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We provide a derivation for the particle number densities on phase space for scalar and fermionic
fields in terms of Wigner functions. Our expressions satisfy the desired properties: for bosons the
particle number is positive, for fermions it lies in the interval between zero and one, and both are
consistent with thermal field theory. As applications we consider the Bunch-Davies vacuum and

fermionic preheating after inflation.
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1. Introduction. The notion of particles is very intu-
itive, and at the classical level, in statistical physics, the
dynamics is very successfully described by the classical
Boltzmann equation for particle densities in phase space.
In quantum physics however, the uncertainty principle
seems to prohibit the use of phase space densities, and
they are replaced by their closest analogues, the Wigner
functions [Iil, E] Yet, strictly speaking they can neither
be interpreted as particle numbers nor as probability dis-
tributions on phase space, since they may aquire negative
values. Several attempts have been made to define parti-
cle number in relativistic quantum kinetic theory @, @],
but so far there exists no result that would be applicable
to general situations.

In spite of those difficulties, the dynamics of quantum
fields and particle numbers in the presence of temporally
varying background fields has been extensively studied
and is well understood [E, E, ﬂ] The particle number
operator can be calculated by a Bogolyubov transforma-
tion rotating the Fock space to a new basis, which mixes
positive and negative frequency solutions.

In the analysis presented in this Letter we show that
the Wigner function, which we here take as an expecta-
tion value with respect to the ground state of the original
basis, provides the necessary information about the ro-
tated basis to calculate the particle number produced by
the coupling to time-dependent external fields.

2. Scalars. As the first model case we consider a mas-
sive scalar field minimally coupled to gravity, such that
in a conformal space-time, with the metric of the form
Juv = a2n,w, the Lagrangean is given by

1 1
V=9Le = §a277“”(3u‘1>)(3v‘1’) - §a4m2‘1>2, (1)

where, n*¥ = diag[1,—1,—1, —1] is the Minkowski (flat)
metric, and a = a(n) is the scale factor. For example, in
inflation a = —1/(Hn) (n < 0), while in radiation-matter
era, a = a,n + a,,n?. Here 1 denotes conformal time, a,
and a,, are constants.

We quantize the theory ([I) by promoting ®(z) to an
operator,

D(x) % = % D emiex (wk(n)ak + wik(n)aik),
k

where V' denotes the comoving volume, and the mode
functions obey the Klein-Gordon equation

(82+w2—a"/a)cpk20, (2)

where ' = d/dn, w? = k? + a®m?(n) defines the single
particle (comoving) energy, and we take for the Wron-
skian " * .
PPk — Pic Pk = . (3)
Throughout this Letter we assume that the modes i =
v (k = |k|) are homogeneous, which is justified when
the mass is varying slowly in space, such that we can ig-
nore its gradients. The field ¢ = a® obeys the canonical
commutation relation,

[p(x,m), Oyp(x',m)] = i6%(x — x), (4)

which implies [ax, aL,] = Ok k-

The fundamental quantity of quantum kinetic theory is
the two-point Wightman function, which we here write
for the ground state |0) annihilated by ay, ax|0) = 0.
With the rescaling suitable for conformal space-times, it
reads

iG<(u,v)
a(u)a(v)

and its Wigner transform is defined as

iG<(u,0) = = (Olp(v)p(u)|0),  (5)

iGS(z,k) = /d4reik'TiG<(x +7r/2,x —1/2).

The Wigner function satisfies simultaneously the kinetic
and constraint equations [§, [l
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(18,27—k2+m2(n)cos(§8n8ko))iG< -0, (7)



where m? = a?m? — a/a. It is then useful to define the

n-th moments of the Wigner function,
dk -
fa(z, k) = / 2—0k{}iG<(:c, k), (8)
T

such that the 1st and Oth moments of Egs. (§-f) are [§, ]

fi= ) fo = 0 )
e =0, (10)

with ©? = k? + m?. Eliminating f from ([l() yields [f]
AP L+ 2(0?) fo = 0. (11)

This can be integrated once to give
1 1.2 1
—2 £2 " /
- ——fo == 12
Wfo+2f0 fo 4fo 1 (12)

where the integration constant is obtained by making

use of fo = |¢k|? (¢f. Eq. ([17) below), Eq. (f) and the
Wronskian (f).

3. Bogolyubov transformation. The Hamiltonian den-
sity corresponding to the Lagrangean ([l]) reads

1
H = v % {Qk(akaL + aLak) + (Apaxa_x + h.c.)}

2
QU = ¢}, — (@ /a)gr|” +w? [on]”

/

a 2
Ay = (%—Esﬁk) + w?pR, (13)

and it can be diagonalised by the homogeneous Bo-
golyubov transformation,

(s )= (o) () oo

where oy and (i are given by
&75

l< | | B > _
2\| Bk ag |Ax|’

Note that Eq. ([L8]) permits solutions when €, > |Ax|. In
terms of the new operators the Hamiltonian is simply

1
H= 5 Zk:w(akaL + afan),

lak)® = [Bk? = 1. (15)

[dk; dir(/] = 5k,k/7

and the particle number is then (cf. Refs. [, [L])

Qr 1
= (0lafa|0) = |64> = == — - 16
e = (Olagax|0) = [5u]” = o= — 5 (16)
In deriving these expressions we used Q7 — [AZ| = w?,

which can be obtained by making use of the Wron-

skian (f)).

If at very early times, n — —oo, the system is in the
adiabatic regime, the mode functions can be written as

or — (2w) 72 (cpe™ ™M 4 Be™),

where |ag)? — |Bo]?> = 1, with ag = ag(—c0), By =
Br(—o0). The particle number corresponding to this
state is n\”) = |Bo|2.

4. Particle number in scalar kinetic theory. It is now a
simple matter to calculate the particle number in terms
of Wigner functions. Making use of ([J) and (§) we find

1
B (3/+(D2f07 (17)
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|S0/€|2 = fOu

from which it follows
!

1 d (a
Qk =2 (w2fo + Zfél) - % (EfO) . (18)
We then insert (I§) into ([I6) to get

1., 1 1 d[d
= —fo—=———(—/fo)- 19
e = wfot —fi =5 den( fo (19)
This is our main result for scalars. The last term is of
course absent in a nonexpanding universe.
We now apply ([[9) to the Bunch-Davies vacuum [[[J],
1 i -
= (1- —)e—“”?, 20
o= (17 (20)
which corresponds to the mode functions of a minimally
coupled massless scalar field in de Sitter inflation, a =
—1/Hn (cf. Eq. @), for which fo = (2k) 1 (1+1/(kn)?),
leading to the particle number (cf. Ref. [[L3)])
ng = 1 —a2(£)2 (21)
T o2 T " ok
Integration then gives the particle number per unit (phys-
ical) volume,

N 1 S HN\2 H? [Nk
— i) =, (22
Voo Va3 zk:“ (2k) 87T2/ PG

where this is regularised by a constant ultraviolet phys-
ical cutoff kp, = k/a < A, which corresponds to taking
the generation mechanism operative on scales kpn < A.
When A < Mp;, the gravitational backreaction from the
Bunch-Davies vacuum can be absorbed by rescaling H.
As a consistency check, we now apply (E) to thermal
equilibrium, where the Wigner function is (cf. Ref. [[L1])

1

iG< = ZWSIgn(kO)(S(kQ — mQ)W,

which indeed implies the standard Bose-Einstein distri-
bution, ny = 1/(e?* — 1) .

5. Fermions. Provided the fields are rescaled as
a®/?1h — 1 and the mass as am — m, the fermionic
Lagrangean reduces to the standard Minkowski form,

V=9Ly = i — Y(mp + iy my)e,



where, for notational simplicity, we omitted the rescaling
of the fields and absorbed the scale factor in the mass
term. Note that the complex mass term m = mpg(n) +
imp(n) induces CP-violation (cf. Ref. [[L4]).

The fermionic Wigner function,

iS<(k,z) = — /d4reik'r<()|1/_)(a: —r/2)¢(xz +7/2)|0),

satisfies the corresponding Dirac equation which, in the
Wigner representation, reads

(% + %’Yoat — (mpr + i75m1)67%8t6k°)i5< =0, (23)

where (i7°S<)T = i7°S< is hermitian. The helicity oper-
ator in the Weyl representation h = k - 794~® commutes
with the Dirac operator in (RJ), such that we can make
the helicity diagonal ansatz for the Wigner function (cf.

Ref. [[[4])

(1 + hk- o) ® p®gan, (24)

e

— Sy =

where k = k/[k| and 0%, p® (a = 0,1,2,3) are the Pauli
matrices. Taking the appropriate traces of the real part
of (R3) and integrating over ko, yields the kinetic equa-
tions for the Oth moments of g,p,

Jon = 0 (25)
fin + 2h|K| for, — 2mrfsn = 0
fon — 2h|K|fi, + 2mpfan = 0
fan — 2mpfon 4+ 2msfin = 0. (26)

Eq. @) expresses the conservation of the Noether vector
current. The moments f,, can be related to the posi-
tive and negative frequency mode functions, uy,(k,t) and
vn(k,t) = —iy?(un(k, t))*, respectively. They form a ba-
sis for the Dirac field,

1 —tk-x L
w(:v)=VZe 8 (Uhakh'i‘vhbtkh)a Up= (RZ> ® &,
kh

where &, is the helicity two-eigenspinor, ﬁfh = hé&p. The
Dirac equation then decomposes into
i0oLy, — h|k|Lp, = mpgRp +imiRy,

100 Ry, + h|k|Rh = mpgLp —impLy. (27)

Note that these equations incorporate CP-violation and
thus generalise the analysis of Refs. [d, [, [J. Now,

from (27) one can derive (9)-(2q) by multiplying with
Ly, and Ry, and employing
fon = |Lnl* + |Rp|?,
fin = —2R(LnRy),

fan = |Rn|* — |Ln)?

fon = 2S(Ly,Ry).  (28)

The Hamiltonian density reads

1
H= VZ{Qkh (air(hakh +bikhbfkh) + (Akhbfkhﬁkh—l—h.c.)}
kh

where
Qun = hk (|Ln|* — |Ral?) + mL; Ry, + m* L, Ry,
Apn = 2kLyRy — hm*L? + hmR2,

(29)

with {dkmdf{/h/} = Op,n 0Kk’ {Bkhal;;r{/h/} = Op,n Ok k-
We now use the Bogolyubov transformation

(Adkh >_< Qkh 5kh> < axh >
bT_kh —Bin Y bT—kh 7

to diagonalise the Hamiltonian, where oy, and Sy, are

1 (052 Bk ) Qk 2 2
(=== =) ===, Jopl*+ =1, 30
2( ﬁk an |Ak| | k| |6k| ( )

leading to the particle number density on phase space,
1 Qg
2

= = = — . 1
Nkh |Bxnl 5~ 2, (31)

To construct the initial mode functions in the adiabatic
domain, n — —oo, we use the positive frequency solution
and its charge conjugate,

e — ( aoLif + BoLy,

2 2
v =1.
aORZ +60Rh ) ) |O[0| + |60|

From the Dirac equation under adiabatic conditions it

follows
+ hk _ m |w— hk
LT = \/ Y L, = —i—/ ——
h 2w h Z|m| 2w

+ _ m* - Im|

i = V2w(w + hk)’ 30 _Z\/2w(w—hk)'

These mode functions correspond to an initial particle
number nf(o) = |Bo?.

We now make use of (R§) to express Qp, in terms of
the Wigner functions,

Qi = —(hk fan +mpfin +mifon), (32)
which implies our main result for fermions,
1 1
e = 5~ (hk fan +mp fin +mr fon) + > (33)

Note that in the limit m — 0, this expression reduces to
the phase space density of axial particles.

As an application of Eq. (B) we consider particle pro-
duction at preheating [E, %, in which the fermionic
mass is generated by an oscillating inflaton condensate.
Assuming that the inflaton oscillates as a cosine function
results in a fermion production shown in figure EI Ob-
serve that, even for a relatively small imaginary (pseu-
doscalar) mass term, particle production of the opposite
helicity states is completely different, implying a nonper-
turbative enhancement of a CP-violating particle density,
nk4+ — Nk—, which may be of relevance for baryogenesis.

When applied to thermal equilibrium, where (cf. [[L1])
2w

i< = (K +mp — ivsm)d(k ~|m|)sign (ko) g
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FIG. 1: The number of produced fermions as a function of
time with helicity h = + (solid) and h = — (dotted ), mass
m/wr = 10 + 15cos(27) — isin(27), |k| = wr, T = wrt, where
wr denotes the frequency of the inflaton oscillations.

Eq. (B3) yields the Fermi-Dirac distribution, ny, =
1/(eP* +1).

6. Discussion. We have derived general expressions
for the particle number densities on phase space for
scalars (E) and fermions @) in terms of the appro-
priate Wigner functions. Both of these expressions are
strictly positive, and moreover, the number of fermions
is bounded from above by unity, as required by the Pauli
principle. In order to incorporate the effect of self-energy
into ([[9) and (B3), one needs to include this correction
into the dispersion relation, w = w(k,z). When the sin-
gle particle picture breaks down it is not clear whether a
sensible definition of particle number can be constructed.
Our analysis can be extended to include gauge fields by
coupling them canonically to scalars and fermions.

In the derivation of our results, we considered pure
quantum states, yet showed explicitly their applicabil-
ity to thermal states. More generally, our definitions
are valid if one requires the density matrix o to satisfy

(akax), = (aLabQ = 0. These relations hold e.g. for

eigenstates of the particle number operator Ny = a;f{ak,
and, as pointed out in Ref. [@, for random phase states,
a special case of which is the canonical ensemble. States
of this kind can be treated as a linear superposition of the
particle number eigenstates which we considered above.

While the fermionic particle number definition (BJ) is

pair annihilation. The appropriate description in this
case is in terms of squeezed states. For an account of the
inverted harmonic oscillator in terms of squeezed states

see eg. Ref. L.

Our definition of particle number can be used for
studies of quantum-to-classical transition, decoherence
and entropy calculations of eg. cosmological perturba-
tions [[[7, [i§, [[9]. Moreover, when suitably normalised,
the particle density nx can be used to define a density
matrix on phase space, gk = nk/ Y, Nk’
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