
ar
X

iv
:a

st
ro

-p
h/

07
02

10
4v

2 
 6

 A
pr

 2
00

7

Baryon number 
onservation and enfor
ed ele
tri
 
harge neutrality for bulk vis
osityin quark matterHui Dong,1 Nan Su,2 and Qun Wang11Department of Modern Physi
s, University of S
ien
e and Te
hnology of China, Anhui 230026, People's Republi
 of China2Frankfurt Institute for Advan
ed Studies (FIAS),Max-von-Laue-Str. 1, D-60438 Frankfurt am Main, GermanyGeneral 
onstraints on �uid velo
ity divergen
es for parti
les in quark matter are derived frombaryon number 
onservation and enfor
ed ele
tri
 
harge neutrality. A new os
illation patternin three-�avor normal quark matter satisfying these 
onditions is found and its bulk vis
osity is
al
ulated. The result may have astrophysi
al impli
ation for maximum rotation frequen
ies of
ompa
t stars.In the 
ore of 
ompa
t stars where the density 
ouldrea
h 5-10 times the normal nu
lear matter density, the
onstituents of nu
leons and hadrons 
an be squeezedout to form quark matter [1, 2℄. Quark matter in normalstate 
ould exist in various forms, su
h as strangelets[3, 4, 5℄, mixed phases [6, 7, 8, 9℄ and et
.. Sear
h-ing for quark matter in stellar obje
ts is very 
halleng-ing. The 
ooling behavior dominated by neutrino emis-sions may be able to distinguish nu
lear and quark mat-ter [10, 11, 12, 13, 14, 15, 16℄. But it is still sub-je
ted to many experimental and theoreti
al un
ertain-ties [17, 18, 19℄. Other transport properties su
h asshear and bulk vis
osities are also of great interest tothis end. The shear vis
osity damps the di�erential ro-taion to make a uniform rigid body rotation of stars. Thebulk vis
osity is 
ru
ial for the damping of pulsations in
ompa
t stars. Su
h pulsations 
ould take pla
e duringthe formation of stars or by external perturbations. They
ould also be driven by instabilities of gravitational waveradiation su
h as the r-mode instability whi
h arises inthe absen
e of damping e�e
ts. There has been a lot ofliterature about 
al
ulations of vis
osities in nu
lear mat-ter in various situations [20, 21, 22, 23, 24, 25, 26℄. Theshear vis
osity for 
olor-�avor-lo
king phase has been 
al-
ulated [27℄. The bulk vis
osities for normal and 
olorsuper
ondu
ting quark matter have been studied exten-sively [28, 29, 30, 32, 33, 34℄. In this letter we put empha-sis on general 
onstraints of baryon number 
onservationand 
harge neutrality on the bulk vis
osity. Followingthese 
onstraints, we will give new solutions to the bulkvis
osity in normal quark matter di�erent from previousresults [28, 29, 30, 31, 32, 33, 34℄.The bulk vis
osity is asso
iated with the dampingof the baryon density os
illation denoted by δnB =
δnB0e

iωt with the amplitude δnB0 and the frequen
y ω inthe range 103 − 104 s−1. We assume that the amplitudeof the os
illation is small and 
an be treated as perturba-tion to its equilibrium value. The perturbation in baryondensity drives quark matter out of 
hemi
al equilibriumvia following pro
esses
u + d ↔ u + s, (d ↔ s transition),

u + e ↔ d + ν, (Urca I),

u + e ↔ s + ν, (Urca II). (1)

Here we 
onsider the normal quark matter with three �a-vors u, d and s. Light quarks u and d are almost massless,while s quarks have large mass. The relaxation to 
hem-i
al equilibrium is related to deviations of 
hemi
al po-tentials from their equilibrium values for these pro
esses,
δµ1 ≡ µs − µd = δµs − δµd,

δµ2 ≡ µd − µu − µe = δµd − δµu − δµe,

δµ3 ≡ µs − µu − µe = δµs − δµu − δµe. (2)The rea
tion rates for pro
esses in (1) 
an then be writtenas λkδµk (k = 1, 2, 3) for small δµk ≪ T , where λk are
oe�
ients. In our 
al
ulations, λ1 and λ3 are takenfrom Ref. [33, 34℄ ex
ept that we have in
luded the masse�e
t of s quarks [30℄ and phase spa
e redu
tion fromFermi liquid behavior [10, 11, 15℄. The value of λ2 istaken from Ref. [33℄.With massive s quarks a purely three-�avor system
annot be ele
tri
ally neutral, so there must be ele
tronsin the system. In rea
tions (1), the ele
tron number and�avors are not 
onserved sin
e they 
an be 
reated or de-stru
ted, however the baryon number and ele
tri
 
hargeare 
onserved. The 
ontinuity equations for quark �avor,baryon and ele
tron number read
dni

dt
+ ni∇ · vi = Ji, (i = u, d, s, B, e), (3)where the substantial or material derivative is de�ned by

d
dt

≡
∂
∂t

+ vi · ∇. The sour
es Ji are linear 
ombinationsof rea
tion rates λkδµk when δµk are small. It is obviousthat JB = 0 required by baryon number 
onservation.The following relations for baryon number 
onservationand 
harge neutrality are widely used in literature,
nB =

1

3

∑

i=u,d,s

ni, ne =
∑

i=u,d,s

Qini,

JB =
1

3

∑

i=u,d,s

Ji = 0, Je =
∑

i=u,d,s

QiJi. (4)The 
harge neutrality 
ondition in the above is a natural
onstraint sin
e the a

umulation of net 
harges wouldmake the Coulomb energy density blow up and be lessfavorable in energy. With Eq. (4) and 
ontinuity equa-tions (3), one obtains following 
onstraints on number
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2densities and velo
ity divergen
es,
nB∇ · vB =

∑

i=u,d,s

1

3
ni∇ · vi,

ne∇ · ve =
∑

i=u,d,s

Qini∇ · vi, (5)where the �rst line is the result of baryon number 
onser-vation and the se
ond one that of 
harge neutrality. Eq.(5) was not presented and applied expli
itly in previousliterature. A simple solution to the above equations 
anbe found at �rst glan
e [28, 29, 30, 32, 33, 34℄,
∇ · vi = ∇ · vB, (i = u, d, s, e), (6)with number densities satisfying Eq. (4). This solution
orresponds to the homogeneous or one-
omponent �uidwith a single �uid velo
ity �eld. Inserting Eq. (6) ba
kinto 
ontinuity equations (3), one �nds
nB

dXi

dt
=

dni

dt
− Xi

dnB

dt
= Ji, (7)where Xi ≡ ni/nB are partial fra
tions for parti
les i interms of the baryon number density. We have used the
ontinuity equation for the baryon number in Eq. (3).Obviously Eq. (7) respe
ts baryon number 
onservationand 
harge neutrality. A property of the solution (6) isthat it will give a vanishing bulk vis
osity in the 
asethat all quarks are massless, where the system is alwaysin 
hemi
al equilibrium. An example of this property intwo-�avor normal quark matter 
an be found in Ref. [33℄.In this paper we rigorously apply the 
onstraints (5)and �nd a new solution to Eq. (5) di�erent from Eq. (6).Our starting point is that the role of strange quarks isspe
ial sin
e they are mu
h heavier and may respond tothe density os
illation more relu
tantly than other parti-
les. As an extreme 
ase, we assume ∇ · vs = 0. We alsoassume ∇ · vu = ∇ · vd. Then one obtains from Eq. (5)the following relations,

∇ · ve =
nB(2nu − nd)

ne(nu + nd)
∇ · vB ,

∇ · vu,d =
3nB

nu + nd

∇ · vB . (8)Generally the velo
ity divergen
e for a parti
le in a �uiddepends on its mass. Rigorously the �uid with morethan one parti
le spe
ies with di�erent masses shouldbe treated as a multi-
omponent �uid. The above solu-tion to Eq. (5) is reasonable in the 
ase that the massesof strange quarks are of the same order as the 
hemi-
al potentials and mu
h larger than light quark masses.

If the strange quark masses are small, one 
an inves-tigate many other solutions whi
h are 
lose to the so-lution (6), for example, one 
an assume velo
ity diver-gen
es of parti
les deviate from that of baryons by a smallamount, ∇ · vi = ∇ · vB + εi with (i = u, d, s, e). Fol-lowing Eq. (5), these εi satisfy ∑

i=u,d,s
1

3
niεi = 0 and

∑

i=u,d,s Qiniεi = neεe. Any small values of εi underthese 
onstraints denote a slighly di�erent solution fromEq. (6). We will not 
onsider these solutions in this pa-per and fo
us on the solution (8). With these relationsin Eq. (8) for velo
ity divergen
es the bulk vis
osity fora system of quarks and ele
trons 
an be derived. Thedeviation of the pressure from its thermodynami
 valueis related to the bulk vis
osity [35℄,
δP = −ζ∇ · vB . (9)The above also provides a de�nition for the bulk vis-
osity. The variation δP 
an be expressed in termsof density variations δni = δni0e

iωt for some quarksor ele
trons, whi
h are linearly independent after usingEq. (4). Here δni0 are 
omplex amplitudes and 
an besolved by applying 
ontinuity equations. The numberof 
ontinuity equations applied is equal to that of inde-pendent densities in order to 
lose the system of equa-tions. Normally the baryon density nB is set to be oneindependent variable. The r.h.s of Eq. (9) is a
tually
ζ(nB)−1dnB/dt. So a 
omplex ζ 
an be obtained fromEq. (9), ζ = nBδP/(dδnB/dt), whose real part gives thebulk vis
osity [35℄.We will �rst 
onsider in rea
tions (1) two simplest
ases, the d ↔ s transition (by turning o� Ur
a I andUr
a II) and Ur
a II (by turning o� d ↔ s transition andUr
a I), separately. Finally we will address a more realis-ti
 
ase, the three 
oupled pro
esses together. The Ur
apro
esses with light quarks (Ur
a I) was already studiedin Ref. [33℄. The 
al
ulations for the d ↔ s transitionwithout 
harge neutrality 
an be found in Ref. [34℄. Welist all quantities needed in evaluating bulk vis
osities inthree 
ases in Table I. The se
ond 
olumn is for indepen-dent variables. The third one is for 
ontinuity equationsused in this paper to solve the variations of densities.For example, we use 
ontinuity equations for s quarksand ele
trons for the three 
oupled pro
esses. With Eq.(8) it makes no di�eren
e to use other independent 
onti-nuity equations. The fourth 
olumn lists other variablesexpressed in terms of independent ones. In the d ↔ stransition and Ur
a II, there are additional 
onstraintson ele
trons and d quarks respe
tively, sin
e they do notparti
ipate in the rea
tions. With Je,s = 0 in Eq. (3)and (8), one 
an solve δne and δnd in terms of δnB inthe last 
olumn.For the d ↔ s transition, following Eq. (9) and with the se
ond row in Table I, one obtains the bulk vis
osity,

ζ1 = Re

(

nBδP

dδnB/dt

)

=
λ1nB

∂µ1

∂nB

∂P
∂ns

ω2 + λ2

1

(

∂µ1

∂ns

)2
,



3Table I: Quantities for bulk vis
osities in three 
ases with C ≡ 3nd/(nu + nd).independent variables 
ontinuity eqs. other variables spe
ial 
onstraints
d ↔ s δnB , δns s

δnu = (3 − C)δnB

δnd = CδnB − δns

Je = 0

δne = (2 − C)δnBUr
a II δnB , δns s
δnu = (3 − C)δnB − δns

δne = (2 − C)δnB − δns

Jd = 0

δnd = CδnB
oupled δnB , δns, δne s, e
δnu = δnB + δne

δnd = 2δnB − δne − δnsFigure 1: The bulk vis
osity ζ1 for d ↔ s transition. Themasses and 
hemi
al potentials (in MeV) are set to mu =
md = 0, ms = 100, µs = µd = 500, µu = 495, µe = 5.Note that these values satisfy 
harge neutrality and 
hemi
alequilibrium 
onditions.
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where
∂µ1

∂nB

≡ −C
∂µd

∂nd

,

∂µ1

∂ns

≡
∂µd

∂nd

+
∂µs

∂ns

,

∂P

∂ns

≡ ns

∂µs

∂ns

− nd

∂µd

∂nd

,with C ≡ 3nd/(nu + nd). One 
an verify that ζ1 is def-initely positive sin
e ∂µ1

∂nB
< 0 and ∂PB

∂ns
< 0 using theequation of state for degenerate Fermi gas for d and squarks. The numeri
al results for ζ1 are shown in Fig. 1.As shown in the �gure that the bulk vis
osity in
reaseswith de
reasing frequen
y until it satuarates below a 
rit-i
al frequen
y ω1c ∼ λ1

∣

∣

∣

∂µ1

∂ns

∣

∣

∣
. One also sees that for lowfrequen
ies ω ≪ ω1c, ζ1 is inversely proportional to thetransport 
oe�
ient λ1. This means the faster the rea
-tion pro
eeds the smaller the bulk vis
osity is.Similarly, with the third row in Tab. I, the bulk vis-
osity for Ur
a II is,

ζ3 =
λ3nB

∂µ3

∂nB

∂P
∂ns

ω2 + λ2
3

(

∂µ3

∂ns

)2
, (10)

Figure 2: The bulk vis
osity ζ3 for the Ur
a II. The parame-ters are the same as in Fig. 1.
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∂µ3

∂nB

≡ −(3 − C)
∂µu

∂nu

− (2 − C)
∂µe

∂ne

,

∂µ3

∂ns

≡
∂µs

∂ns

+
∂µu

∂nu

+
∂µe

∂ne

,

∂P

∂ns

≡ −nu

∂µu

∂nu

+ ns

∂µs

∂ns

− ne

∂µe

∂ne

.One sees ∂µ3

∂nB

< 0 due to C < 2, and ∂P
∂ns

= −
m2

s

3µs

+
m2

u

3µu

<

0 with µe ≪ µu and ms ≫ mu. The numeri
al resultsare shown in Fig. 2. The behavior of ζ3 is similar to ζ1.For 
riti
al frequen
ies one sees ω3c ∼ λ3

∣

∣

∣

∂µ3

∂ns

∣

∣

∣
≪ ω1cbe
ause λ3 ≪ λ1. The saturation value of ζ3 is largerthan that of ζ1 for the same reason. At high frequen
ies

ω ≫ ω3c one observes ζ3 ≪ ζ1.With the fourth row in Table I, the bulk vis
osity forthree 
oupled pro
esses 
an be expressed as
ζ =

nB

ω

(

DsIm
δns

δnB

+ DeIm
δne

δnB

)

=
nB

F
(DsNs+DeNe),(11)where F and Ne,s are quadrati
 and linear fun
tions of ω2respe
tively. They also depend on 
oe�
ients λk. Theexpli
it form of these fun
tions will be presented else-where [36℄. The 
oe�
ients De,s are given by

De ≡ nu

∂µu

∂nu

− nd

∂µd

∂nd

+ ne

∂µe

∂ne

,



4Figure 3: The bulk vis
osity ζ for the 
oupled pro
esses at
T = 0.1 MeV. The dashed and dash-dotted 
urves are theresults from the solution Eq. (6) with two sets of parameters.The solid 
urve is the result from the solution Eq. (8). Theparameters of the solid and dashed 
urves are the same as inFig. 1 and 2, while those of dash-dotted 
urve are di�erentand still satisfy neutrality and 
hemi
al equilibrium 
ondi-tions, ms = 300, µs = µd = 500, µu = 456, µe = 44, all inunit MeV.
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Ds ≡ ns

∂µs

∂ns

− nd

∂µd
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.The numeri
al result for the bulk vis
osity ζ is shownin Fig. 3 by solid 
urve. Also shown are dashed anddash-dotted 
urves from the method with Eq. (6). Withsame parameters, the result from Eq. (8) (solid 
urve)is about one order of magnitude larger than that fromEq. (6) (dashed 
urve). When ms is set to 300 MeV, theresult from Eq. (6) (dash-dotted 
urve) is 
omparable tothe solid 
urve at high frequen
ies but still di�ers from

it substantially at low ones. Generally there 
an be upto 3 plateaus in the log-log plot of the bulk vis
osity asfun
tion of frequen
y depending on parameters. In Fig.3, the solid and dash-dotted 
urves have two plateaus,while the dashed 
urve has only one. It 
an be veri�edthat ζ is dominated by the s quark part in Eq. (11).Sin
e Ds is negative, the phase of δns should be delayedrelative to δnB manifested by the positivity of the bulkvis
osity. The another 
al
ulation of the bulk vis
osityfor the 
oupled pro
esses 
an be found in Ref. [37℄.In summary, we have derived general 
onstraints on�uid velo
ity divergen
es of quarks and ele
trons in nor-mal quark matter from baryon number 
onservation andenfor
ed ele
tri
 
harge neutrality. Under these 
on-straints we �nd a new solution to velo
ity divergen
esleading to di�erent bulk vis
osities. As an extreme 
ase,this new solution 
ould be realisti
 in some 
ir
umstan
eswhere strange quarks respond to the os
illation in a verydi�erent way from light quarks. Other solutions are alsoallowed by these 
onstraints. The new result for the
oupled pro
esses may have astrophysi
al impli
ation forlarger maximum rotation frequen
ies of 
ompa
t stars.Similar 
onstraints on �uid velo
ity divergen
es 
an alsobe obtained for nu
lear matter.A
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