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Abstract

There is a good deal of current interest in the condensate < Aa
µA

µ
a > which has been seen

to play an important role in calculations which make use of the operator product expansion.

That development has led to the publication of a large number of papers which discuss how that

condensate could play a role in a gauge-invariant formulation. In the present work we consider

quark propagation in the presence of such a condensate which we assume to be present in the

vacuum. We show that the gluon propagator has no on-mass-shell pole and, therefore, a gluon

cannot propagate over extended distances. That is, the gluon is a nonpropagating mode in the

gluon condensate.
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I. INTRODUCTION

Recently studies making use of the operator product expansion (OPE) have provided

evidence for the importance of the condensate < Aa
µA

µ
a > [1-3]. (There is a suggestion that

such a condensate may be related to the presence of instantons in the vacuum [4].) The

importance of that condensate raises the question of gauge invariance and there are now a

large number of papers that address that and related issues [5-19]. We will not attempt to

review that large body of literature, but will consider how the presence of an < Aa
µA

µ
a >

condensate modifies the gluon propagator and the vacuum polarization function in QCD. We

may mention the work of Kondo [7] who was responsible for introducing a BRST-invariant

condensate of dimension two,

Q =
1

Ω
<

∫

d4xTr

(

1

2
Aµ(x)Aµ(x) − αic(x) · c̄(x)

)

>, (1.1)

where c(x) and c̄(x) are Faddeev-Popov ghosts, α is the gauge-fixing parameter and Ω is the

integration volume. Kondo points out that Ω reduces to A2
min in the Landau gauge, α = 0.

Here the minimum value of the integrated squared potential is A2
min, which has a definite

physical meaning [7].

In our early work [20] we assumed that the condensate carried little or zero momentum.

The vector potential of the theory was divided into a condensate field, Aa
µ(x), and a fluc-

tuating field, Aa
µ(x). The field Aa

µ(x) is independent of x and has zero vacuum expectation

value in our model..

We define an order parameter, φ2
0, in a covariant gauge:

< vac | A
a
µ(0)Ab

ν(0) | vac >= −
δab

8

gµν

4
φ2

0. (1.2)

The field tensor for QCD is given by

Ga
µν(x) = ∂µA

a
ν(x) − ∂νA

a
µ(x) + gfabcAb

µ(x)Ac
ν(x). (1.3)

We insert

Aa
µ(x) = A

a
µ + Aa

µ(x) (1.4)

into Eq. (1.3) and define

Ga
µν(x) = G

a
µν + Ga

µν(x), (1.5)

2



where

G
a
µν = gfabc

A
b
µA

c
ν (1.6)

is the condensate field tensor. We stress that, if the zero-momentum mode is macroscopically

occupied, Aµ
a and Gµν

a may be treated as classical fields. However, we must maintain global

color symmetry and Lorentz invariance when using such fields.

As noted above, in our model [20], the gauge-invariant condensate parameter

< vac |: g2(µ̃2)Ga
µν(0)Gµν

a (0) :| vac >, is related to the condensate parameter,

< vac |: g2(µ̃2)Aa
µ(0)Aµ

a(0) :| vac >. This relation follows from our assumption that the

condensate is in a zero-momentum mode. Since we have a phenomenological value for

< vac |: g2(µ̃2)Ga
µν(0)Gµν

a (0) :| vac >, obtained from QCD sum-rule studies [21], we can

obtain a value for < vac |: g2(µ̃2)Aa
µ(0)Aµ

a(0) :| vac > by the following procedure.

Using the assumption that the condensate carries zero momentum, we identify the con-

densate contribution as

1

4π2
< vac |: g2(µ̃2)Ga

µν(0)Gµν
a (0) :| vac >

=
1

4π2
< vac |: g2(µ̃2)Gµ

a(0)Ga
µ(0) :| vac > (1.7)

=
1

4π2

∑

fabcfab′c′ < vac | g4(µ̃2)Ab
µ(0)Ac

ν(0)Aµ
b′(0)Aν

c′(0) | vac > . (1.8)

We may write

< vac | A
b
µ(0)Ac

ν(0)Aρ
b′(0)Aη

c′(0) | vac >

=
φ4

0

(32)(34)
[gµνg

ρηδbcδb′c′ + g ρ
µ g η

ν δbb′δcc′ + g η
µ g ρ

ν δbc′δcb′]. (1.9)

We have previously calculated matrix elements of this type by several methods. In one

work we calculated matrix elements of the condensate potential after constructing | vac >

as a coherent-state in the temporal gauge [22]. In another work [20] we wrote Aa
µ(0) =

φ0η
a
µ, where ηa

µη
µ
a = −1. In the latter scheme ηa

µ was averaged over the gauge group when

calculating matrix elements of products of condensate fields. (One way to check the factor

(32)(34), which appears in the denominator of Eq. (1.9), is to set b = c, µ = ν, ρ = η

and b′ = c′ and sum over identical indices.) We may insert the vacuum state between the

operators to obtain

< vac | A
b
µ(0)Aµ

b (0) | vac >< vac | A
ρ
b′(0)Ab′

ρ (0) | vac >= φ4
0. (1.10)
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This then agrees with the result obtained when evaluating the right-hand side of Eq. (1.9).

Now, using Eq. (1.9) in Eq. (1.8), we find

1

4π2
< vac |: g2(µ̃2)Ga

µν(0)Gµν
a (0) :| vac >=

9

(4)(34)π2
(g2(µ̃2)φ2

0)
2, (1.11)

from which we obtain

g2(µ̃2)φ2
0 = 1.34(GeV)2. (1.12)

We will make use of these results in the following.

In this work we discuss the form of the gluon propagator in some detail. We also contrast

the structure of the propagator in QCD and QED. In this comparison the distinction between

theories with and without boson condensates is particularly clear. A characteristic of a

theory with condensates is the appearance of a term proportional to gµνδ
4(k) in the gluon

propagator. This term describes the macroscopic occupation of the zero-momentum mode

and provides a covariant representation of the effect of the condensate in modifying the

structure of the propagator.

The organization of our work is as follows. In Section II we review the introduction of

the vacuum polarization tensor in the case of QED. In Section III we discuss the vacuum

polarization tensor for QCD and in Section IV we review the Schwinger mechanism for

dynamical mass generation for gauge fields [23]. In Section V we define a dielectric function

for QCD and present the results of our calculation of that quantity. In Section VI we

consider various additional terms that appear in the polarization function in our model.

Finally, Section VII contains some further discussion and conclusions.

II. THE PHOTON PROPAGATOR AND THE DIELECTRIC FUNCTION IN

QED

In this section, we review standard results for the photon propagator in QED. (This

material is available in the standard textbooks.) The propagator may be written as

iDem
µν (k) = −i

[

(gµν − kµkν/k
2)

k2(1 − Π1
em(k2))

+
λkµkν

(k2 + iǫ)2

]

, (2.1)
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where Π1
em(k2) is a finite quantity with the following limits (to order α),

Π1
em(k2) = −

α

15π

k2

m2
, k2 → 0 ; (2.2)

=
α

3π
ln

(

−k2

m2

)

−
5α

9π
, k2 → −∞. (2.3)

It is useful to define the dielectric function,

κ(k2) = [1 − Π1
em(k2)] (2.4)

so that

κ(k2) →

[

1 +
α

15π

k2

m2
+ · · ·

]

, k2 → 0, (2.5)

and

κ(k2) →

[

1 −
α

3π
ln

(

−k2

m2

)

+
5α

9π
+ · · ·

]

, k2 → −∞. (2.6)

A charge placed in the vacuum gives rise to a potential,

V (~k) =
e

κ(~k2) | ~k |2
, (2.7)

which, for small distances, behaves as

V (~k) →
e

[1 − α
3π

ln(
~k2

m2 ) + · · ·] | ~k |2
. (2.8)

This is the standard result, which indicates that QED becomes strongly coupled at short

distances. We make the observation that Dem
αβ (k) has a pole at k2=0. We make this ap-

parently trivial observation, since we wish to demonstrate that in our model there is no

corresponding pole in the gluon propagator in QCD - that is, the gluon becomes massive

via the Schwinger mechanism.

For completeness, we note that the polarization tensor has the form,

Πem
µν (k) =

(

gµν −
kµkν

k2

)

Πem(k), (2.9)

= (gµνk
2 − kµkν)Π

em
1 (k),

and we have

iDem
µν (k) = iD0

µν(k) + iD0
µρ(k) [iΠρη

em(k)] iDem
ην (k), (2.10)
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where

iD0
µν(k) = −i

[

(gµν − kµkν/k
2)

k2 + iǫ
+

λkµkν

(k2 + iǫ)2

]

. (2.11)

It is also useful to rewrite Eq. (2.10) as

iDµν(k) = iD(0)
µν (k) + iD(0)

µρ (k)

[

iΠ(k)

1 − Π(k)/k2

]ρη

iD(0)
ην (k). (2.12)

The term [−iλkµkν/(k
2 + iǫ)2] is common to both sides. Therefore we may put

DT
µν(k) ≡ −[gµν − kµkν/k

2]DT (k), (2.13)

D(0)T
µν (k) ≡ −[gµν − kµkν/k

2]D
(0)
T (k), (2.14)

with

DT (k) =
1

k2 − Π(k) + iǫ
, (2.15)

and

D
(0)
T (k) =

1

k2 + iǫ
, (2.16)

to obtain the relation

[

Π(k2)

1 − Π(k2)/k2

]

= [D
(0)
T (k)]−1 [DT (k) −D

(0)
T (k)] [D

(0)
T (k)]−1. (2.17)

The left-hand side of Eq. (2.17) is related to the time-ordered product of the currents,

(

gµν −
kµkν

k2

) [

Π(k2)

1 − Π(k2)/k2

]

= i

∫

d4x eik·x < vac | T [jµ(x)jν(0)] | vac > . (2.18)

Note that Π(k2) is the irreducible self-energy, while the matrix element of the time-ordered

product of the currents gives rise to a reducible form.

We remark that the equation for the vector potential is

[

−gµν
� + (1 −

1

λ
)∂µ∂ν

]

Aν(x) = −jµ(x). (2.19)

Thus

∂µj
µ(x) =

1

λ
�(∂νA

ν(x)). (2.20)
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However, in QED we have

∂µj
µ(x) = 0 (2.21)

as an operator relation from which it follows that

�(∂νA
ν(x)) = 0 (2.22)

is an operator relation.

Since the current is explicitly conserved in QED, Π(k2) is independent of the gauge-fixing

parameter. In general, we can write

jµ(x) = jµ
T (x) + jµ

L(x), (2.23)

where

jµ
T (x) = (gµν − ∂µ 1

�
∂ν)jν(x), (2.24)

and

jµ
L(x) = ∂µ 1

�
∂νjν(x). (2.25)

We see from Eq. (2.21), that jµ
L(x) = 0 in QED.

In the case of QCD the situation is more complicated since current conservation does not

appear at the operator level in a covariant gauge. Gauge fixing breaks the general local gauge

invariance of the theory. (However, gauge fixing is necessary for covariant quantization, since

without such a procedure one finds that the momentum conjugate to Aa
0(x) is zero.) In

QCD one usually uses path-integral quantization. That formalism leads to the introduction

of ghost fields. These fields insure unitarity for the gluon channels and lead to a transverse

form for Πµν
ab (k), the vacuum polarization tensor in QCD.

III. COVARIANT QUANTIZATION IN QCD

Consider the Yang-Mills Lagrangian for a SU(3) color theory without quarks. We have

L(x) = −
1

4
Ga

µν(x)G
µν
a (x) −

1

2λ
(∂µA

µ
a(x))

2 − ∂µφ̄a(x)∂
µφa(x)

+gfabc[∂µφ̄a(x)φb(x)A
µ
c (x)], (3.1)
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where φa(x) and φ̄a(x) are ghost fields and λ is a gauge-fixing parameter. Now with

Gµν
a (x) = ∂µAν

a(x) − ∂νAµ
a(x) + gfabcAµ

b (x)Aν
c (x), (3.2)

and using Eq. (3.1), we have

∂µG
µν
a (x) +

1

λ
∂ν(∂µA

µ
a(x)) = jν(x) (3.3)

= −gfabcAb
µ(x)G

µν
c (x) − gfabc[∂ν φ̄b(x)]φc(x),

which we write as
[

−gµν
� + (1 −

1

λ
∂µ∂ν

]

Aa
ν(x) = −Jµ

a (x), (3.4)

where

Jµ
a (x) = −gfabcAb

ν(x)G
νµ
c (x) − gfabc∂ν(A

ν
b (x)A

µ
c (x)) − gfabc[∂µφ̄b(x)]φc(x). (3.5)

Note that Jµ
a (x) is conserved in the classical theory. We write

Jµ
a (x) = Jµ

T,a(x) + Jµ
L,a(x) (3.6)

using definitions analogous to those in Eqs. (2.24) and (2.25). Then

∂µJ
µ
a (x) = ∂µJ

µ
L,a(x) (3.7)

and

∂µJ
µ
a (x) =

1

λ
�(∂µA

µ
a(x)). (3.8)

As in QED, the constraints imposed by current conservation in the physical Hilbert space

can be maintained by calculating with Ja
T,µ(x) instead of Ja

µ(x). (We remark that the ghost

fields do not contribute to Ja
T,µ(x).) Note that

�Aµ
T,a(x) = Jµ

T,a(x), (3.9)

1

λ
∂µ(∂νA

ν
L,a(x)) = Jµ

L,a(x), (3.10)

and

1

λ
�(∂νA

ν
L,a(x)) = ∂µJ

µ
L,a(x), (3.11)
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which also follows from Eqs. (3.7) and (3.8).

We may also write

[gµν − kµkν/k2]

[

Π(k2)

1 − Π(k2)/k2

]

δab = [gµνk2 − kµkν ]

[

Π1(k
2)

1 − Π1(k2)

]

δab (3.12)

= i

∫

d4x eik·x < vac | T [Jµ
T,a(x)J

ν
T,b(0)] | vac >,

where the polarization tensor is defined as

Πµν
ab (k) = (gµν − kµkν/k2)Π(k2)δab, (3.13)

= (gµνk2 − kµkν)Π1(k
2)δab. (3.14)

The division of the field into transverse and longitudinal parts does not have the same

utility in QCD as in QED, since Jµ
T,a(x) and Jµ

L,a(x) have a nonlinear dependence on the

gluon field. Therefore, the field equations do not separate into transverse and longitudinal

equations in the case of QCD. The quantities Π(k2) and Π1(k
2) are defined in terms of

conserved currents, Jµ
T,a(x). If we work with Jµ

a (x) rather than Jµ
T,a(x), the ghost fields will

insure that Πµν
ab (k) has a transverse structure. However, if one does not insure the constraint

< ψ | ∂µA
µ
a(x) | ψ > = 0, one finds a dependence on the parameter λ in Π(k2). While

the presence of ghosts insure unitarity relations, they do not serve to impose the constraint

∂µA
µ
a(x) = 0. We stress this point since, if our calculations of Πµν

ab (x) led to a transverse

result, but one that was gauge-dependent, our result would be of less significance. (Recall

that Πµν(k) is a physical, that is, gauge-independent quantity in QED.) For our analysis,

we demonstrate, by explicit calculation, that the form we calculate is gauge-independent.

Our calculation corresponds to a diagrammatic analysis, made in the Landau gauge, with

condensate ghosts added to insure the transverse nature of Πµν
ab (k) [24].

IV. DYNAMIC MASS GENERATION VIA THE SCHWINGER MECHANISM

The term in Jν
a (x), −g2fabcf cdeAb

µ(x)A
µ
d(x)Aν

e(x), will give rise to a gluon mass term

if there is a gluon condensate in the QCD ground state. We find a contribution to the

conserved (transverse) current of the form

Jµ
a (x) = −m2

G

[

gµν − ∂µ 1

�
∂ν

]

Aa
ν(x), (4.1)
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where

m2
G =

9

32
g2(µ̃2)φ2

0. (4.2)

This corresponds to a contribution to the polarization tensor of the form

Πab
µν(k) = δab(gµν − kµkν/k

2)m2
G, (4.3)

with m2
G = 614 MeV, if we use Eq. (1.12). [See Fig. 1]. It is, therefore, useful to define

Π1(k
2) =

m2
G

k2
+

ΠA(k2)

k2
, (4.4)

where the second term does not have a pole as k2 → 0. We also have

Π(k2) = m2
G + ΠA(k2). (4.5)

The appearance of a pole at k2 = 0 in Π1(k
2) defines the Schwinger mechanism [23].

It is also useful to subtract the quantity given in Eq. (4.1) from the current and define

Ĵµ
a (k) = Jµ

a (k) +m2
G(gµν − kµkν/k2)Aa

ν(k) (4.6)

in momentum space. Then we have

[

(k2 −m2
G)(gµν − kµkν/k2) +

1

λ
kµkν

]

Aa
ν(k) = −Ĵµ

a (k). (4.7)

We now write a first-order propagator as

iD
(1)µν

ab (k) = −i

[

gµν − kµkν/k2

k2 −m2
G

+ λ
kµkν

(k2 + iǫ)2

]

δab, (4.8)

and also write

iD(k2) = iD(1)(k2) + iD(1)(k2)





iΠA(k2)

1 − ΠA(k2)
k2

−m2

G



 iD(1)(k2), (4.9)

where

D(1)(k2) = −[k2 −m2
G]−1, (4.10)

and

D(k2) = −[k2 −m2
G − ΠA(k2)]−1. (4.11)

10



FIG. 1: a) Calculation of the gluon self-energy in the condensate. The first term shows the origin

of the gluon mass term in the mean-field approximation. The dashed line refers to a condensate

gluon of zero momentum. In the second part of a) we show a contribution to the (irreducible)

polarization tensor in the single (condensate) loop approximation. b) Diagrams which contribute

to the polarization tensor in QCD. The wavy line is a gluon, the solid line is a quark, and the third

diagram represents the gluon field. c) Some corrections to the diagrams of (b) due to the presence

of a gluon condensate.
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Thus we see that, after absorbing the mass term in D
(1)
µν , the quantity ΠA(k2) is related

to the time-ordered product of the Ĵa
T,µ(x):

[gµν − kµkν/k2]





ΠA(k2)

1 − ΠA(k2)

k2
−m2

G



 δab = i

∫

d4x eik·x < vac | T [Ĵµ
T,a(x)Ĵ

ν
T,b(0)] | vac > .(4.12)

(We again note that, in our calculations, ΠA(k2) is independent of the gauge fixing param-

eter, λ.) Equation (4.12) is a generalization of Eq. (2.18) and reflects the presence of a

condensate in the QCD vacuum which makes the gluon massive.

We also remark that, after gauge fixing, the theory with ghost fields has a form of gauge

invariance - the BRST gauge symmetry. This symmetry allows one to derive the analog of

the QCD Ward identities in QCD - the Slavnov-Taylor identities. (We note that the ghost

condensate introduced in Ref. [24] is BRST invariant.)

V. THE GLUON PROPAGATOR AND THE DIELECTRIC FUNCTION IN QCD

One is tempted to write the analog of Eq. (2.1) in the case of QCD. However, if there

is a gluon condensate present, there is an essential modification to be considered. We recall

that we found it useful to divide Aa
µ(x) into a condensate field, Aa

µ(x), and a fluctuating

field, Aa
µ(x). (We made the assumption that the condensate field is in the zero-momentum

mode and therefore, Aµ
a(x) is independent of x.)

Thus, in coordinate space, we have

iDab
µν(x, x

′) = < vac | T [Aa
µ(x)A

b
ν(x

′)] | vac > (5.1)

= < vac | A
a
µA

b
ν | vac > + < vac | T [Aa

µ(x)A
b
ν(x

′)] | vac > (5.2)

= −
gµν

4
φ2

0

δab

8
+ < vac | T [Aa

µ(x)A
b
ν(x

′)] | vac > . (5.3)

Our expression for the gluon propagator in momentum space is then

iDab
µν(k) = −

gµν

4
φ2

0

δab

8
(2π)4δ(4)(k) − i

[

(gµν − kµkν/k
2)

k2[1 − Π1(k2)]
+ λ

kµkν

(k2 + iǫ)2

]

. (5.4)

We see the first characteristic difference when we compare Eq. (5.4) with Eq. (2.1), that

is, the presence of a delta function. Whether such a term is present depends on whether or

not one has a ground-state condensate in the zero-momentum mode.
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We can define a QCD dielectric function:

κ(k2) = [1 − Π1(k
2)]. (5.5)

As noted earlier, the Schwinger mechanism refers to the a fact that, if κ(k2) has a pole at

k2 = 0, the gluon has a dynamical mass and the pole at k2 = 0 in Dab
µν(k) disappears. In an

earlier work we found that m2
G = (9/32)g2φ2

0. As we will see in this work

κ(k2) =

[

1 −
m2

G

k2
+

4η2

k2 −m2
G

]

(5.6)

where η2 = (3/32)g2φ2
0. (Thus m2

G = 3η2.) The result given in Eq. (5.6) follows from the

calculation of the diagrams in Fig. 1 subject to the constraints required in the covariant

formalism. The quantity κ(k2) defined in Eq. (5.6) is shown in Fig. 2. It is interesting

to note that if the Schwinger mechanism is operative, that is, if there is a pole in κ(k2) at

k2 = 0, one needs an additional singularity to avoid having a zero in κ(k2). Such a zero would

imply that gluons could go on-mass-shell, a clearly unsatisfactory result. It is gratifying that

at the next level of approximation (one condensate loop) one finds the necessary singular

term that maintains the relation κ(k2) 6= 0.

We do not have all the terms contributing to κ(k2). For example, there will be terms of

order g2(φ2
0/k

2) or g2 ln(φ2
0/ | k2 |) in the deep Euclidean region. The origin of such terms

may be seen in Fig. 1, where we have shown how the presence of the condensate can lead

to (power) corrections to the asymptotic behavior of the polarization tensor in the region

k2 → −∞.

We also note that the only way to form a small parameter in this model is to construct

the ratio [g2φ2
0/(−k

2)] which is small for large spacelike k2. The nonperturbative analysis

is clearly not an expansion in a small parameter. That is characteristic of nonperturbative

approximations in general. Usually it is difficult to find a completely satisfactory organi-

zational principle for a nonperturbative expansion. One that is extensively used is a loop

expansion. The zero-loop or “tree-approximation” corresponds to the mean-field approxi-

mation. This approximation is used extensively in field theory and many-body physics. In

our analysis the first term in Fig. 1a is identified as the “tree” or mean-field approximation.

That approximation is sufficient to generate the gluon mass via the Schwinger mechanism.

The second term in Fig. 1a may be thought of as a (condensate) one-loop correction to the

mean-field approximation. It is, of course, interesting that we find nonpropagation of gluons
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FIG. 2: The dielectric constant κ(k2) = [1 −
m2

G

k2 + 4η2

k2
−m2

G

] is shown. The singularity at k2 = 0

reflects the operation of the Schwinger mechanism [23]. (Here we see how the infrared singularities

of the theory lead to nonpropagation of gluons in the QCD vacuum, a result which has long been

conjectured to be true.)

already in the one-loop approximation. Increasing the number of condensate loops increases

the number of factors of g2φ2
0 which appear in the numerator of the terms which make up

κ(k2). That is, at the tree level, we obtain the m2
G/k

2 term and at the one-loop level, we

find the term −4η2/(k2 −m2
G).

We now wish to obtain the contribution to Πµν
ab (k) of the form

(gµν − kµkν/k2)

[

−4η2k2

k2 −m2
G

]

(5.7)

displayed above. In the calculational scheme adopted, the result obtained is independent of

the gauge-fixing parameter λ.

Combining the above result with Eq. (4.3), the mean-field plus the one (condensate) loop

14



result for the polarization tensor is

Πab
µν(k) = δab(gµν − kµkν/k

2)

[

m2
G −

−4η2k2

k2 −m2
G

]

. (5.8)

We had

δab(g
µν − kµkν/k2)





Π(k2)

1 − Π(k2)

k2
−m2

G



 = i

∫

d4x eik·x < vac | T [Ĵµ
T,a(x)Ĵ

ν
T,b(0)] | vac > . (5.9)

From our definition of Ja
ν (x), we find

Ja
ν (x) = gfabc[Aµ

b (x)∂νA
c
µ(x) − 2Aµ

b (x)∂µA
c
ν(x) − Ac

ν(x)∂
µAb

µ(x)] (5.10)

+g2fabcfa′b′c[Ab
µ(x)Aµ

b′(x)A
a′

ν (x)].

We insert

Aa
µ(x) = A

a
µ(x) + Aa

µ(x) (5.11)

into the last expression to obtain

Ja
ν (x) = gfabc[A

µ
b (x)∂νA

c
µ(x) − 2A

µ
b (x)∂µA

c
ν(x) − A

c
ν(x)∂

µAb
µ(x)] (5.12)

+gfabc[A
µ
b (x)∂νA

c
µ(x) − 2Aµ

b (x)∂µA
c
ν(x) −Ac

ν(x)∂
µAb

µ(x)]

+g2fabcfa′b′c[Ab
µ(x) + Ab

µ(x)][A
µ
b′(x) + Aµ

b′(x)][A
a′

ν (x) + Aa′

ν (x)].

Since we are here working to order (g2φ2
0), we will drop the last term of Eq. (5.12) at

this point. (However, we note that it is responsible for the term proportional to m2
G in Eq.

(5.8).) Thus, we may use the approximation

J̄a
ν (x) ∼= gfabc[Aµ

b ∂νA
c
µ(x) − 2A

µ
b ∂µA

c
ν(x) + A

b
ν∂

µAc
µ(x)] (5.13)

for the calculation to be made here. (Note that, in the last term, we have interchanged b

and c and changed the sign of that term.) We maintain the constraint

< ψm | ∂µJ̄
µ
a (x) | ψn >= 0, (5.14)

and implement that constraint by using only the conserved current, Ĵa
T,µ(x), in our calcula-

tion. We can define the projection operator

PT
µν = gµν − ∂µ

1

�
∂ν , (5.15)

15



which in momentum space has the form

PT
µν = [gµν − kµkν/k

2]. (5.16)

We have

Ĵa
T,ν(x) ≡ PT

νµJ
µ
a (x). (5.17)

Thus, using Eq. (5.13), we find

Ĵa
T,ν(x) ≃ gfabc[Aρ

bP
T
νµ∂

µAc
ρ(x) − 2A

ρ
bP

T
νµ∂ρA

µ
c (x) (5.18)

+P T
νµA

µ
b ∂

ρAc
ρ(x)].

The first term in Eq. (5.18) is equal to zero. the last term in Eq. (5.18) can be dropped

because of the constraint

< ψn | ∂µA
µ
c (x) | ψm >= 0. (5.19)

To the order considered, we have

i < vac | T [Ĵν
T,a(x)Ĵ

ν′

T,a′(x′)] | vac >

= i g2fabcfa′b′c < vac | T{−2A
b
ρP

νµ
T ∂ρAc

µ(x)} × {−2A
b′

ρ′P
ν′µ′

T ∂
′ρ′Ac′

µ′(x′)} | vac > (5.20)

= i g2fabcfa′b′c < vac | A
b
ρ A

b′

ρ′ | vac > (5.21)

×{4P νµ
T P ν′µ′

T } < vac | T{∂ρAc
µ(x) ∂

′ρ′Ac′

µ′(x′)} | vac >

= i g2fabcfa′b′c

[

−φ2
0

δbb′

8

gρ′ρ

4

]

{4P νµ
T P ν′µ′

T } ∂ρ∂′ρ
′

[iDcc′

µµ′(x, x′)]. (5.22)

We write

Dcc′

µ′ν′(x, x′) = δcc′Dµν′(x, x′), (5.23)

and find

i < vac | T [Ĵν
T,a(x)Ĵ

ν′

T,a′(x′)] | vac >=
3

32
g2φ2

0 δaa′ [ 4P νµ
T P ν′µ′

T ∂ρ∂
′ρ Dµµ′(x, x′)]. (5.24)

Now introduce

Dµµ′(k) = −

[

P T
µµ′

k2 −m2
G − ΠA(k2)

+
λkµkµ′

(k2 + iǫ)2

]

, (5.25)
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and note that ∂ρ∂
′

ρ → [ikρ][−ikρ] = k2.

Further, P νµ
T P ν′µ′

T P T
µµ′ = P νν′

T , and therefore,

δaa′(gνν′

− kνkν′

/k2)





ΠA(k2)

1 − ΠA(k2)

k2
−m2

G



 = (gνν′

− kνkν′

/k2)

[

−4η2k2

k2 −m2
G − Π(k2)

]

δaa′ , (5.26)

where η2 = (3/32)g2φ2
0.

Thus

ΠA(k2)

[1 − ΠA(k2)
k2

−m2

G

]
= −

[

−4η2k2

k2 −m2
G − ΠA(k2)

]

, (5.27)

which has the solution,

ΠA(k2) =
−4η2k2

k2 −m2
G

. (5.28)

Recall that

Π(k2) = m2
G + ΠA(k2), (5.29)

which then yields Eq. (5.7).

As we see, the result obtained is independent of λ. One may ask how our result is

related to the result of a diagrammatic analysis. It may be seen that the result given here

is obtained if one calculates in the Landau gauge and adds a ghost condensate to maintain

the transverse structure for Πµν(k). Indeed, Lavelle and Schaden [24] have used a ghost

condensate to enforce the transverse nature of Πµν(k). Their calculation is made in the

deep-Euclidean region (k2 → −∞). Therefore, we can compare our result with theirs, in

the case a condensate <: A2 :> is present, by taking k2 → −∞ in our result. From Eqs.

(5.28) and (5.29) we have

Π(k2) −→ m2
G −

4

3
m2

G k2 → −∞, (5.30)

= −
1

3
m2

G, (5.31)

= −
3

32
g2(µ̃2)φ2

0, (5.32)

which agrees with the result of Ref. [24], when that result is evaluated in the Landau gauge.

(It is interesting to see how the sign of Π(k2) changes as one passes from k2 = 0 to k2 = −∞.)
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VI. HIGHER ORDER TERMS IN THE POLARIZATION FUNCTION

In this section we extend our model and consider higher-order terms in the condensate-

loop expansion. We show that gluons are nonpropagating modes in the extended model.

We write the gluon propagator, in the Landau gauge, as

iDcd
µν(k) = −i

P T
µν

k2κ(k2)
δcd −

gµν

4
φ2

0(2π)4δ(k)
δcd
8
, (6.1)

where

κ(k2) = 1 −
m2

G

k2
−

ΠA(k2)

k2
, (6.2)

and

P T
µν = gµν − kµkν/k

2. (6.3)

We define

P(k2) =
ΠA(k2)

1 − ΠA(k2)

k2
−m2

G

, (6.4)

= ΠA(k2)

[

k2 −m2
G

k2 κ(k2)

]

, (6.5)

= ΠA(k2)D(k2) [D(1)(k2)]−1, (6.6)

where

D(1)(k2) = −

[

1

k2 −m2
G

]

, (6.7)

and

D(k2) = −

[

1

k2κ(k2)

]

. (6.8)

Recall that

iD(1)
µν (k) = −i

[gµν − kµkν/k
2]

k2 −m2
G

, (6.9)

in the Landau gauge and that we have defined

Πµν
ab (k) = (gµν − kµkν/k2) δab Π(k2), (6.10)

= P µν
T δab [m2

G + ΠA(k2)]. (6.11)

18



The diagrammatic elements which we will use in this section are summarized in Fig. 3.

An expression for the polarization tensor, taken from Ref. [25], is represented in Fig. 4. In

Fig. 5 we show the approximation to be considered in this section. We will demonstrate

that κ(k2) has the following general structure,

κ(k2) = 1 −
m2

G

k2
+
η2g(η2, k2)

k2 −m2
G

, (6.12)

and has no zeros. Here g(η2, k2) is a nonsingular function.

We will need expressions for the three- and four-gluon vertices. A representation for the

three-gluon vertex may be found in Ref. [25]. We reproduce that representation in Fig. 6 in

terms of amplitudes G′, M ′ and M̃ defined in Ref. [25]. In Fig. 7 we present approximations

to these vertex functions which are to be used here.

We recall the approximation for ΠA(k2) indicated in Fig. 5. The corresponding expression

for P(k2) is shown in Fig. 8. [See Eq. (6.5).] There we see that P(k2) is expressed entirely in

terms of the elements comprising the full propagator iDab(k), if the vertex functions are also

so expressed. The use of our approximations for the vertex function yields a condensate-loop

expansion containing terms such as those in Fig. 9. The analytic expression for such terms

is given in Fig. 10 in terms of constants a1, a2, a3 and a4 which are generally non-zero.

We find that

P(k2) = −
4η2

κ(k2)
+ a1

η4

k2κ(k2)
+ a2

η4

k2[κ(k2)]2

+a3
η4

k2[κ(k2)]2
+ a4

η4

k2[κ(k2)]3
+ · · ·. (6.13)

Now, we can express P(k2) in terms of κ(k2), using

ΠA(k2) = −k2

[

κ(k2) − 1 +
m2

G

k2

]

. (6.14)

We find

P(k2) = −

[

κ(k2) − 1 +
m2

G

k2

]

(k2 −m2
G)

κ(k)
. (6.15)

If we multiply Eq. (6.13) by [κ(k2)]3 and use Eq. (6.15), we see that κ 6= 0, since a4 6= 0.

This result will persist if we develop the condensate-loop expansion to higher order.

For example, consider the diagram shown in Fig. 11. A diagram of that type (with N

condensate loops) will lead to a term of the form

aN

η2N

k2N−2[κ(k2)]N+1
(6.16)
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on the right hand-side of Eq. (6.13). Other terms will have lower powers of κ(k2) in the

denominator. Thus, multiplication of Eq. (6.13) by [κ(k2)]N+1 will lead to an equation

which implies that κ(k2) 6= 0 if aN 6= 0.

From these considerations we see that iDab
µν(k) has no singularities for real kµ and ΠA(k2)

has the structure given in Eq. (6.12), that is

ΠA(k2) = −
η2g(η2, k2)

k2 −m2
G

. (6.17)

Recall that to lowest order in η2, we had

ΠA(k2) = −
4η2

k2 −m2
G

. (6.18)

VII. DISCUSSION

In this work we have developed nonperturbative approximations for the description of the

gluon condensate and have calculated the form of the gluon propagator. The approximation

used may be thought of as a condensate-loop expansion. Since the condensate is assumed to

be in the zero-momentum mode, the loop expansion does not require loop integrals, but leads

to algebraic relations. Within the context of our calculational procedures, we demonstrate

that our results are independent of the gauge-fixing parameter. However, if we were to make

a diagrammatic analysis, our results would only be obtained if the calculation is done in the

Landau gauge and if condensate ghost are introduced to maintain the transverse character of

Πµν(k) [24]. Even if one believes that our results are only appropriate to the Landau gauge,

we are still able to make some contact with lattice calculations of the gluon propagator,

which are made in the Landau gauge. We find that our value for the dynamical gluon mass,

mG ≃ 600 MeV, is in accord with the results of recent lattice calculations. We have also seen

that our results agree with those of Lavelle and Schaden, if one evaluates our propagators

in the deep-Euclidean region (k2 → −∞) [24].

In our work, confinement of quarks and gluons and chiral symmetry breaking are related

to a single condensate order parameter (g2φ2
0). This result is consistent with the fact that

in lattice simulations of QCD, deconfinement and chiral symmetry restoration take place at

the same temperature. In this connection, we note that there is no threshold value of (g2φ2
0).

For any finite value of this parameter, we find chiral symmetry breaking and nonpropagation

of quarks [26] and gluons.
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FIG. 3: Diagrammatic representation of various elements of our model. [See Eqs. (6.1) and (6.4).]

Note that the dashed line contributes for kµ = 0. (See Ref. [25] for further details.)
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G − ΠA(k2)]−1 = k2κ(k2), as may be seen from Eq. (6.5).]
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FIG. 9: Diagrammatic representation of a condensate loop expansion for P(k2). [This expansion

may be generated by making use of Fig. 8b and the approximations to the vertex functions given

in Fig. 6.]
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FIG. 10: The various contributions to P(k2) [see Fig. 9] are represented and corresponding analytic

expressions are given.
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FIG. 11: Higher-order term in the condensate loop expansion. For N condensate loops, a term of

this structure leads to the maximum number of factors of κ(k2) in the denominators of the terms

contributing to P(k2). [See Eq. (6.13) and the discussion following that equation.]
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