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In
ation models after WMAP year three

Laila Alabidi and David H. Lyth
Physics Department, Lancaster University,LA1 4YB

The survey of models in astro-ph/0510441 is updated. For the �rst time, a large fraction of the
models is ruled out at more than 3� .

I. INTRODUCTION

In a recent paper [1] we discussed a range of models for
the origin of the curvature perturbation and the tensor
perturbation, including constraints on the spectral index
n coming from WMAP year one data. In this note we
update the discussion to include WMAP year three data
[2]. The models assume that the curvature perturbation
is generated from the vacuum 
uctuation of the in
aton
�eld, so that it is directly related to the in
ationary po-
tential. 1 Some of them work with the type of �eld theory
that is usually invoked when considering extensions of the
Standard Model, while others work within a framework
derived more or less directly from string theory.

The prediction for n typically depends onN , the num-
ber of e-folds of slow-roll in
ation occurring after the
observable Universe leaves the horizon. With a high in-

ation scale, and radiation and/or matter domination
between the end of in
ation and nucleosynthesis,

N = 54 � 7: (1.1)

More generally the range has to be

14 < N < 75; (1.2)

the lower bound coming from the requirement to form
early objects weighing a million solar masses, and the
upper bound from imposing P=� < 1 on the pressure
and energy density [4].

Following [1], we call a model small-�eld if the change
� � N of the in
aton �eld during the N e-folds is . M P ,
and large-�eld if it is � M P .

II. SMALL-FIELD MODELS

A. A class of allowed models

Assuming that the tensor fraction r is negligible and
that the spectral tilt n � 1 is practically constant while
cosmological scales leave the horizon, the WMAP con-
straint is

n = 0 :948+0 :015
� 0:018: (2.1)

1 Models where instead the curvature perturbation is generat ed
from the vacuum 
uctuation of some curvaton-type �eld, and
their status after WMAP year three, are considered elsewher e
[3].

This is actually the constraint obtained by combining
WMAP data with the SDSS galaxy survey, but it hardly
changes if some other data sets are used, including
WMAP alone.

Essentially the same constraint was obtained using
WMAP year one data, in conjunction with the 2dF
galaxy survey alone [5] or with 2dF and other data sets
[6], but a higher result compatible with n = 1 was ob-
tained using WMAP year one data alone or WMAP with
[7] SDSS. The crucial point now is that even in the last
two casesthe scale-invariant valuen = 1 is excluded at
around the 3� level.

For small-�eld models with a concave-downward po-
tential, � . 0:0002 [8]. Then the prediction [9] n =
1 + 2� � 6� becomes just2 n = 1 + 2 � . For a wide class
of concave-downward models this becomes [10]

n = 1 �
p � 1
p � 2

2
N

; (2.2)

with p & 3 or p � 0. (Here N is actually N (k) �
N � ln(H0=k), but the variation presumably is negligible
over the range � N � 10 over which the observational
constraint applies.) For these models, the observed nor-
malization of the spectrum requires a high in
ation scale,
so that Eq. (1.1) will be appropriate for a standard post-
in
ationary cosmology, but still the tensor fraction is neg -
ligible.

The case p � 0 is realised in some hybrid in
ation
models in which the potential necessarily steepens sig-
ni�cantly towards the end of in
ation. The case p < 0
corresponds to a potential

V ' V0

�
1 �

�
�
�

� p �
; (2.3)

with V0 dominating so as to permit in
ation. This can
come from mutated hybrid in
ation [11, 12], with integer
values of p favoured but not mandatory. With integral
p it can also come fromN = 2 supergravity [13] or D-
brane cosmology [14]. The limitp ! 0 corresponds to a
logarithmic potential achieved in the simplest and per-
haps unrealistic version ofF -term [15, 16, 17] orD-term
[17, 18] hybrid in
ation. The limit p ! �1 corresponds
to an exponential potential, which may be generated by a

2 We adopt the de�nitions [9] 2 � = ( M P V 0=V)2 and � =
M 2

P V 00=V , with V (� ) the in
ationary potential.

http://lanl.arXiv.org/abs/astro-ph/0603539v2
http://lanl.arXiv.org/abs/astro-ph/0510441
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FIG. 1: The prediction (2.2) for di�erent p. The bold full
line is the limit jpj ! 1 . Above it from top down are the
lines p = 0, � 2 and � 4, and below it from bottom up are the
lines p = 3, 4 and 5. The observational bounds from [2] are
indicated.

kinetic term passing through zero [17] or by by appropri-
ate non-Einstein gravity (non-hybrid) in
ation [10] (see
also [19]).

The casep & 3 also corresponds to Eq. (2.3). This case
is attractive because it gives the potential a maximum,
at which eternal in
ation can take place providing the
initial condition for the subsequent slow roll [8, 20, 21].
As Eq. (2.3) is only supposed to be an approximation
lasting for a su�cient number of e-folds, p need not be
an integer, but it has to be well above 2 for the prediction
(2.2) to hold. It could correspond to non-hybrid in
ation
with � � � M P (New In
ation [22, 23]) or else with
� � � M P (Modular In
ation which has a long history
[24, 25, 26] and is currently under intense investigation
in the context of string theory [27, 28, 29]). It could also
correspond to mutated hybrid in
ation [12], or else [8] to
one of the p � 0 models, modi�ed by the addition of a
non-renormalizable term.

An attractive proposal which can give Eq. (2.2) is
to make the in
aton a pseudo-Nambu-Goldstone boson
so that the 
atness of its potential is protected by a
symmetry. Realizations of this proposal include a two-
component model givingp = 3 [30] and a hybrid model
giving p = 0 [31]. (A di�erent proposal for ensuring the

atness is described in [32] based on earlier work [15, 17],
but it has not been carried through to the point where a
de�nite form for the potential is proposed.)

In Figure 1, the prediction (2.2) is shown against N
for a few values ofp. Very low values ofN are forbidden,
as is seen clearly in Figure 2. WithN in the reasonable
range (1.1), the prediction n(p) is shown in Figure 3,
where we see that all values ofp are just about allowed
at the 2� level.

These cases give a spectral index more or less in agree-
ment with the observed one because their prediction is
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FIG. 2: The regions excluded by the observational bounds
from [2], for the parameter p in the prediction (2.2).
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FIG. 3: The prediction (2.2) for N = 54 � 7.

FIG. 4: The curved lines are the Natural In
ation prediction s
for N = 20, N = 54 and N = 75, and the horizontal lines
are the corresponding multi-component Chaotic In
ation pr e-
dictions. The junction of each pair of lines corresponds to
single-component Chaotic In
ation. The regions allowed by
observation with various assumptions are taken from [2].
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n � 1 ' � 1=N. The case of Eq. (2.3) withp = 2 is quite
di�erent. The tilt is now n � 1 = � 2� 2M 2

P =V, which
might have had any value in the range� 1 � n � 1 < 0.
It depends on the parameters of the potential, not just
on its functional form as in the previous case.

Now that observation requires such a small tilt, the
casep = 2 actually looks rather problematic because it
requires a rather abrupt steepening of the potential after
cosmological scales leave the horizon. This is di�cult to
achieve in a non-hybrid model; for instance the Little-
Higgs proposal of [31] seems not to give a su�ciently
abrupt end. It can be achieved in an inverted hybrid
model [12] by choice of parameters, but this typically
involves �ne-tuning [33], and the negative coupling of the
in
aton to the waterfall �eld is non-standard and di�cult
to achieve in the context of supersymmetry.

B. Models ruled out

If the observation of negative tilt holds up it will repre-
sent a very signi�cant development. Speaking generally,
it avoids the criticism that n = 1 might have had some
simple explanation, overlooked so far, which has nothing
to do with �eld theory or in
ation. Within the context
of slow-roll in
ation, n = 1 excludes several possibilities
for the in
ationary potential in a small-�eld model.

a. Concave-upward potentials A concave-upward
potential give positive tilt if 2 � > 6� . That is gener-
ally the case for small-�eld models. In particular it is
true for small-�eld models with

V = V0

�
1 +

�
�
�

� p�
: (2.4)

Indeed,V0 must dominate to achieve small-�eld in
ation,
but then � � (�=M P )2� 2 � � . An attractive realization
of this potential is the original hybrid model with p = 2.
An integer p � 3 also corresponds to tree-level hybrid
in
ation, [12, 35, 36] while the casep � � 1 corresponds
to dynamical supersymmetry breaking [37]. These are
less attractive because small-�eld in
ation occurs only
over a limited range of � and it is not clear how the �eld
is supposed to arrive within this range [10].

b. Very 
at potentials If the potential is very 
at, �
and � will be negligible and so will the tilt n � 1. This
happens in some models which seek to explain the in-

ationary scale V by identifying it with the scale of su-
persymmetry breaking in the vacuum [38, 39, 40]. The
models make the very potential 
at in order to reproduce
the observed spectrumP� = (5 � 10� 5)2 with the for-
mula P� ' (V=�M 4

P ) and the low scaleV 1=4 . 1010 GeV
assumed for supersymmetry breaking. Such models are
accordingly ruled out by the observed tilt.

c. Running Mass in
ation The idea of running
mass in
ation is to use a loop correction, to 
atten a
tree-level potential, which would otherwise be too steep
for in
ation. The model of [41, 42] uses a tree-level
quadratic potential (Eq. (2.4) with p = 2) modi�ed by a

one-loop correction. It is assumed that the tree-level po-
tential has � � 1, which is the generic supergravity value
and marginally spoils in
ation. This model gives signi�-
cant positive running of the spectral indexdn(k)=dk > 0,
which was allowed by the WMAP year one data [43] ifn
passed through zero around the the middle of the cosmo-
logical range of scales. The model presumably is ruled
out by the WMAP three year data, which allows n(k) to
pass through 1 only in the negative direction. The alter-
native model of [44] makes in
aton is a two-component
modulus. It typically gives either negligible tilt or tilt
with rather strong running, but further investigation is
needed to see whether it is ruled out.

d. Generic modular in
ation and supergravity A
string theory modulus is expected generically to have a
potential of the form V = V0f (�=M P ), with f (x) and its
low derivatives of order 1 at a generic point in the range
� . M P . Near a maximum this gives� � � 1 which only
marginally allows in
ation and gives n � 1 � � 1. A sim-
ilar result, j� j & 1, is expected in a generic supergravity
theory for any �eld. One of the most signi�cant conse-
quences of the boundjn � 1j . 0:1, which observation has
provided in recent years, is that j� j has to be reduced be-
low its generic value by more than a factor 10. The new
result for n � 1 con�rms that, but it also assures us that
we will not have to go much further. In
ation based on
a modulus and/or supergravity requires �ne-tuning of �
at the few percent level, but not worse. More �ne-tuning
is typically needed though, to stabilize �elds other than
� .

III. LARGE-FIELD MODELS

Large-�eld models allow an observable tensor fraction
r . The single-component models are chaotic in
ation
[45], the multi-component version of that [46, 47], and
Natural In
ation [48]. The situation for these models
is illustrated in Figure 4. (It shows the WMAP/SDSS
constraint, but but it hardly changes if WMAP is com-
bined with other data sets.) There is no dramatic change
from the situation with earlier constraints derived from
WMAP year-one.

The generic prediction for a chaotic in
ation potential
V / � � is

r =
4�
N

(3.1)

n � 1 = 2� � 6� = �
2 + �
2N

: (3.2)

As pointed out already [2], the year-three WMAP data
rule out rather �rmly � � 4. Interestingly enough, the
allowed case� = 2 is also the best-motivated one in the
context of received ideas about �eld theory [31, 49, 50],
because it is reproduced by a Natural In
ation potential
with a large period.
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IV. SUMMARY AND OUTLOOK

Over the last twenty-�ve years many �eld-theory mod-
els of slow-roll in
ation have been proposed. We have
seen that the WMAP year three results for n and r
rule out a large fraction of these models. The remain-
der seem to be in three broad classes; large �eld models,
small-�eld models giving the prediction (1.1) with p � 0,
and small-�eld models giving the same prediction with
p & 3. Within a few years, the PLANCK result for n
and the Clover result for r will almost certainly rule out
at least two of these classes, and provide some discrimi-

nation within the remaining class.
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