0<I<w 1<m<w—I
R TR Sy e
where c_, cy are classes pulled-back from the boundary divisor E; j1oy i M j12)(X)
to TJrl and Ay Tespectwely Both T;,, and T}, are P'-bundles over E; ;i), and

Eijv2) =T NI}, j+1

We denoted by O(ss) the line bundle of the divisor given by the image of So, in
the relevant universal family. By a slight abuse of notation, we denoted by injﬂ the
pull-back of Qi j+1 to T]-Jr nT; .

C) Let P, wl]—i-l - p(]]+2) .3+1*(Zl<m<w l[ w]+1®0(m7—‘]—:-1 lir]_—i-l)]) The p’lLll-
back of P 1j11 to the exceptional divisor Ejjya) of M jy2)(X) is

[Qw ,J+1 ® O(ljg—:-l)] [ w,j+1 ® O( lT‘]—l—l)]

Assuming that there are vector bundles K} ., |, L;EH on M; j42)(X) whose pullbacks

to B2 are Q) 51y and O( g+1) respectively, and such that O(E(; j42)) = O(L},, +
L) then

Py =00 ® OULT )] = [Ky 510 ® O(=1L7, )]

d) The following relation holds in the equivariant K-theory of Mg (X):

X20(Pow:ler (TX)) = Y. ) [Quo®@O0so) + > Y [Qual™ ® Olsw)]

w 0<I<w w 0<I<w

1 5 DD IS 3 b DN =N

=1 w 0<l<w =1 w 0<l<w
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Proof. a)This is just a direct application of Proposition 4.2. We use the fact that the

strata X7, and X, are transverse to each other and so that the normal bundle
X(J j+2) is the pull-back of the

of the strict transform of X\, in XirLjre) =

normal bundle of YJ-F 4110 X 49

b) Denote by X X, the strict transform of X 1in X 13 )» and by I the exceptional

]+1

divisor for the morphism X2 3y — X(jj+2)- The blow—down morphism vj’ ]II
X j 3y = X(j,j+1) has the same exceptional divisor . The normal bundle N of

G e L o . .
vjjJrf (X;11) /:\j(jJrl in X(jj+1) is the pull-back of the normal bundle of Y, .. =

.. § [ —
pj7j+1(v;:jif (X;11)) in M ;11)(X). As the blow-up locus of v]ﬁf is embedded in

RS .
v;iei (X51), by local computations
. .1 ., 3 ... 3 ~
JJ+2% _ Jtg:dt5* J,J+5* . + +
wpi TN = Vigad o Uit (N) = BuQy 41 ® O(WT},)
JoJ+2%
m2 TN
42" g1 Y41 MG +2)(X)?
where ¢; 7, : T- . — E{; :.9) is the projection to the exceptional divisor in M ;45(X).
JJ+2 (4,3+2) G,j+2

Jj+1
SN
Furthermore, T3, = v’ 27 "2"(E) and so Qi1 @ O(=IT + (w—1)T},) is the

Jj+1 "j_i_g Jj+1
pull-back of a class from the exceptional divisor in M; ; o(X).
We use now that

i;+1*([éw J+1 ® O( lTJH)] - [ w,j+1 ® O( ZT+1 + ( Z)T]—:—I)]) =
— Y 0@ ® O(HIT S+ mT)])
o<m<w—I

which follows from successive application of short exact sequences
0— O((m— 1)Tg_:r1) — O(mT]—:-I) — OT],j (ngH) — 0

tensored with the bundles above.
The formula now follows from the application of Proposition 4.2 for the morphism

Ugjj+2) = X(jj43), combined with formula (a) and the computations above.
c¢) The composition p(; j;2) © z T]Jrl
its image £ o).
Assume that there are vector bundles K.\ ., L7, on M; ;.2)(X) whose pullbacks
to Ej,j+2) are Qy .., and O( j+1) respectively, and such that O(E(; j42)) = O(L],, +

Lj_-i-l)’ From the short exact sequence

Ty — Mjj42)(X) is an isomorphism on

0—-0 — O(E(j,]q_g)) — OE(j,j+2)(E(j,j+2)) — 0
tensored with relevant vector bundles, we get

[K+]+l ® O(ij-i-l)] - [K+]+1 ® O( ]+1)]
w k—1
Z wjt1 @ OKT L —1O(Eg 1)),

for the embedding 7 : E; j 12y <= M(; j12)(X).

After a change of variables m = k — [, the last term above becomes P IRIEE
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After replacing M; j42)(X) by the normal bundle of E(; i) in M 19)(X), the
assumptions are satisfied in this new ambient space. We can now get the formula
for the pull-back of P+l i1 t0 E(jj+2) by applying the arguments above in this new
context, and then pulhng—back to K j+2)-

0—>0(-(j+1)E) — O(—jFE) — Opg(—jE) — 0

For part d) we apply induction on k. At the initial step we use the relative Euler
sequence for P!-bundles to get the relative tangent bundle of U 1)(X) — Mo1)(X)
as O(s0) ® O(500)/Oyq1(x)- Then we apply formula (b) to get the formula for k = 2.
The induction step from k to k + 1 uses the same formula (b) for j = k£ — 1 and
Proposition 4.1.

O

. . . (c* >,
In order to obtain a nice closed formula for the moving part e~ ( J\%,k(x))’ we

will assume that the conditions of part c) of the previous Proposition are satisfied.

That is, we assume there are classes of vector bundles K ; and line bundles wa-
on Mo (X) such that Ki ® O(D;) = m?ﬁ@( ;) ® O(Dj) and L]j-E ® O(D,) =
m?ﬁkQO(Ti) ®0O(D;). We denote by ck(t) the Chern polynomial of the vector bundle

K. Let py(t) := tdechc (1) and §j cl(LjE).

Theorem 4.4. With the above notations

w—1
e (xpo (BP0 (Tx))) = T | H pos, (w=lt=1n) [T T po. (w0t —twn)

w [=0 w =0

Ii—[lH Hz opK+ ((w— )t‘|‘€+)H Hz OpK ((_w+l)t+§;)
]1H HlopK+ (w—=0t =&)L, HlopK ((—w—i—l)t—g;-r)'

4.1. Moduli spaces M, and their virtual classes. Let’s consider first the case
w = ((up, us ), nB), where 3 is the class of the generic curve. This case can be treated
in the same way as w = ((up, us),5) by composing the action of C* on X with
the map C* x X — C* x X which is the quotient by the cyclic subgroup Z, on
the first component, and identity on the second. We now have a new action of C*
on X. In this case there is a morphism M) (X) — M,,» whose fiber over points
in M, » parameterizing irreducible curves is BZ, = [point/Z,|, while over points
parameterizing a chain of k curves, the fiber is B(Z,)*. For this reason we will
denote M, o =: (Mo x)(X)/Zy).

In this case, the fixed part of the virtual class works is calculated be the same
formula as in the previous section, with

k—2

A (M jen)(X) ) Zn) = [ [ (M g0y (X)) Zn) X (M (11,542 Zon)

J=0

and p : H] O(M(] J+2) /Z ) — H] O(M(] J+1) ( )/ Zn) X (M(j+17j+2)/Zn)
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Similarly, the virtual normal bundle of M, is

X0(Rplh ™ (Tx)) = > > [Quo®@O0Us)l + > > [Qu) ® O(lsw)]

w  0<I<nw w  0<I<nw
55 D SIS 3 Sl Sl
7j=1 w 0<i<nw =1 w 0<l<nw

We consider now M, 5 in the case when w = ((u,v),nf) when = v — u is not the
class of the generic orbit and n € Z-o. The choice of the moment map p: X — R
depends on the choice of the line bundle which induces a linear map p : H%(X)¥V — R
such that = po p™. If p(u) = i; and p(v) = i, are the j-th and the ¢-th walls of y,
then there is a natural closed embedding M, 5 C (M ¢)(X)/Z,). Moreover, the fixed
part of the virtual class of M, 5 is b}, P (NX ‘X+)F‘|h] g-1(P"(Ny, | x-) for the natural

maps fji1,4 (M(j,q)(X)/Zn) — (M(j+1,q( )/Z ) and hj, g (M(jvq)(X)/Zn) —
(M,q-1)(X)/Zy).
The class of the virtual normal bundle is

X?'éo(R.p?j,q)*eU* (TX>> =

S S ebeoun =Y S Q00T )]

w 0<I<nw w 0<I<nw

+ 3 [Qud @OUT, ) =D Y [Quglt ® O(-IT, )]
w 0<I<nw w 0<I<nw

+ Z Z Z UJIS_'_ Z Z Z wls
s=j+1 w 0<Il<nw s=j+1 w 0<i<w

These formulae follow from those in Proposition 4.3 together with the product
axiom of [B2].

Finally, we consider M, in the case when w = ((u,v), %) for f = v — u and
n,m € Z~g. There is a smooth variety X,, C X such that X,, = {x € X|Z,, C
Stab(z)}. Moreover Z, acts nontrivially on the fibers of the normal bundle Ny, x.
As such the only contribution of R*p,(ev*(TX)) to the fixed part of the virtual class
of M, 5 comes from R*p.(ev*(T'X,,)). The formula for the class of the virtual normal
bundle of M, 5 is

X Rp)/™ ev(Tx)) =

= 3 Y 05, 0mT - Y (Quy @ O(-imT )]

w 0<I< - w w 0<I< - w
+ 3 Y Qud eotmT, =Y Y [Qudt ®O0(=imT, )]
w 0<l< w w 0<l< w
+ Z Z Z wlms_l_ Z Z Z wlms
s=j+1 w 0<I<Zw s=j+1 w 0<I<w
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