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Abstract

We consider the four dimensional discontinuity generated by two identical pieces of
a five dimensional space pasted along their edge (that is a “brane” in a “Zs-symmetric”
“bulk”). Using a four plus one decomposition of the Riemann tensor we write the equations
for gravity on the brane and recover in a simple manner a number of known “brane
world” scenarios. We study under which conditions these equations reduce, exactly or
approximately, to the four dimensional Einstein equations. We conclude that if the bulk is
imposed to be only an Einstein space near the brane, Einstein’s equations can be recovered
approximately on the brane, but if it is imposed to be strictly anti-de Sitter space then
the Einstein equations cannot hold, even approximately, on a quasi-Minkowskian brane,
unless matter obeys a very contrived equation of state.



I. Introduction

Since their covariant description by Israel (clarifying earlier treatments by e.g. Lanc-
zos and Darmois) [1], thin shells have been intensively used as a model for matter in
general relativity. However a question is rarely asked when considering a four dimensional
spacetime, to wit whether or not matter on the shell obeys the three dimensional Einstein
equations, as there is no (experimental) reason why it should.

The situation changed recently with the increasing interest in gravity theories within
spacetimes with large extra dimensions and the advent of the idea that our universe may
be a four dimensional singular hypersurface, or “brane”, in a five dimensional spacetime,
or “bulk” [2]. Indeed, in this new context, it becomes crucial to recover Einstein gravity for
realistic matter on the brane, at least to some approximation compatible with the present
experiments.

The Randall Sundrum scenario [3], where our universe is a four dimensional quasi-
minkowskian edge of a double-sided perturbed anti-de Sitter spacetime, was the first ex-
plicit model where the linearized Einstein equations were claimed to hold on the brane.
This claim was substantiated by further analyses and the corrections to Newton’s law cal-
culated [4]. Soon followed the building of cosmological models where the brane is taken to
be a Robertson-Walker spacetime which can tend at late times to the standard big bang
scenario [5-6]. The perturbations of the geometry and matter content of these models, in
the view of calculating the microwave background anisotropies, are currently being studied
[7]. More sophisticated models, including, for example, two branes or curvature squared
corrections in the bulk gravity equations are also being considered [8-9].

In most papers the issue of whether or not Einstein’s equations can be recovered
on the brane is slightly confused for the following reason : some authors take a “brane
world” point of view, that is they ignore as much as they can the bulk, which shows up in
the gravity equations on the brane as some extra radiation fluid or seeds ; whereas other
authors impose a geometry for the bulk (to be e.g. perturbed anti-de Sitter spacetime)
and see how this geometry influences the equations for gravity in the brane. This divide
can be seen on the techniques used : the first category of authors tends to use gaussian
normal coordinates which are well adapted to the brane, whereas the second tends to
use coordinates adapted to the bulk (e.g. conformally minkowskian or Schwarzschild-like
coordinates). In this paper we shall adopt the first point of view. We make the junction
with the “bulk” point of view in an accompanying paper [10].

The issue however can be described in a coordinate independent way as follows. Start
with a (N+1)-dimensional “generating” spacetime V(y41) (that one can visualize as a
surface embedded in a higher dimensional space). Assume that V1) satisfies Einstein’s
equations, that is that the Einstein tensor of V(y1) is linearly related to some (smooth)
stress-energy tensor T4p. Consider in V(y41) a N-dimensional hypersurface My. Cut
V(n+1) along My into two parts V(lN +1) and V(QN +1) and keep, say V(lN +1)) which has now
a boundary M. Then make a copy of V(lN +1) and paste these two identical pieces along
M ; call the new spacetime with a discontinuity M n41)-

This cutting, copying and pasting procedure is the geometrical expression of the so-
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called Z>-symmetry *. In brane cosmology language, M n41) is the bulk and My is the
brane. Since M 1) has a delta-like curvature singularity at its edge M, it can satisfy
Einstein’s equations only if a delta-like tensor is added to 74p5. This new tensor (which
can be visualized as the “glue” necessary to paste the two copies of V(lN +1)> is the stress-
energy tensor of matter in the brane M y. It is given by the integrated Einstein equations
across My, also called the Lanczos-Darmois-Israel equation, and is linearly related to the
extrinsic curvature of My in the generating space V(ny1)-

A first remark is that any brane in any bulk cannot be kept as a candidate to represent
our universe since conditions (such as energy conditions or an equation of state) must be
imposed on the stress-energy tensor of the brane, that is, through the Lanczos-Darmois-
Israel equation, on its extrinsic curvature.

The conditions on the bulk and the brane are even more stringent if we impose that the
brane My itself satisfies Einstein’s equations (or an approximate version of those) because
this implies highly non trivial relations between the extrinsic and intrinsic curvatures of
the brane.

In this paper we show how the equations for gravity on a brane depend only on the
geometry of the bulk near the brane, but do so crucially (we shall be more precise about
what we mean by “near” below). We will first see that if the geometry of the bulk can
be chosen at will near the brane, then the Einstein equations can always be recovered on
the brane, whatever the matter we choose on it. Second, we will see that if the bulk is
imposed to be an Einstein space near the brane then the Einstein equations can also be
recovered on the brane, under the condition however that terms quadratic in the stress-
energy tensor of matter can be neglected (this result is already well known in the context
of brane cosmologies [5-6]) ; otherwise matter must satisfy a very special equation of state
(typically P = —%p). Finally we will see that if the bulk is imposed to be maximally
symmetric near the brane, then the Einstein equations cannot in general be recovered
on the brane, even when terms quadratic in the stress-energy tensor of matter can be
neglected (an exception being the case when the brane is a Robertson-Walker spacetime).
In particular, we will see that the linearized Einstein equations cannot hold on a quasi-
Minkowskian brane at the edge of a strictly anti-de Sitter bulk, unless matter obeys a very
contrived equation of state. Our approach, which is based on a four plus one decomposition
of the bulk Riemann tensor and an identification of the extrinsic curvature of the brane
with its stress-energy tensor (thanks to the Lanczos-Darmois-Israel equations), is similar
to that of references [11] and our results are an extension of those presented there.

The paper is organised as follows : in section 2 we express, in gaussian normal coor-
dinates, the metric near the brane in terms of the stress-energy tensor of matter on the
brane and an extra, “seed” tensor. We also write the equations for gravity on the brane
in terms of these two tensors and show that if the geometry of the bulk near the brane
can be chosen at will then the exact Einstein equations can be recovered on the brane.
In section 3 we restrict our attention to bulks which are Einstein spaces near the brane

* There are two distinct ways of pasting two identical pieces together along a cut: one
into another (double sided space) and one to another (single sided space). There is no
way to distinguish these two constructs by the intrinsic and extrinsic curvatures of their
discontinuity because they are the same for double sides or single sided spaces.
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and in section 4 to maximally symmetric bulks. Section 5 draws a few conclusions and we
relagate to an appendix the procedure to obtain by iteration the metric in the whole bulk,
when matter in the bulk is known everywhere and not only near the brane.

2. The equations for gravity on a brane

Consider an arbitrary smooth five dimensional “generating” space V5 that we foliate
(at least locally) by a family of timelike hypersurfaces ¥,. In gaussian normal coordinates
the metric of V5 reads

ds® = yapda’da® = dy® + v, (2”, y)dat da” (2.1)

where xf are four coordinates (one timelike, three spacelike) parametrizing the hypersur-
faces 3, and where z° = y = Const. are the equations of X,. We introduce the extrinsic
curvature of an hypersurface 3, and its trace

10y
K, =—-—* , K=~"K,, 2.2
as well as the Lanczos tensor
»pr = ]Cul/ - fy/J‘l/]C (23)
that we decompose in terms of a “7-tensor” as
1 K
E;w = 5)‘7;w + ETMV ) (24)

A being a “tension” and k a coupling constant.
We now single out the hypersurface ¥y = My. Near M, the metric can be expanded
in Taylor series as

1
Vo (2°5Y) = Guo (27) + ko (27) y + 5L (27) v’ +O0(y°) (2.5)
where g,,, is the metric on My. We write he expansion of the T-tensor as
Tuw = Ty (2°) + O, (27) y + O(y?) (2.6)

where 7}, and ©,, can be expressed in terms of k,,, and [, (see Appendix). Conversely
k.., and [, can be expressed in terms of 7}, and ©,, so that the metric near the brane
can be written as (1) with

1 1 1 1
Yuv =Guv (1 + g)‘y + E)‘2 y2) — RY (1 + EAy) (Tuu - nguu)

(2.7)
1 1 1
- iﬁyz {(G)uu - geguu> - g’f (9w Tpe TP — TTLW)} + O(yg)

traces being defined by means of g"”.



We now assume that V5 satisfies the five dimensional Einstein equations

1
Gap = 6)\2%43 +rk7ap (2.8)

where Gap is its Einstein tensor, and 745 a smooth stress-energy tensor. If we use the
standard four plus one decomposition of the five dimensional Riemann tensor R apcp

0
Rypyw = a_ylcuv + KpuK
Ryuvp = VuKyup = VK

Ruupo =1 Ruupo + ’Cuolcup - Icuplcua

(2.9)

where V,, and 472ng are the covariant derivative and Riemann tensor associated with
the metric v, (2”,y)|y=const., Wwe can rewrite the five dimensional Einstein equations (8)
in terms of the quantities introduced previously, at zeroth order in y, that is on My, as

KA K
Guu - —FTHV - EGHV—
2 1 o 1, (2.10a)
) woll — BTTLW + e (TPUTPU - gT )} + 6T |y=0
DVT: = —275,]y=0 (2.10b)
A 2 1
—R = —%T + % (Tpng“ — §T2) + 26755 |y=0 (2.10¢)

where G, is the Einstein tensor of the metric g,,, (—R) its trace, and D, the covariant
derivative associated with g,,. A consequence of (10) is

© — 270 +4T55 = i (—%TPUTW + §T2) : (2.11)

Equations (10) can be seen as an “initial value” problem (with inverted commas because
My is a timelike hypersurface) : given a metric and its first derivative in y on My, that is,
with the notations used here, given a metric g,, on My and a tensor T},,, satisfying the
constraints (10b) and (10c), then equation (10a) gives ©,, that is the second y-derivative
of the metric on the hypersurface. One then knows the metric and its first derivative on a
neighbouring hypersurface y = € and, by iteration, one can get in principle the metric in
the whole spacetime if T4 p is known everywhere (see the Appendix for an illustration of
such a procedure).

The reason for decomposing the five dimensional Einstein equations (8) in terms of
T, rather than the extrinsic curvature of My as is usual, is that, in brane cosmology,
T, is the stress-energy tensor of ordinary matter on the brane. Indeed, as recalled in
the Introduction, the “bulk” Mj is obtained by cutting Vs into two pieces along My, by
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making a copy of the y > 0 piece, say, and pasting it along M, which hence becomes a
singular hypersurface, or “brane”. The metric of M5 is continuous across M, and reads

YAB = P f >0
Tap =7apla’y) for w2 (2.12)
Yap = vap(z?,—y) for y<0.

The stress-energy tensor T4 g is defined similarly. The extrinsic curvature of My in Ms is
—(kuv/2) when y — 04 and +(k,, /2) when y — 0_. The Einstein tensor of Mj exhibits
therefore a delta like singularity at M, and satisfies the following equations

_ 1 _ _
Gap = 6/\2’?,43 + KkTap + KT (y) (2.13)

where T4 p is the stress-energy tensor of matter on the brane. Integrating (13) (using (9))
across y = 0, yields the Lanczos-Darmois-Israel equations [1]

TAS =0 ) KT/LV = 2£uu|y:0 = /\guu + KT/LV (214)

which amount to identifying the tensor 7}, we introduced with the stress-energy tensor of
ordinary matter on the brane. Equations (10) therefore become the equations for gravity
in the brane.

As for the “seed” temsor ©,,, which is related to the y-derivative of the extrinsic
curvature of My, it encapsulates the influence of the geometry of the bulk near (rather
than on) the brane, and can be expressed in terms of the Weyl tensor as in [11].

Now, it is clear that, if the geometry of the bulk near the brane can be chosen at will,
then the four dimensional Einstein equations

Gy = 8TGN T, (2.15a)

with )
8rGN = —6/@/\ (2.15b)

Gn being Newton’s constant, can be exactly recovered on the brane. Indeed one simply
has to impose

Toly—o = 0 (2.16a)
1
87})5|y:0 =K (§T2 - TpUTpU) (216b>
1 uv o 1 2
27;W|y:0 - @uu =K TypT,/p - ETTLW + 4 Tpng — gT . (2166)

If one wishes however that 745 describes some “realistic” matter, then conditions (16)
may not be fulfilled for a realistic T},,. Indeed, consider for example the case when matter
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in the bulk is a massless scalar field ® and the brane is a Robertson-Walker spacetime.
Equation (16b) then reads

W2+ ¢ = —%p(p +3P) (2.17)

where ¢ = g—§|y:0, b= %—‘f|y:0 (t being cosmic time), and where p and P are the energy
density and pressure of matter in the brane. For matter satisfying P > —p/3 (and kp > 0)
equation (17) has no solution. (Defining 87Gy = —§ kA, a being an arbitrary constant,
does not relax this constraint—mnor the others we shall encounter.)

Let us summarize this section : the metric near the brane is given in terms of the
metric of the brane, the stress-energy tensor of its matter content and a “seed” tensor
by equation (7) ; gravity on the brane is described by equations (10), 745 being the
stress-energy tensor of matter in the bulk ; these equations reduce to the four dimensional
Einstein equations if conditions (16) are satisfied.

3. The case of an Einstein bulk

When 74p|y—0 = 0 the bulk is an Einstein space near the brane. Introducing the
“seed” tensor

1 v 1
Y = O + K | T, T — 6T + % (TPUT’”’ — gTQ)] : (3.1)

the equations (2.10) for gravity in the brane are then equivalent to

K

G =8mGNT ), — EEW (3.2a)
with the seed tensor ¥, restricted to satisfy
n="r (1T2 - TpUT’”’) (3.2b)
2\3
D, =0. (3.2¢)

Note that equations (2b-c) define ¥, (and hence ©,,) up to a conserved and traceless
(that is radiation-like) tensor. As for the metric near the brane, it is given by (2.7), the
tensor O, being constrained to satisfy conditions (2b-c) (with the definition (1)).

The Einstein equations will hold on the brane if, first

1 v 1
Y0=0 <= 0, =—k|T,,T) - ETTW + % (TPUTW — gTz)} , (3.3)
and if matter on the brane satisfies the constraint
1 2 po
§T —T,:T"7 = 0. (3.4)
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Outside matter, T),, = 0. The constraint (4) is hence satisfied, so that the Einstein
equations can hold on the brane if we choose ©,,, = 0. The bulk metric near the brane is
then given by (2.7) with 7}, = O, =0, that is

1 1
Yor = Guv <1 +3Ay+ EAQ y? + O(zf’)) (3.5)

with g, a Ricci flat metric. We recognize in (5) the expansion of v,, = g,. exp A\y/3,
the metric studied in [12], which is obtained by iteration of equations (2.8) when 7T4p is
imposed to be zero everywhere, and not only on the brane (see the Appendix).

Inside matter, T, # 0. However, at linear order in 7),,, the constraint (4) is still
approximately satisfied. Einstein’s equations can therefore still hold approximately on the
brane if we choose ©,,, = 0. The bulk metric near the brane is given in that case by (2.7)
with ©,,, = 0 and the terms quadratic in 7}, neglected.

Now, if terms quadratic in the stress-energy tensor cannot be neglected, then (4)
becomes a restriction on the matter allowed on the brane. In the case of a perfect fluid :
Ty = (p+ P)uyu, + Py, it yields

1
P=—-p. (3.6)
3

In conclusion, when the bulk is an Einstein space in the vicinity of the brane, the
Einstein equations can be recovered on the brane, at least at linear order in T}, by
choosing ©,,,, = 0, whatever the equation of state for the matter. However, when quadratic
corrections are taken into account, the equations for gravity on the brane differ from
Einstein’s, unless matter satisfies the condition (4) (or 6).

These results generalize known results which can be found in the literature when the
brane is taken to be a spatially flat Robertson-Walker spacetime [5-6]. Indeed in that case
the metric g, and the stress energy tensor 7),, are supposed to be of the form

ge=-1 , gu=0 , gi=a*(t)d; (3.7)
Ty=p(t) , Tu=0 , Ty=a’P(t)s;. '
The solution of the equations for gravity on the brane is obtained by integrating either
equations (3.2), or equations (2.10) with 7y5 = 0. Equation (2.10b) for example is the
standard conservation law

/')-l-?)g(p-i-P):O. (3.8)
As for equation (2.10c) it reads
i a® KA K2p
A PR < L Py o 3.9

which is equivalent, whatever the equation of state, to

K C
— = — —2\) + — 3.10
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with ¢ a constant of integration. We recognize in (10) the evolution equation for the scale
factor a first obtained in [5]. Finally equation (2.10a) gives the “seed” tensor ©,, (and
hence the bulk metric near the brane to second order in y, see equation (2.7)) as
6c
@00 = K—p(5p+6p) Y
6 KaQ
. - , 92 (3.11)
@ij:—a 5ij 6(3P —|—6P,0+2p)+% .

In order, first, for these equations to reduce to the standard Friedmann equation, conditions
(2.16) (with 74 = 0) must be fulfilled : equation (2.16b) implies that, as we have already
seen, P = —p/3 (which renders equation (9) linear in p) ; hence p < a=2 ; equation (2.16c¢),
together with (11) then imposes ¢/a* = —k2p?/36 (which renders equation (10) equivalent
to the Friedmann equation).

Second, when terms quadratic in 7}, can be neglected, that is at late time, and when
©,, ~ 0, that is for ¢ = 0, then equation (10) tends, as expected, to the Friedmann
equation.

4. The case of an anti-de Sitter bulk

Suppose now that the bulk is maximally symmetric near the brane, that is that its
Riemann tensor R agcp is such that
/\2

Rapcply=0 = _%<'7AC'YBD — YADYBC)|y=0 - (4.1)

Using again the standard four plus one decomposition (see equation (2.9)) as well as the
quantities introduced in section 2 this equation can be rewritten as

K 1
@HV = _E [THPTE + guu (TPUTPU - gTz):| (42@)
1
0=D,1,,—-D,T,, — g(gupéyT — 9 0,T) (4.2b)
KT K2
Ruupa = _—(2)‘ + "“"T) (guogup - gupgua) - _(TuoTup - TupTua)

- 36 4 (4.26)
+ E(A + KT) (gLLUTVp - gupTua + Tuagup - Tupgua)

where R,,,, s is the Riemann tensor of the brane metric g,,,,. These equations which describe
gravity on the brane are more constraining than equations (3.2). For example they imply
that, outside matter (7}, = 0) : R, ,, = 0 which means that the brane is necessarily flat
(and not only a solution of (3.2) with 7),, = 0 as is the case when the bulk is only imposed
to be an Einstein space). Outside matter we also have 0,,, = 0 so that the metric near
the brane is, see equation (2.7) :

AN, 3
Vv = T {1+ 3y + 7297 + O(y°) (4.3)



which is nothing but the lower order expansion of the anti-de Sitter metric in the Randall-
Sundrum coordinates : ds? = dy? + 1, exp(\y/3), a metric which can be obtained by
iteration of equations (2) when the bulk is imposed to be anti-de Sitter spacetime every-
where an not only near the brane.

Inside matter, Equation (2a) gives ©,, in terms of the metric of the brane and its
matter content ; Equation (2b) is a constraint on the matter on the brane (which includes
the conservation law D, T} = 0 but is in general more constraining than that) ; and
Equation (2c) replaces the Einstein equations and describes gravity on the brane.

As an example, consider a spatially flat Robertson-Walker brane where the metric g,
and the stress energy tensor 7),, are given by (3.7). For such an Ansatz equation (2b) turns
out to be equivalent to the conservation law (3.8). As for equation (2c) it is equivalent to
(3.10) with

c=0. (4.4)

Finally (2a) gives ©,,, as (3.11) with ¢ = 0, or, equivalently, the bulk metric near the brane
to second order in y, which turns out to be the expansion at leading orders of the anti-de
Sitter metric in the gaussian normal coordinates introduced in [5]. Therefore, when one
considers Robertson-Walker branes, the difference is quite tenuous between imposing the
bulk to be just an Einstein space or maximally symmetric near the brane : in the latter
case the constant ¢ must be zero ; in the former it is arbitrary and, when P = —p/3, can
be chosen in such a way that the Friedmann equations hold exactly. And in both cases,
that is for ¢ = 0 or c arbitrary, the terms quadratic in 7},,, become negligible at late time
and the evolution of the brane tends to Friedmann’s.

For less symmetric branes however, the Einstein equations cannot in general be re-
covered, even when terms quadratic in 7}, are negligible, as we shall now see.

In order to compare and contrast the brane gravity equations (2) with the four dimen-
sional Einstein equations, let us compute the brane Einstein tensor from equation (2c).
We obtain

R K2 1

1 1

which, inside matter, can never exactly reduce to the Einstein equations (as we already
saw in the case of a Roberston-Walker brane). Now, at linear order in 7},,, and with the
identification 871Gy = —kA/6, equations (5) do reduce to the four dimensional Einstein
equations. However one must not forget that they are not equivalent to the linear version
of equations (2), that is

O =0 (4.6a)
1
0~D,T,,—D,T,, — g(gupﬁyT — guyﬁpT) (4.60)
KA KA
Rywpe = _§T<guagl/p — GupGvo) + E(gHUTVP = 9upTve + TuoGup — Tupguo)  (4.6¢)

but only a consequence of those, and one must check that the chosen solution of Einstein’s
equations satisfies all equations (6). This is the case, as we have already seen, when the
brane is a Robertson-Walker spacetime. But consider now the case of an almost flat brane.
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At zeroth order in T),, the brane must be flat and the metric can be taken to be
9uv = Nuv- We decompose the stress-energy tensor at first order, as is usual, into

Too = p ; Toi = —0iv —v;

1 (4.7)
Tij = 513' P — gAH -|-6in + 62‘1_13‘ + 63‘1_[1' + Hij

where 9;v° = 9;II° = §;I1¥ = II! = 0, and where all components tend to zero at spatial
infinity and at ¢ — f+o00. Equations (6b) then read

2
0~ 0 <®+§P+P) + 0;

1 ) . ) . .
0~ g&g(l) — AIL) + 0;;(IL + v) + 0;11; + 0;11; + 0;v; + 11,5

(4.8)
0~ 0;v; — 0jv;
0% $03404(p — AT) = 205:04(p — AT + 0;(DiTTy — L) + il — AT,
which include the conservation laws 9, T} ~ 0, that is
p+ALAv==0 , z}—f—P—l—gAHmO , U; + Al =0 (4.9)
but also impose matter to obey the following, very contrived, equation of state
pre AL, v -1 | Pzﬂ—gAH , v ~ I =~ I; = 0. (4.10)

3

Matter being described solely in terms of the anisotropic stress Il by equations (9-10),
equation (6¢) gives the Riemann tensor of the brane as

KA
Ryvpos E(nuoasp + nﬂpa?w - nupaga - nua@fp)ﬂ (4.11)

which defines uniquely the geometry of the brane as the conformally flat metric

1
Juv ~ (1 + 6/{)\ H) Ny - (4.12)

Finally equation (2.7), together with (6a) and (9-10) gives the metric near the brane as

1 1 1
Vv = N (1 + g/\y + E)\2 y2) — Ky (1 + 6)\ y) O 11 + O(y3) ) (4.13)

This metric describes, by construction, a strictly anti-de Sitter bulk near the brane and
can therefore be cast into the form (3) by a mere change of coordinates. However this
change of coordinates changes the equation giving the position of the brane which is no
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longer given by y = 0. The last term hence describes, in gaussian normal coordinates, the
so-called “brane-bending” effect (see also [13]).

5. Conclusions

The main result of this paper is that the question of whether or not Einstein’s equa-
tions are recovered on a brane depends crucially on the geometry of the bulk near the brane.
If the bulk is an Einstein space near the brane, then the Einstein equations, at least at lin-
ear order in the stress-energy tensor 7),,, can be recovered, whatever the equation of state
of the matter on the brane. However, when quadratic terms in 7),, cannot be neglected,
Einstein’s equations hold only if the equation of state for matter is P = —p/3 (for a per-
fect fluid). If, now, the bulk is imposed to be strictly anti-de Sitter space near the brane,
then the brane must be flat outside matter. Moreover the Einstein equations can never be
recovered when terms quadratic in 7}, are important. Finally, when terms quadratic in
T, can be neglected, the linearized Einstein equations can hold on a quasi-minkowskian
brane, but only for very contrived matter.

This last result does not by any means imply that the linearized Einstein equations
cannot be recovered in the Randall-Sundrum scenario. Indeed, in that scenario, the bulk
is a perturbed anti-de Sitter space, that is an Einstein space. The results of section 3 then
tell us that if we choose, at zeroth order in AT}, and ©,, the flat solution of the brane
equation for gravity (3.2a), then, at linear order, gravity on the brane is governed by the
equation

G ~ 8TGNT, — g@w (5.1)
where éuv is the Einstein tensor of the metric g,, = 7y, + hy, at linear order in hy,
and where K0, describes a radiation-like fluid which, a priori, can contribute as much as

GnTy to G’W but which can also be chosen to be zero. Finally the metric near the brane

reads
~ L4 2xygd 292 —wy (14 2Ay) (Lo - 27
Yuv =~ Nuv 3 Yy 18 Yy Y 6 Yy w3 Nuv

: (5.2)

1
- iﬁyz <®/Jl/ - g@ﬁuy) + O<y3)

which is not simply, as (4.13), anti-de Sitter metric in disguise.

We leave to another work [10] the comparison of the “brane world” point of view
developped here with the “bulk” point of view where the bulk is imposed to be a perturbed
anti-de Sitter space everywhere and not only near the brane and where the perturbations
are imposed to satisfy boundary conditions which may restrict ©,, and/or T},,.
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Appendix

=

Consider a five dimensional spacetime V5 in gaussian normal coordinates x P y)

ds® = yapda?de® = edy® + 7, (2, y)dat dz” (B1)
with € = £1 and expand the metric coefficients v, (z”, y) near the surface y =0 as
1 1
Vi (2°59) = G (@) + Ky (@) y + Sl (2) Y7 + e (2°) 7 + Oy"). (B2)

The extrinsic curvature of the surface y = Const. and its y-derivative are given by

10y, 1 1
Ko = =3 55" = =5 (b v+ s’ + 0
oK 1 (B3)
8; = _5 (luu + muy y) + O(yQ) .
The Riemann tensor of the metric (B1) reads
0 p
Rypyw = 8—y/CW + Kpu K
(B4)

Ryuvp = ViKup = VoK
Ryvpo =* Ruvpo + € (ICHUICVP - Icuplcw)

where V,, and 473“”[)0 are the covariant derivative and Riemann tensor associated with
the metric v, (2”, y)|y=const.- Expanding (B4) to first order in y, it is a straightforward
calculation to obtain the Einstein tensor of the metric (B1) as

Rt (k2 — k)
8 (B5a)

y[2e(0k — D.k+k.R)+kl —k.1—k(k.k)+k.k.k +O®2)

gyy:_

_|_

NG NG RN Y

where R and D are the scalar curvature and covariant derivative of the metric g,,,,, where
traces are defined by means of g, where O = D,D? and where a.b = a,,0", a.b.c =
a,,b"Pct

nv p

1 1%
gyu = ) (DVku - 8uk)
1 1 3 , (B5b)
= S0 |l = Dol = SKED s+ Dy (k) — S0,0k K)| + O(2).
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Finally

1 1
Gpv = G + % {ng L+ Kok = SRk + 59 (K = 3k .k:)}

€ 1 1
+ -y [mgw — My + kppll + kupll, — Kl — 1k + 59, (k1 — 2k l)}

2 2 2

(B5c)
1 1

- gy N L 1 (k= Kk, + 5 [k k) = 3k k .k]}

1
+5Y [Dpuk, + Dpykl, — Ok — Dk — g (D .k — 0Ok — k .R) — Rk

where G, is the Einstein tensor of the metric g,,,.
If now V5 is imposed to be an Einstein space, Gap = Ayap, not only on the brane as
in the main text but at linear order in y, then

gyy - €A 9 gyy, - O 9 gy,l/ = A(g,ul/ + ykIJV) + O(yQ) ‘ (BG)

Suppose now that we are given a metric and its y-derivative at y = 0, that is that we
know g,,, and k,, satisfying the constraints

1
Dkl — 0k =0 , —eR+ Z(k2 —k.k) = 2eA. (B7)

Then equations (Bb5a-b) with (B6) are satisfied at zeroth order in y, and equation (Bbc)
(with (B6)) gives [, in terms of g,,, and k,, as

1 1
b = gl = 2€Guy + Kikpy — Sk + 7 9w (K* — 3k k) — 2eAg,., . (B8)

Hence the zeroth order Einstein equations give us the metric near the brane at quadratic
order in y.

It is then straightforward to see that equations (B5a-b) together with (B6) are satisfied
at linear order in y. As for equation (B5c) together with (B6) it gives m,,,, and hence the
metric at cubic order in y.

[terating this procedure, assuming that Vs is an Einstein space up to higher and higher
order in y should give the metric of V5 everywhere (or at least in a finite region near y = 0).

To make the connection with the main text, first take ¢ = +1 and A = A\?/6 and

()]

introduce the “7”-tensor

K 1
§Tuu = ICMV - ’)//U/’C - 5/\’7uu (BQ)

and expand it as

1
T =T + YO, + §y2HW +O(y*). (B10)
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Using (B2) we have

K 1

ETMV = _i[klw + (A= k)gul/]

K 1

O = 3l + = Kb — (1~ b K)ga (B11)
1

gHW = =5+ A= Bl = 20— k k) — (m = 3k + 2k & K)gy ]

Consider now the particularly simple example where, instead of knowing g,,, and k,,,,
(or equivalently 7),,), we are given

Ty = O, = 0. (B12)
Then we first get from (B11)

)\2
?guu . (Blg)

kun = 59 and [, =

3

Equations (B5) together with (B6) then give, at zeroth order in y
G =0 (B14)

and, at linear order in y
)\3
My = ﬁguv and H,, =0. (B15)

The metric near the brane is then the expansion, up to cubic order in y of the metric
Yur = Guv €xp(Ay/3), g, being a Ricci flat metric. We also have that 7, is zero up to
quadratic order in y. Iterating the procedure, with the condition that Vs is an Einstein
space everywhere would yield (at least in a finite region near y = 0)

Guw =0 , Yw=9wexp(Ay/3) , 7T, =0 (B16)

that is the metric discussed in [12].
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